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PREFACE 


The present ■work is based on lectures which, the authoi 
accustomed to give at Yale University on advanced calculus and 
the theory of functions of real variables. Tt falls in two volumes, 
and the following remarks apply only to the .first. 

The student o'f mathematics, on entering fihe graduate school of 
American universities, often has no inconsiderable knowledge of 
the methods and processes of 1110 calculus. He knows liow to 
differentiate and integrate complicated expressions, to evaluate 
indeterminate forms, to find maxima and minima, to differentiate 
a definite integral with respect to a parameter, etc. But no em- 
phasis has been placed on the conditions under which these pro- 
cesses are valid. Great is his surprise to learn that they do not 
always lead to correct results. Numerous simple examples, kow- 
ever, readily .convince him that such is nevertheless the uase. 

The problem therefore arises to examine more carefully the 
conditions under which the theorems and processes of the calculus 
nre correct, and to extend as far as possible or useful the limits of 
their applicability.. . 

In doing this it soon .becomes maTiifest that the ntyle of reason- 
ing which the studenthas heretofore employed must he abandoned. 
Examples of curves without tangents, of curves completely filling 
areas, and other strange configurations so familiar to the analyst 
of to-day, make it clear that the rough and ready reasoning which 
rests on geometric intuition must give way to a ffner and more 
delicate analysis. It is necessary for him to learn to think in the 
e, S forms of Oauchy and Whierstrass. 

We have here the begiimings of the .theory of functions of real 
variables, and the twofold problem just sketched characterizes 
sufficiently well the subiect-matter and form of treatment of the 
present volume. 

m 
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PREFACE 


To obtain a foundation, the author has begun by developing the 
real number system after the manner of Cantor and Dedekmd, 
postulating the theory of positive integers To obtain sufficient 
generality, he has employed from the start the more simple prop- 
erties of point aggregates No attempt however, has been made 
to state every theorem with all possible generality The author 
has allowed himself a wide liberty in this respect Some theorems 
are stated under very broad conditions, while others are enunciated 
under extremely narrow ones Some of these latter mil be taken 
up later on 

Two features of this volume may be mentioned here In the 
first place, the Euclidean fottn of exposition has been adopted 
Each theorem with its appropriate conditions is stated and then 
proved U ithout doubt this males the book less attractive to 
read, but on the other baud it mere ises its usefulness as a book of 
reference One is thus often saved the labor of running through 
a complicated piece of reasoning to pick up sundry conditions 
which have been introduced, sometimes without any explicit 
mention, in the course of the demonstmion 

Secondly, numerous examples of incorrect forms of reasoning 
currently found in standard works on the calculus have been 
scattered through the earlier pirt of the volume It is the 
authors experience that nothing stimulates the students critical 
sense so powerfully as to ask him to detect the Qans m a piece of 
reasoning nbich at an earlier stage of bis training he considered 
correct 

A few new terms and symbols have been introduced, but only 
after long deliberation It is hoped that their employment suffi 
ciently facilitates the reasoumg and the enunciation of certain 
theorems, to justify their introduction It znav be well to note 
here the author’s use of the word ‘ any m the sense of any one 
at pleasure, and not in the sense of some one The words * each ’ 
“every,’ “some,” “any,” are often used in an indisciiminate 
manner and to this is due a part of the difficulty the beginner 
experiences in modem rigorous analysis 

No attempt has been made to attribute the various results here 
given to their respective authors That has been rendered un- 
necessary by the very full bibliographies of the Eneyclopadie det 
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Matliematischen WissenscJiaften. The author feels it his pleasant 
duty, however, to acknowledge his large indebtedness to the writ- 
ings of Jordan, Stolz, and Vallee-Poussin. He hopes, however, 
that it will be found that he has not used them servilely, but in an 
individual and independent manner. 

Finallj', he wishes to express his hearty thanks to his friend 
Professor M. B. Porter, and to his former pupil Dr. E. L. Dodd, 
for the unflagging interest they have shown during the composi- 
tion of this volume and for their many and valuable suggestions. 

JAMES PIERPONT. 

New Haves, Conn., August, 1905. 


Note 

A list of some of the mathematical terms and symbols employed in this 
work win he found at the end of tho volume. 
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FOTOTIOJSr THEORY OF REAL 
VARIABLES 

CHAPTER I 
RATIONAL NUMBERS 

Historical Introduction 

1. The reader is familiar with the classification of real numbers 
into rational and irrational numbers. The rational numbers are 
subdivided into integers and fractions. 

Besides the real numbers there is another class of numbers 
currently employed in modern analysis, viz. complex or imaginary 
numbers. In this work we shall deal almost exclusively with 
real numbers. 

Historically, the first numbers to be considered were the posi- 
tive integers 1, 2, 3, 4, 5, 6, . . . (3^ 

We shall denote this system of numbers by 3- 

It is not our intention to develop the tiieory of these numbers ; 
instead, we shall merely call attention to some of their funda- 
mental properties.* 

In the first place, we observe that the elements of 3 ar- 
ranged in a certain fixed order; that is, if a, h are two different 
numbers, then one of them, say a, precedes the other b. This we < 
express by saying that a is less than 6, or that h is greater than a. 

In symbols 

a<b, h>a. 

• For an extended treatment of this subject we refer to the excellent work of O Stolr 
and 3. A. Gmelner, TheoretUche Arithmetik, Leipzig, 1900. 

1 
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We say the system 3 is vrdtred Furthermore, if A = &, & = e, 
then o = « Also if o = i and 8>c, thea a>e Also if a>J, 
5>e then a>e Secondly, »e obserye that the system Q is 
infinite, after each element a follows another element, and so on 
without end 

On the elements of 3 we perfomi four operations, viz addition, 
subtraction, multiphcation, and division They are called the 
fovr rational opiraltonj Of these opecaiiORs, two may be re 
garded as direct, V12 addition and multiplication The other two 
are their inverses, viz subtraction the inverse of addition, and 
division, the inverse of muliiplication 

The formal laws governing addition are the atioet^tive late, 
expressed by the formula 

n +-(S + e) = (o + ^) + e» 
and the eommutaUce late, expressed by 
d-f 


As regards the position of a -I- h lo the system 0> relative to <z or 
i, we have , , 

a+i>aor5 

We have also the relation 


a + 6>a'+h, if «>o' 

The formal laws governing muUiplicatioa are the three fol 
lowing 

The aiivnatvvs law, expressed by 

a e 

The dutnlmttve lav, expressed by 

(a + 5)c=!«c + ic, «i^( -t- e} = oi + oc. 

The cemmutattve lav, expressed by 
ah=sha 

We have also the relation, with respect to order, 

Ohio's if 
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Another important property is this : 

If ac = bcy then a = b. 

Tlie result of subtracting b from a is defined to be the number 
x in satisfying the relation 

a = J + a:. 

But when a^h,no such number exists in 

Similarly, the result of dividing a by & is defined to be the 
number x in Q, satisfying the relation 

a = bx. 

If, however, a is not a multiple of 6, no such number exists in 

Thus when we limit ourselves to the number system the two 
operations of subtraction and division cannot always be per- 
formed. In order that they may be, we enlarge our number 
system by introducing new elements, viz. fractions and negative 
numbers. 

The introduction of fractions into arithmetic was comparatively 
easy ; on the contrary, the negative numbers caused a great deal 
of trouble. For a time negative numbers were called absurd or 
fictitious. That the product of two of these fictitious numbers, 
—a and — could give a real number, +ab, was long a stumbling 
block for many good minds. 

The introduction of irrational numbers, i.e. numbers like 

V2, </T,, 77 = 3.14159-, e= 2.7182 

never excited much comment. In actual calculations one used 
approximate rational values, and it was perfectly natural to sub- 
ject them to the same laws as rational numbers. It is true that 
the Greeks of the time of Euclid were perfectly aware of the 
difficulties which beset a rigorous theory of incommensurable 
magnitudes ; witness the fifth and tenth book of Euclid's Ele- 
ments. But these subtle speculations found little attention during 
the Renaissance of mathematics in the seventeenth and eighteenth 
centuries. The contemporaries and successors of Newton and 
beibnitz were too much absorbed in developing and appljing the 
mfinitesimal calculus to think much about its foundations. 
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At the close of the eighteenth and the beginning of the nine 
teeuth centuries a change of attitude is observed Gauss, La 
grange, Cauchy, and Abel called for a return to the ngor of the 
ancient Greek geometers Certain paradoxes and even results 
obviously false had been obtained by methods in good repute It 
became evident that the foundations of the calculus required a 
critical revision 

Abel in a letter to Hansteen tn 1826 writes • “I mean to 
devote all my strength to spread light in the immense obscurity 
which prevails to day to analysis It is so devoid of all plan and 
system that one may well be astonished that so many occupy 
themselves with it, — what is worse, it is absolutely devoid of 
rigor to the higher analysis there exist very few propositions 
which have been demonstrated with complete ngor Every* 
where one observes the unfortunate habit of generalizing without 
demonstration, fiom special cases . it is indeed marvelous that 
such methods lead so rarely to so called paradoxes ” 

In another place he writes t ‘ ^ believe you could show me 
but few theorems in infinite senes to whose demonstration I could 
not urge well founded objections The binomial theorem itself 
has never been rigorously demonstrated Taylor e etpan* 

sum, the foundation of the whole calculus, has not fared 
better ’ 

The critical movement inaugurated by the above-mentioned 
mathematicians found its greatest exponent in Weierstrass It 
is no doubt largely due to his teachings that we may boast to day 
that the great structure of modern analysis is built on the securest 
foundations known , that its methods have attained, if not sur 
passed, the yustly famed ngor of the ancient Greek geometers 
The saying of D Alembert, “ Allex «n avant, la foi vous viendra,’ 
has lost its force To dsy, it is not fwth that is required, but a 
little patience and maturity of imnd 

As Weierstrass has shown, it is necessary, in order to place 
analysis on a satisfactory basis, to go to the very root of the 
matter and create a theory of irrational numbers with the same 
care and ngor as coateraplated by Euclid, in his theory of incom- 
mensurable magnitudes, only on a for grander scale It is too 
2>»4,Vri.2 p sax |Abtl2e.pl97 
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early to make tlie reader see tke necessity of this step, but it will 
appear over and over again in the course of this work. 

Fi'actioiis 

2. Before taking up the theory of irrational numbers, we wish 
to develop in some detail the modern theory of fractions and 
negative numbers. We shall rest our treatment of these numbers 
on the properties of the positive integers 3, which we therefore 
suppose given. One of these properties, on account of its impor- 
tance, deserves especial mention, viz. : 

If the prodiict ab is divisible by e, and if a and c are relatively 
prime, then b is divisible by c. 

3. Let us begin with the positive fractions. As we saw, divi- 
sion of a by 6, wliere a, b are two numbers in 3^1 is not possible 
unless a is a multiple of b. Our object is therefore to form a new 
system of numbers, call it jj, formed of the numbers of 3 ^md cer- 
tain other numbers, in which division shall be always possible. 

We start by forming all possible pairs of numbers in 3- These 
pairs we represent by tlie notation 

« = («, a'), fi = (b, 5') — 

In any one of these pairs, as « = («, a'), we call a the first con- 
stituent and a' the second constituent of «. 

The system ^ consists of the totality of these pairs a, 

The elements of ^ we liave represented by the symbol (a, a'). 
Any other symbol would do. The customary ones are a/b and 
a-.b. 

We have purposely avoided these symbols, so familiar to the 
reader, in order that his attention shall be more closely fixed on 
the logical processes employed. 

4. The objects of 3 have as jmt no properties ; we proceed to 
assign them one arithmetic property after another, taking care 
that no property shall contradict preceding ones. We begin by 
setting g in relation to 3- We say : (a, «') shall be a number c, 
”1 3> when a = a'c. Thus, any element of g whose first constituent 
IS a multiple of its second, is an element of 3) i-o- a positive integer. 
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From, tlju foUowa that every number a of 3 lies in 5 For, 
(a, 1) lies in 0 On the other band 

Hence a lies m S'. 

5. We define next the terms, eqital, grtaitr {(an, Uu than 
Let « = («,«'), i8«(5,3') 

We Bay according as 

We obaerre that to decade the equality or inequality of two 
elements in 5« the operations required are on the elements of 3 


6 We detfnce nocrsame of the consequences of tbe above defi- 
nition of equality and inequality In the first place, suppose a, 0 

both lie m 3< * < 1 st 

B m (,aa', o') d, ^ s* (W', (') o 6, 


by4> NoiTptccarduig to the definition in 5, 


according a» 
that. is,, acoording- as 






Thus, when « consideted as a number of Q, equals 0 considered 
as a number of 3> the two are equal, considered ae numbers in 0, 
and conyereely. 


T If 0 = y, then assB 

For, let «- (a, o'), i9=*(«, i'), y= (c, 0). 

Since « = T. oc' = «'«, by 5, 

Since 0=7, = 

Multiply 1} by 6', and 2) by a' and subtract. 

Then «8V=«'4c' 


by 6. 


• . ay Bd’( a=0. 


(1 

(2 
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8^ The two' numbers {ma, ma'') and (a, a') are equal.. 

This follows at once- from the definitioa in 5. From this' fact 
■we conclude : TFe can multiply the first and second constituent of a 
number without changing itS' value. 

Conversely : 

If the first and second constituents of a number have a common 
factor, it can be removed without changing the value of the' number. 

9. Let a,, ff' be relative prime. For a') and y9 =(h, b'y 

to be equal, it is necessary and sufficient that 

b = ta, h' — to!. (1 

Obviously if 1) holds, a = /9. The condition l).is.thus.8u/^ent. 

It is necessary. For,, from. -we have 

ah' = a'h. (2; 

We apply no'w the property mentioned in 2. Since a'h is 
divisible by or,, by virtue of 2) ; and since w, a' are' relative; prime, 
b must be divisible by a. Say 

b = ta. (3 

Similarly, since ah' is divisible by a!, and or, .a' are' relative prime, 
h must be divisible by a'. Say 

b"— sa'. (4 

Putting 3), 4) in 2), -we get s = t. 

Hence 3), 4) give now 1). 


10. Our next step is to define the four rational operations on 
the elements of 

We begin by defining the t-wo direct operatibns; 

Let a=^C'^ aO, /3=-(fr, hf 

We define addition by the equation. 


a + /?=Ca5'-Fa'5, a'hy. 


and multiplication,, by 


d’ 


tt^ = Qab, a'6'). 


(2 
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It can be shown that the operations just defined enjoy the same 
properties as those of ordinary fractions Without stopping to 
show this in detail, we demonstrate a few of these properties, by 
way of iHustratioO 

11 Let a, 0 he m 3 , and say 

a = (aa’, «')= a, iS= (M', ft’) = ft. 

Then a + /3 as defined m 10, 1), should give a + ft , and «t/S, as 
defined in 10, 2), should give aft 
This IS indeed so For 

« + /9=»(aaA' + a'ftft, aft), by 10, 1) 

«(a + ft. 1). by 8 
K a 4- ft, by 4 

Similarly, 

a 0^(aabb , a'by, by 10, 2) 

= (aA. 1) by 8 
ss oft, by 4 

12 From is /offoict as 0 

For, Ut behave 

07 SB (a a)(e e)s=(ae, oV), by 10, 2) 

,87sB(ft ft j(e, <■) at (fte, ft o’) 

Since by hypothesis ayssffy, ne hive 

acft o' = a 0 fto, by 5. 
aft ssaft 
«=A by 6 

13 We establish now the following relations • 

1) a + ^>a 

2) If 0>y then « + /8>B4-y. 

3) L a + i8=ci-|-7, then 0 = y 

4) If o>j5 and 0>y, then a>y. 
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To jprove 1) : 

« + yS = (a, a') + (fi, h") = (^ah' + a'h.,a’h'')^hyV), 1), 

But a' (ah' + a' by > aa'b'. 

a + /3>«, by 5. 

To prove 2): 

a + yS = (rti' + a'b, a'b") 

= (jxb'c' + a'be\ a'b'c'), by 8. (4 

Similarl)^, 

a + y = (^ac' + a'c, a' o') 

= (ab' o' + a'b'c, a'b'c'y. (5 

By hypothesis /3 > 7 ; hence, by 5, 

bo' > b'c. (6 

Comparing 4), 5), we see the second constituents are equal, 
while the first constituent in 4) is greater than the first constituent 
in 5), by virtue of 6). From this follows, by 5, that a+/3>a+7, 
which is 2). 

To prove 3): 

Suppose the contrary ; then since either /3 > 7 or yS < 7. 

If ff>y, then a + yS>« + 7, by 2). (7 

If /3<7, then a + 7>«-t-yS, by 2). (8 

But both 7), 8) contradict the hypothesis that a + yS = « -j- 7. 

To prove 4) : 

Since «>yS, ab'>a'b. (9 

Since /3>7, bo'>b'c. (10 

From 9), 10) we have 

abb'c' >a'bb'ci 
ac' > a'c. 


whence 
Hence, by 5, 


a>7. 
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14 As an illustration of the demonstration for the formal laws 
gOTerning addition and mulUplication, let us show that the <f«* 
tnhUtve late holds in 3 We wish to prove that 
1 ) 

Now /S + 7=(4 s'+«'c, JV), bj 10, 1). 

2) «=(aJ<;' + tf4'e, a'JV}, bj 10, 2). 

Also 

»$=(ah, «'5'), ayssfatf, aV) 

<iy3 + «7=(<w'6«' + aa'6'c, a'*6’e') 

3) + al/e, bj 8 

The companaon o! 2). 8) gives 1) 


15 We turn now to the inverse operations, subtraction and 
division, considenog 6rst dtixiten 

We define the quotient of « by ^ to be the element or eletnento, 
if any exist, of 3 which satisfy the relation 

« = « (1 
Set s') Since ( must satisfy 1), we have 
(a, <*')-(», 

The first and third members give, by 5, 


flJV =5 a'ii^ (2 

which X, x' must satisfy 
A solution of 2} is obviously 


Thus, 


* = «6', K a’6. 

t=*(a4', o'6> 


IS a solution of 1) This is the only aolution of 1) For, eup 
pose ?} is a solutioa Then by defimtioa 


Then 1), 3) give, by 7, 
which gives, by 12, 


*=187 


C3 



FRACTIONS 


II 


16. The quotient of a by yS, we shall now represent by a/j3. 

All the numbers of 5 ^6 regarded as quotients of numbers 

in 5. For, let a = (a, a') be any number of It evidently 
satisfies the equation ^ 

which, as we have just seen, admits only one root, viz. the quotient 
of a by a'. 

Hence a = (a, a') = a/a'. 

Thus the elements or numbers in g are ordinary positive frac- 
tions. 

17. We have now this result. In the system g, division is 
always possible and unique. In the old system this is not 
true; the di\dsion of a by 6 being only possible when a is a 
multiple of 6. We see, then, that, on properly enlarging our 
number system by introducing new elements, we obtain a system 
% which has this advantage over % that the quotient of any two 
numbers in fy exists and is unique. 

18. We treat now subtraction. 

We define the result of subtracting y8 from a to be the element 
')r elements, call them in which satisfy the relation 

« = /3 + (1 

If a, mere exists no number f in ^ which satisfies 1). For, 
^ + f= « + f>«, by 13, 1). 

^ f > « + ?» by 13, 2). 
a -b > a, by 13, 1). 

.-. y3-b?><t,byl3,4). 

Thus when yS^a,y8-bf>c)c, and hence yS -b f ^ a. 

Suppose then, that S <a. Then 

aV > a'b. 

From 1), we have, setting (x, a/) ; 

(a, a') = (5, J') -b (s, x’} 

= (Ex' 4-l'x, 5V), by 10, 1). 


if ^ = a, 

If^>«, 

Also 


(2 
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Hence by 5, observing 2), 

o'fc'* = — 1^5). (S 

A solution of 3) is evidentlj 

» *= «V — a'b, I* = a'b'. 

Hence 

f =. (at' - a% a't') 

13 a solution of 

Ihis 13 Ibe only Bolulion, for if is a solution, vre have, by 
definition, 


«>=y9 + ij 
The comparison of 1), 4) giies 

Hence, by 13, 3), 




19 We have thus this result In the 8)6tem [f, the subtraction 
of /S from a la possible and untrue, when a> $, wlien a < /?, it is 
impossible That is, there is no number { in S which satisfies 18, 
1) IViien subtraction is possible, we represent the result of sub* 
tracting $ from a b) a~ 


Negaiiu Nunthers 

20 In the 8}stem of positive fractions subtraction is only 

possible when the minueii<] 13 greater than the subtrahend. To 
remove this restriction, we propose to form a new number system 
R, which contains all Ibe numbers of ^ , and in which subtraction 
of a greater from a less shall be possible Since the method of 
forming R is identical with that employed for 5' we shall be more 
brief now The numbers in g we now denote by a, 6, e, , 

while the Greek letters «> 13 , 7 , , shall denote numbers la the 

new system R 

21 1 IVe begin by taking the elements of g in pans, to form 
new objects, which we denote by the new symbol {d, The 
totality of all such pairs forms the system R 

Next, we place R m relation to g Let a = [a, In case 
« > i, we say a shall be the number a — 6, which obviously lies m 
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g. Thus every number in g lies in R. For, let a be any number 
ill g, and let I be any other number in g. Then 

\a + h, hi — (a + liy — h = a-, 
that is, a lies in R. 

2. We next order the system R. We say 

|a, a'\ ^ {6, h'\, 

according as 

a + 5' ^ a' + 6. (1 

3. Addition is defined by the relation 

a + P — {«,«'! + ji, h'\ = Jrt + S, a' + h'\. (2 

Multiplication is defined by 

rt • /3 = I aS + a'b', ah' + a'b\. (3 

4. As a consequence of 1), we have 

fa, = {<i + 6, + 6|, (4 

where b is any number in g. 

In w'ords, 4) states : 

Tl'e can add the same member b to both constitetents of a = fa, a'j 
without changing the value of a; and if a, a' are both > 6, eve can 
subtract b from both coeistiheents, without altering the value of a. 

5. It is easy now to prove results analogous to those in 6, Y, 11, 
14 ; in particular the associative, commutative, and distributive 
laws. 


22. Aecording to our definition of equality, all the elements 
of R whose first and second constituents are the same, i.e. all 
elements of the type 

fa, a{, 

are equal. We set 

fa, aj = 0, 

and call this number zero. 


Then, if in a = fa, a'}. 


if a'>a. 


a>a', « > 0 j 

rt < 0. 



14 


■EATTONAL mnOBEtS 


■JiaoiberainjR which are >0, bk called jwitiw#; -those < 0, are 
called uf^fftjee The anmber 0 -m neither -positive nor negative 
Prom this, it follows -that the paeitive -numbers of R are simply 
the numbers of -while Onnd-all negative numbers do not lie 

in -5 


23 L We observe that 

a-l-0=a9=0+Ri 

« 0»0«0 a. 

To pr9«« 

Ut «=}n o’!. 0«)2> hi 

Then « + Oss }« + h, a' + hj, by 21, 8, 

«.J«. a'|.by21.4. 


To fnvt S) 

XI 0» (oh-f ah, dh-f a'hi 
-0. by 22 

2. We also note the relations 

0 + 0«0. 0 0 = 0 


(1 

(2 


24 We can prove now easily the Thofroiuetof 

tieo pottUve or tva negative vntiahrrs is pemttve. The product <f et 
posiliee and a negative mvtier «s negatrve. 

Let «=|a,a'l. i’{. 

!*• «, then •^>t) 

For here <x>o'. h>h', by 22 

«/9= jflS + a'i', aB'+a'Bf = |h(«- «') + a'i\ «3'|, 21, 4 

= }t(a-«'), by 21, 4 

>0, since S(<i — — a') 

a,^<0, then Bd>0. 
a'>a, y>J, by 22. 


2 “ 

Here 
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al3=\ab + a'(h' — h^, ab’l, liy'21,4; 

= jaXb' - b), aCb' - 6 ) j, Tjy 21 , 4-, 

> 0 , since a' (b' — b') > a(b' — b^. 

3®. a>0, /3<0, HJien «j8<0. 

Here ^a>a', 5' >5. 

r. ayS= + 

= {a'(5'-6), a( 6 '- 6 )| 

< 0 , since a'(b' — b')<a(b' — b), 

25. The product of any two numbers in It vanishes when, and 
mly when, one of the factors is -zero. 

Let a, /9 be .-any two numbers in R. 

We saw in 23 that 

a/3=0, 

when either a or y3 = 0 . 

Conversely, if a^— 0, either a or /3=0. 

For, If neither a nor yS = 0, these nnmibers are either positive or 
negative. Their product is therefore either positive or negative 
by 24, and hence not zero. This is a contradiction. 


26. Let us consider the following important formulae, viz. : 

1) If yS > 7 , then a+ /3 > a+y. 

2) From « + yS = a + 7 , follows y 8 = 7 . 

S) If a^O and a/3 = ay, then yS = 7 . 


To prove 1): 

«+yS= 5, a' + 6 '}, by 21, 3 ; 

= Ja -f 6 + a' + 6' + c'|, by 21, 4. 

Similarly, 

“ + 7= + a' + c'J = Ja + 5' + c, a' + J' + c*},. 

Smce^> 7 , 5 +c'> 6 ' + c, by 21 , 2 . 


(4 

(6 


a + b + d > a + y + 0 . 


(6 
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If ne now applj the definition for grfaUr than given in 21, 2 
to a + jS and a + 7, the relations 4), 5), 6> show that a + /3 > a + 7 

To proie 2) 

Suppose the contrary, » e Suppose ^ > 7 or j8 < 7 
iriS>ri a + /9>« + 7, by I) 

If 7>ft « + 7>« + /3 liyl) 

Thus in lioth cases, a + i8=jfce+7, which is contrary to hypothe- 
sis Hence ^ = 7 

To proi« 3) 

From «y9» 07 we hare 

a(>5-7)»0 

Applying 25, ive ha>e ^“7 


2T We turn now to laitraetwn This we define as in 5, \vx • 
the result of subtracting from a is the element or elements of 


which satisfy 


= >9 + { 


This equation giies, setting {r, x'{, 

{«, a'i « {4. 4'| + U. * I « 16 + ». & +*-1, by 21, S 
Hence by 21, 2, 

<» + 6' + a:'»=d +6+r 

This equation is evidently satisfied by 

*=«-f6', a:'=a' + 6 
Hence » . 

«' + 6{ (2 

ts a solution of 1) 

This IS the only solution For, let 7 be a solution Then by 
lefinition, ^ , 

a*=jg-»-7 (3 

The comparison of 1), 3) giies 

fi+S—fi+V 
f *7. 


Hence 26, 2), 
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28. We have thus this result: in the system i? suhtraction is 
always possible and unique. The result of subtracting y3 from a, 
we represent by n — /S ; it is a number in R. Then any number 
«= {(i, a'l in R, is the result of subtracting a' from a, or 


For, 

Similarly, 

Hence 


a=a — a'. 

a = \a + b, bl, by 21, 4. 
a' = \a' + b, 

a — a' = Sa + 5, J} — ja' + b, bj 

= fa + 2b, a' + 2b}, by 27, 2) 
= «'ji by 21, 4. 


29. 1. Let « = ja, a'l be any number of R. 

The number {a', a I is called minus «, and we write 


Then 

Also, 


fa', af = — a. 

-(-«)= -fa', a| = fa, a'j = «. 
« + (—«) = f«, a’l + fa', aj 

= fa+ a', a d-a’} = 0 


= a— a. 

If a is positive, — « is negative ; and conversely, if k is nega- 
tive, — « is positive. 

2. The number — « maj’^ be defined as the number such that 

« + f = 0. 

For, f = — a satisfies this equation ; and, as we saw in 27, this 
equation admits but one solution. This shows that the numbers 
m R, Tt 0, ma)’' bo grouped in pairs, such that their sum is zero. 

3. If = — then « = 

For, multiplying both sides of — « = — y3 by —1, we get « = /3. 

4. Every number «, of R, different from zero, can be written 
in the form 

« = a, or K = — a, 
where a is a number in g-. 
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For if a > 0, already know by 22 that « is a number in 5. 
If o< 0, then — o is poaitire, BO that — asso, a number in g 
Multiplying tins equation —1. we get 


30. 1. We treat now divMm. 

We eay: the result of dividrag a by 0 (a the number or auia- 
bers f, of i?, anch that 

(1 

Suppote 0*Qi then there i* one and only me nvmhef { ; i.e. tn 
tAts eaee, <fmmn t« pottibU and unique. 

There can be at most one. For, if if satisfies 1), we shonid have 

a = n8- (2 

Comparing 1), 2), we hare 


by 26, 3), 


{off. 


To show that there is always one solution o! 1), ws hare the 
following cases. 

lAt a, j3><}; then a = o, by 29, 4; and 1) becomes 

a = fA. (S 

But by 15 the solution of 3^ is 

« = -<!. /S=»-6. by29,4. 

<ts=5f. 

a>0, d<0: then a sa,/3se -- A, and 1) becomes 

f4 


Xerff,/3<0: then 
Then 1) becomes 
ir by 29, 3, 

Hence as before. 
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Set — t = 1} ; then 4) gives 

a = hr]. 


Hence, 

and 


7] = a/b 

^ = -a/b. 


If a <0, and /S > 0, we get again 


f = - a/b. 


Finally, let a = 0-, then 1) becomes 


Hence by 25, 


0 = j8f. 

1 = 0 . 


2. We consider noio the case that = 0. 

The equation 1) admits now no solution, unless a = 0 also. 
For, when y9 = 0, = 0, whatever f may be. 

If now a = 0, the equation 1) is satisfied for every number ^ in 
B, W e have thus this result : When the divisor is zero, division 
»« either impossible or entirely indeterminate. 

For this reason, division b}' zero is excluded in modern mathe- 
matics. The admission of division by zero by the older mathe- 
maticians, Euler for example, has caused untold confusion. We 
shall see it is entirely superfluous. 


Some Properties of the System R 

31. The system R, which we have just formed, is made up of 
the totality of positive and negative integers and fractions, and 
also zero. It is called the system of rational numbers ; any element 
in it being called a rational number. The elementary arithmetical 
properties of these numbers having been established, there is no 
further occasion to employ the special notations (a, 6) and \a, ; 

ive shall, instead, employ the customary ones. Furthermore, we 
shall represent for the rest of this chapter the numbers in R 
indifferently by Greek and Latin letters a, 5, c, ••• a, y9, 7, ••• 

For the sake of completeness we now proceed to deduce a few 
properties of R, although the reader is probably familiar with them. 
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32 The R tnwmiwt tctfft rttptci to the /our rational 

operationt 

This siraply meius that the addition, subtraction, ronltiplica 
tioB, and division of any tvio elements of R, division by 0 of 
course cscluded always leads to an element iti R 
We saw this is not true for the systems Q and g 


33 1 The iffitem R a dente 

This term, taken from the theory of aggregates, which we shall 
take up later, simply means that between anj two numbers a, 6 
in R, exists a third and hence an infinity of numbers 
For, let 

and say a>i 
Then 

18 an integer >1 

Let e be a positive integer By taking it large enough, we can 
make 

eJ>n, 


where nis an arbitrarily large positive integen 
Let h be any integer, such that 


Then 


eOjftj < A < 


A 


lies between a, 6 and. represents at least n numbers 


2 The lyitem J) itnotdenre For, if we take «=n and A=n+1, 
no element of 3 lies between a and 6 
h lom this results a remarkable difference between 3 and R 
After any element fl of 3 folio'™* ®®rtaui Rert element \it r+1 
Not so in ^ If a is any number of R there exists no wert num- 
ber to a I or if 6 were that number, there would lie no number 
of R between a and i But since R is dense, thei e lie an infinity 
of numbers of R between a, h 
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34. 1. The system R is an Archimedian system. That is, there 
is no positive number a in so small but that some multiple of 
a, say na, is greater than any prescribed positive number 5 of R. 
For, let 


a. 

a = -1. 


Let us choose n so large that 


Then 


na = 


71 > aj). 

Cle) ^2 


2. Let a he an arbitrarily large 7i7imber of R; there exists a posi- 
tive integer ?i, such that a /7Kb, 7vhere b is arbitrarily small. 

For, b}’ 1, there exists a positive ?i, such that 


Hence 


nh'y>a. 

a /7Kb. 


35. Let us lay off the numbers of i? on a right line L, just as is 
done in analytic geometry. 

7. X ' ' 

Q 0 U P 

Thus, ha^dng chosen an arbitrary point 0 as origin, and an arbi- 
trary segment OU as the unit of length, to the positive number 
p in R, corresponds the point P on L to the right of 0, and at a 
distance p from 0. To the negative number —p, corresponds the 
point Q, lying to the left of 0, and such that OQ=p. To zero 
corresponds the origin 0. 

Let a, b, e, — be numbers of R, to which correspond the points 
A, B, C. ••• on L. If a<b, the point B lies to the right of A-, 
if rt<6<c, the point B lies between A and 0. 

The point A. corresponding to the number a, is called the 
representatmi or image of a. 

The points corresponding to the numbers in R we call rational 
points. 

Then, since R is dense, the aggregate 51 formed of the totality 
of rational points is also dense. That is, if P, Q be any two points 
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of a, there lie an infinity of points between P, Q which belong 
t<3« 

h arther more, if P be any point of ^ there is no ntxt point to P 
This representation of the anmben of R by points on a right 
\ine IS of great a^iatance to na m onr teasonuig, as •we abaU aee 


Some Iruqitdlitus 

S6 We hare seen in 29, 4 that every number a in R, may 
be written 

«= ±<«o. 


where is a positive nuraber 

The numenraf or <t6«oIut< oatiie qf n is a,, and is denoted by 


We have thus, 
We also set 
For example 


(-1 

W—e 

loi-o 

J+H-l. 

(S<-7Ial7.3I>4. 


37 1 We have now the following fandamental relations 


lal»!-«|. (t 

[«-6| = |fi-a|. (2 

ta±61<l-+ii|. ($ 

la±ftl5l)B,_|tlt (4 

1«1. (5 

IshU! 


They are readily proved Por example, consider 3) 

There are -various cases, according as a, i are positive, negative, 
or zero We treat one specimen Ci»e. 
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Let '»■ > 0, b<0. Let 6 = — 6 q > 0. 

Then a + b — a — b^^ a—b = a + b^. 

If a>6o, |a + J| = |a — 5ol=« — +^o = l“l + l^l' 

If a<6o, |a + J| = |a — 5o|= Jg — a<a + 5o = |a| + lS|. 

|a — 6|=[a + 6g| = a + 6g=|aj + |6|. 

Which establishes 3) for this case. The other cases are treated 
similarly. 

2. By repeated applications of 3), 5) -we get 

|ai±a2± — ±«m|<|ail+ — +|cfn|; O 

l«l'«2-«m! = l«lll«2!-l“ml- (8 

3. Let .d.>0, and |a|<jl. (9 

Then from 9) follows 

— A <a< A •, (10 

and conversely from 10) follows 9). 


38. 1. An important relation is the following: 
Let |a — 5(<A., \h — c\<B. 

\a-c\<A + B. 

For, from 1) we have, by 37, 3, 

— A<a — b<A', 

— B< b — c<B. 

Adding, 


(1 

(2 


— (A B') <c ee — c A B^ 

which gives 2). 

2. A special but common case of the above is when A= j5 ; then 
ja-c|<2A. (3 

We shall say that 2) or 3) is obtained from 1) by adding. 


39. It will be useful to bear in mind the geometric interpreta- 
tion or image of certain inequalities which recur constantly in the 
following. 
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Let a be an arbitrary rational number 


On either side of the point a lei os mark oft points a — 6, o + 
at a distance h from a The rational numbers x whose images 
fall in the interval a — a + i, evidently satisfy the relation 

a~i<x<a -h b, 

or what is the same, 

That is. z satisfies the inequabty 

k-a|<i (1 

Conversely, the images of the rational niiitibers z which satisfy 
1) lie in the interval a - ft a + ft 
Simiktly, the images of the rational numbers x which satisfy 

OSr-aSft. 

lie in the interval a, a ■<-ft> while those cotrespondtng to 
05a-zSft 

lie in a - ft, a 

lialional Ltmxis 

40 In the next chapter ne shall have a good deal to siy of 
infinite seqaencea and their linut'< W e proceed to define them 
aa far O's rational nwnbeTS are wwrewned 
Let A be a set of rational onmben such that 
1* It 13 determined wheth^ a given number belongs to A 
or not 

2° There is a first nninber Zj of the set, a second number a,, 
and in general, after each a, follows a certain number 
The set A is then called an tajCatCe s« 5 uence or simplj a sejutnce, 
and 13 denoted by 

or by 4s={a,{. 
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41. 1. If we take <i„ = n, 


is a sequence. 


EXAMPLES 
A =1,2, 3, ...={n} 


2. If we lake a„ = i , we get a sequence 

" A = 1,1,1,... = -[11. 

2 3 Inl 

3. If n„ = I, we get a sequence 

A = l, 1,1, 1, ...={1}. 


4. Let A consist of the rational numbers lying in the interval 0, 1, arranged in 
order of magnitude. 

This set A is not a sequence. For, although it is perfectly determined what 
numbers belong to A, and although tlrere is a first element oi = 0, there is no second 
element, no tliird clement, etc., by 33, 2. Thus, while condition 1° is satisfied, 
condition 2° is not. 


42. 1. We define now the term limit. 

Let I be a fixed rational number. We say : I is the limit of the 
sequence A = \a„l, when for each positive rational number e, small 
at pleasure, there exists an index wt, such that 

\l-a„\<e (1 

for every n>m. 

In symbols we tvrite , ,. 

V Jlim 5 

we also use the shorter forms 

Z = liina„, or a„ = l, 

when no confusion can arise. 

We shall also employ at times the symbol 

I = lim a„. 

A 

When I is the limit of A. we say .A is a convergent sequence, 
and that a„ converges to I as a limit. 

2. N'otation. We shall find it extremely convenient to employ 
the following abbreviation : 

e>0, m, |Z— a„|<c, 7i>m (2 

to mean that, for each positive rational e there exists an index m, 
such that I? — a„| < efor every n > m. 

The reader should therefore repeat the italics often enough to 
liimself to be able to read the line of symbols 2) without hesitation. 
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S The reader should observe that from 2) we can condudo 
also that for each pMitive Jl/^ there etists an m', such that 

If, therefore, f«,( has the rational limit f, we can write 

e>0, «, 

We have, of course, changed the notation slightly lo 3} by 
dropping the accent of «' 

43 The graphical interpretation of this definition will prove 
moat helpful in our subsequent reasoning 


Let us lay oS the points on onr axis, corresponding to the nus* 
bers a., also the point corresponding to 1 On either side of I lay 
oS the points 1 e, 1 4- < These determine an interTal, marked 
heavy in the figure, which we shall call the e interval 
If now I u the limit of the sequence A there must exist for 
eacn little < interval, so index m, such that the images of sU the 
numbers <Im*i< within the c interval bee 8& 

In general, as e is taken smaller and smaller, the index m 
increases The definition, however, only requires that for each 
given < there exists some corresponding m such that 42, 1) bolds 
for every n greater than this « 

44 Another useful gr^hical interpretation of the definition of 
a limit IS the following 
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We take two axes x, y as in analytic geometry. On the a:-axis 
mark off points 1, 2, 3, ••• at equal distances apart. Lay off 
the numbers Uj, Ug' “s’ ordinates on lines through the 

points 1, 2, 3, ••• parallel to the j^-axis. (See Fig.) These 
points we may consider as the images of the numbers On 
either side of the line y — I, draw parallel lines at a distance e 
from it. We get then a band, shaded in the figure, which we 
shall call the e-hand. 

Then, if I is the limit of A, there exists for each e an index m, 
such that the images of all the numbers a„+i, 0 ^+ 2 , fall 
■srithin the corresponding e-band. 

45. EXAMPLES 

1. A = lim On = lim- =0. 

t ji J n 

2. .> = {1-1}, 1, 

3. A = l, -i, +}, limoncO. 

n 

The reader will find it helpful to construct the graphs, ex- 
plained in 43, 44, for each of these sequences. 

46. If it is kno7vn of two rational number sp, q, that |p — jl < e, 
however small e > 0 may he taken, then p=q. 

For, if p^q, say p>q, then — g' is a definite positive 
rational number ; call it d. Then is not < d, and this 

contradicts the hypothesis. Hence p = q- 

47. Arational sequence cannot have ttoo rational limits 1,1'. 


For, since a„ = I, we have by definition, 

e>0, mj, 11 — a„l<e, n>mi. (1 

Also, since a„ = V, we have 

e>0, TTZg, |1^ — a„|<e, n>m 2 . (2 

Let7n>77ij, m,; then from 1), 2) follows 

e>0, 771, |1— ff„|<€, n>m. (3 

c>0, 771, |1' — a„l<e, n>m. (4 
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The inequalities 3), 4), bdding now for the same m, we can add 
them, and get, by 38, 3), 

(a 

Uut since c la small at pleasure, so is 2 e The ineiqiiality 5) 
giTes, by48, 


48 Xf rational leguenee hat a rational limit I, there eiittt 
an tndez m, twh that 

d<o,<e, n>ni, (1 

vhtre b u any rational number <1, and e any rational number 
For, since a, >= 1. 

s>0, m. lt-a.l<c n>n 

/-«a.<i+€ (2 


Since < IS arbitrarily small, w« can take it so small that 
/-e>5, l+e<e 


Then 2) gives 1) 


49 £et the tiea te^eneet )a,|, )(.} have the rational Imttt a, b 
reipertively then 

lua (a, + >,) *s a + i , lim{o. — d.) — ( 


F or, I (a + d) - <,a. + d.) | « | (a - a.) -h (d - d,)l 
<lo-e.) + (d-d,l 

by 37 3) 


(1 


Since a,=:a we have 

e>0, rrf, jo-a.l<«/2 


(2 


Since we have 


e>0, m". |d-d.|<e/2 n>m" (3 

By choosing m so large that m'\ we can suppose 2), 3) 

hold for the satne m • 


•WleD 

ire »lul) oftea i 

aimnArir 
m*r l>e wrlttfs 


It men (bdnlj 


«>» «>«,«>< - 
•>a e d - 
0^0 »:^0 c^O- 
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Then 1) becomes, using 2), 3), 

|(a + 5) - (a„ + 6„)|<| + | = e. n>m. 

This states that 

lira (a„ + 6„) = a + 6. 

Similarly, we prove the other half of our theorem. 

50. If the two sequences |6„| have the rational limits a, h 
respectively, then 

lima„6„=fl&. (1 

For, 

d„ = ab- a„b„ = a(b - b„) + 6„(a - a„). 

by 37, 3), 5).- 

Since b„ = b, we liave, by 48, 


Also, by 42, 3, 


n > m'. 



n>m". 

Since a„:=a, we 

have, by 42, 3, 




n > m'". 


Evidently by taking m large enough, we can use the same m in 
these three inequalities. 

Then they give in 2) 


I^b1<I 


which proves 1). 


'2|al 


' 2 B 2'^2 ’ 


51. Let the two sequences |a„j, \b„\, have the rational limits a, h, 
respectively. Let b and b„^0. 

Then 



a 

V 


0 
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, _a a. + (ai — a,}') 

* 6 6 , 66 , 66 , 

66 . 6 . 

Since 6 ^ 0, [6 1 > 0 Let £ be e rational number, «ucb that 

0<iS<|6| 

Then by 4S, there ectsta an n each that 


,> 0 . „ 


By taking m Urge enough, we can use the same m la these 
inequalities Putting 3) in 2) we get 


which proves 1) 
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Iimifficieney of R 

52. Although the system of rational numbers R is dense, and 
so apparently complete, it is easy to show that it is quite insufficient 
for the needs of even elementary mathematics. 

Consider, for example, the length h of the diagonal of a unit 
square. This length is defined by the equation 

S2 = 2. (1 


"We can show there is no number in R which satisfies 1). 
suppose 

*=!■ 


For, 


where a, h are two positive integers, which we can take without 
loss of generality, relatively prime. 

Then 1) gives 

= 2 h\ 


Let p be any prime factor of h. It is then a divisor of a\ and 
so of a. Thus a and b are both divisible by p. They are thus 
not relatively prime, unless p = 1. 

Thus 6 = 1; and S is an integer. But obviously there is no 
integer whose square is 2. 


53. 1. A similar reasoning shows that 

Va 

does not lie in R, unless a is the nth power of a rational number. 

SI 
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The numbers 

e»2 7!8S8 


ir^3 14159 • 


caa be shown to be irrational, the numbers 


lags, 

are in general not rationa) 
2 Let us show that 


e*, sm z, tan x 

t^logS, 


the base being 10 does not lie in R 
If I were rational we should Lave 



Obvionalji I cannot be negatite we can thus suppose a b>0 
Now any integral positive power of 10 u an integer ending ts 
0 while any integral positive power of 5 ends in 6 
Thus 1) requires that a nnmber ending in 0 should equal a 
ciumber ending in a which ts absurd Hence { is not rational 


Canfors Theory 

54 1 The preceding remarks show clearly the necessity of 
forming a more comprehensive system of numbers tban R How 
this may be done m vanivos ways has been shown by Weierstrass, 
Cantor, Dedekind, Hilbert and othera 

We adduce now ceitaiD conaiderations which lead up to Cantors 
theory 

We have seen no rational number exists which satisfies tbs 


equation 




Cl 


It 13 however possible to detennine an infinite sequence of 
rational nanibers 

^ *8 (" 


such that 
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The method we now give foi’ finding such a sequence A has no 
practical value ; it has, however, theoretical importance. 

For flj, we take the greatest integer, such that 

In the present case, Uj = 1. 

From the numbers 

+ 1^5’ *" ‘^1 + iV 

we take for the number whose square is <2, while the next 
number of 2) gives a square > 2. 

Suppose 


Then 


From the numbers 


(Xj = «! + 


10 


« 2 ^< 2<(«2 + iV )^- 


+ «2 + 


2 


^ 9 


(3 


we take for Ug the number whose square is < 2. while the next 
number of 3) gives a square > 2. 

Suppose 


«3 = «2+i^- 


Then 






We may proceed in this Avay without end, and get thus an 
infinite sequence of rational numbers. 


’ 




10 102 ’ 


i 3^103 1 ^ 10 ^ 102^103 


n — «n-I + 1 fln-i 


10 102 


10 " 
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By actual calculation we find the numbere 

Oj • tfj tf, 

are respectively 

1, 14, 1 41, 1 414, 1 4142, «• 

2 We stow now that 

lim a} 2 


For, from 




Ohviooaly now, for each rational «>0 we can find an such 

Id- ‘ 1(1‘- 

{2--«.*|<« ii>m 

lim 2 

65 1 The method given in 61 for forming the sequence Oj, 
Ofi Oj, admits a simple graphical luterpretatioa 





We first divide the indefinite right line L into tujit segments, 
Oj IS end point of one of these segments. In the present case 

We next divide the segment 1, 2 into 10 equal parts , a, is the 
end point of one of these segments In the present case Oj = I 4 
\\ e next divide the segment 1 4, 1 5 into 10 equal parts , a, « 
the end point of one of these segments In this way, we continue 
subdividing each succesave little interval ot segment into 10 
smaller parts, withont end 


that 

Then 

Hence 
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We observe that each little segment is contained in the im- 
mediately preceding one, and therefore in all preceding ones. 

Also, that the lengths of these segments form a sequence 

1 1- J_ J_ 

’ 10’ 102’ IQS’ 

whose limit is zero. 

56. i. The method of 54 may be used to find an infinite sequence 
of rational numbers 

^ 1 ' ^ 2 ’ ^ 8 ' *** 

which more and more nearly satisfy the equation 

10“^ = 5, 

which defines log 5. 

We find ; 

ttj = 0, ^2= «4=.698, ••• 

2. The same method may evidently be applied to any problem 
which defines an irrational number. In each case it leads to a 
sequence of rational numbers 

Oj, ttg, flj, A 

such that 

1®. Each number a„ satisfies more nearly than the preceding 
ones the conditions of the problem. 

2°. For each positive rational e, arbitrarily small, there exists 
an index m, such that 

. 1 I < 

for every 71, v>ni. 

57. Regular Sequences. 1. It is this second property of the 
sequences A, that Cantor seizes on to construct the elements of 
his number system. We lay down now the following definitions. 

Any infinite sequence of rational numbers 

^1' ^3' ^3' **" 

which has property 2° in 56 is called regular. 

As in 42, 2, we shall indicate this property by the abbreviated 
notation ; 

e>0, m, Ia„— a,]<e, n,v>m. (1 
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15 Every regular sequeivce dtjintt a numier, wUch we represent 
by the symbol 

« = («!. <»r ) 

The totality of such numbers forms a number ii/i(em, called the 
0/ real numiert 

We shall denote it by SR, which may be read German It. 

For the convenience of the reader, we shall denote in this chap 
ter the new numbers, t e the numbers 10 SR, by the Greek letters 
a, ;3, y, , while the Latin letters a, b, e, denote numbers 
in the old syatem Jl 

To see if a given sequence is rtgutar. we must see if the in- 
equalities 1) are satisfied For this reason we shall speak of these 
inequalities as the te*t 

2 The <,m test u equivalent to the following , 

«>0, «. !«,-«.(<*. «>w. (2 

The diflerence between 1), 2) being that in !<»,— ««], only one 
indsT, n, varies 

For, icAen 1) holdt, 2) «i For we pass from 1> to 2) 

by aetting n= m in 1) 

Cenvertely xf 2) holdt. 1) 1# tatitdei 

for, since < in 2) is small at pleasure, 
let us take 

r<?- 

Then 2) gives 

[a.-«^I<| n>m. 

Also 

-•>™. 

Adding the inequalities, we get, by 38, 8), 


which is 11 
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4. We observe finally that we may replace n,v>m in 1) by 
n,v> m. 


For, if 


i«n- 


(-3 


for every w, v^m, it is true for every n, v>m. Converselj'-, if 3) 
is true for every m, i" > m, it is true for every n, v ^ m + 1. We 
would therefore in 1) replace m b}"- m + 1. 


58. EXAMPLES 

1. That the sequences A, defined in 64, are regular, is readily shown. We have 

For simplicity, suppose »» > n ; 

flipn ft ^ n — ^ I ... I 1 ^ ^ 

then „^_a„__ + _ + ... + _<__, 

as the considerations of 55 show. 

If we choose m so large that 

then, hy 1), 

a,. — an<e. n, v>m. 

Tlie e,m test is therefore satisfied. 

2. Consider the sequence 


Hero 

If wo take now 
then 

Hence 2) gives 


1 1 1 

r 2’ 3’ 4’ 

la„ - o!,,| = I- ± - +-• 

' 71 r 71 r 


771 >- 


- + -<—4 n, v>m. 

71 p in m 


3. Consider the sequence 
Here 


!«,. -arl<| + | = r. 


(1 


(2 


1, 1, 1, 1, 1, ... 

dlX “ dy = 1 — 1—0, 

and this sequence evidently satisfies the €,m test, and is therefore regular. 
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4. Consider j I _t 

Here (^-*,1 = 0 or 2. 

Erideatl; no m e^ta lOch Oisk 

«.»>»>• 

Tbe sequence is thus net regui&r 
& Consider I S 3 d ~ 

and tbe « m test Is obTloaal^ not satisfied. The seqoeoce la therefore not regular 

59 Far any rtyular teqvenee of ratumal numiero Jj. Oj. (^re 
exitt* a pantive numbor M tueh that 

la.|<Ar nn.1,2,3, (1 

For, tb« sequence being regular 

<>0 n «>ra 

Hence j,-«<a.<tf, + f (2 

hit if be taken greeter Ibao anj of the m -f> 2 numbers 

Then 2) prores 1) 

60 The elements of 8? have as yet no anthmetic properties, 
these we proceed now to assign, employing tbe method already 
used in the systems 0 and R 

Our first step is to place lo relation to B 
Let “=C®i “r ) 

be an element of SR If there exists a rational number a, such that 
hmo,s=« 

we say b = a 

61 1 Every number a of B Itet in ^ 

For, consider the sequence 
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This sequence is regular, since 

1 1 

= - 

n V 

The number a = (a + 1, a + a + ^, •••) 

therefore lies in 5R. 

On the other hand, a„ = a. 

Hence a = a. 

2. Let aj, CTj, ••• be any sequence of rational numbers, having 0 
as limit ; then 

0 = (dj, •••)• 

In particular, 0 = (1, •••) 

= (-l. -h -h •••) 

= ( 1 , 1,-1 ...) 

= ( 0 , 0 , 0 , ...). 


62. 1. We define now the terms equal, greater than, less than. 
The object of this is simply to arrange or order the elements of SR. 

Let 

CC = (dj, 0^2, "•), ^ ^2' 

We say 

a = /3, vvhen lim (a„ — 6„) = 0 ; (1 

or, what is the same thing, when 

e>0, m, |a„ — 6„|<e. (2 

2. We say a > /8 when there exists a positive rational number 
r and an index m, such that 

a„ — b„>r, n>m. (S 

We say similarly, a<^,\i 

h„ — a„>r, n>m. (4 

or a„-b„<-r. (5 

3. Numbers of SR which are >0 are called positive; those <0 
are negative. 
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63 It can be sbtrsvn that from this definition oi equality aud 
inequality the usual properties of these terms can be deduced. 

For etatople, 

if fi = y, thtn o » y. 

For, Bcttmg 

) 

^ = ). 

y-(e,. r, ). 

we have 

fl, - ^ = (a. - K') + (*►. ' 0=0. 

by h3-potbesis 


64 If a«(ai, )«»(«i’. «»'• )• ** ®*y O^v <**• ) 

(^i “»•' ) difftrtnt rtprtuntation$ of the same number o. 

^lery numltr « in 9f admitt an tn/ni/y of repretentationi 
la fact, there are abviou&ty an infinity of rational sequences 


hariQg zero as limit 
Then 


*r h h 

(o, + 2,. «, + «y ) 


represent an infinity of representations of a. 


65 1 IVe wish to apply the definition of 62 to the case that 

one of the members, say is a rational number b 
Leta=:b. 

For S — 6, ^ecan take theTcpreseTitatioa 

i8 = J-(5,6, ), (1 

Then 62, 1) requires that 

lim (a, — b)«0; 

whence lima. ■=8 

Thus the definitions of 60 and 62 are in accord for this case. 
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2. Let « > h. 

Since &„ = 6 by 1), the relation 62, 3) becomes here 
a„ — S > r, n>m. 

Let a < b. 

Then 

b — a„>r, n>m. 

a„-b<-r. 


(2 

(3 

(4 


3. If a = (aj, « 2 ’ there exists an index m, and two positive 

rational numbers A, B, such that 

A<a„<B; n>m. (5 

and conversely. 

For, set 6=0, then 2) gives, replacing r by A, 

a„>J,>0. n>m. (6 

# 

On the other hand, 59 gives 

n>m. (7 

From 6) and 7), we have 5). The second half of the theorem 
is obvious, by 2. 


4. Similarly, we have 

If «=(aj, Uj, there exists an index m, and tioo negative 

rational numbers —-4, — B, such that 

—A<a„<—B-, n>m. 

and coiiversely. 

5. From 3 and 4 we have 

If a there exists an index m, and two positive 

numbers A^ 5, such that 

A<\a„\<B-, n>m. 

6. In any mimber «=(aj, a^, the constituents a„ finally 

have one sign. 

Tins follows at once from 3 and 4. 
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€6 1 

JJ 

Then 

For, suppose a<a 
an m, such that 
Hence 

and therefore 


) 

a,^a, n>m fl 

«5<. (3 

Then, by 6Ss 2, there exjsts an r>0, and 
a — rf,>r n>m 


which contradicta 1) Hence 2) bolds 
2 SitniUrly, we show 
XejBe(a| a, ) 

]f «,^av n>rav 

thtn 

6T 1 iffrm the iryaeaw 

«, Oy a, 

dejtnei (Ae nutn&er a, » e pseA <m< o fc>^ene< 

*s * 

wAere , then aU^ 

“=(«„ ) 

JAe uquence 2) *i regular For, atnce 1) is regular, 
e7»0, m, 

But then 

la,,-a.l<«. ni<a. t.>m 
Hence 2) is regular, and defines a number /9 
Wi tho\s now B = B Since 2) contains only a part of 1), 
‘ip 5'»» n=l, 2,8, • 

Since 1) 18 regular, 

n>m. 

Hence, by 62 1, «= /9 


<1 

(2 
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2. As corollary we have : 

The number a — ag, •••) is not altered, if we remove from or 
add to the numbers in the parenthesis, a finite number of rational 
numbers. 

3. We have also : 

If in a= atj, —), /9= (5j, b^, •••) 

a„ = b„, n>m; 

then a = ^. 


68. 1. If ct= (flj, aj, there cannot he an infinite number 

of constituents a„ = 0. 

For, say 


Then, by 67, 1, 


= 0 . 


But 


«=(«.,, a.,, •••)• 

•••) = 0 . —) = 0 * 


Hence a = 0, which is a contradiction. 


2. If a^O, we can choose a representation (aj, fltj’ 
(ill the a„ ^ 0. 

For, let 


«= («i', 


•) 


•), in which 


(1 


be any representation of a. By 1, it contains but a finite number 
of zero. If we leave these zeros out of 1), we do not change the 
value of a, by 67, 2 ; and get thereby a representation of a, none 
of whose constituents are zero. 


69. 1. Having ordered the elements of 91, we proceed to define 
the rational operations upon them. 

Addition. 

Let 

U = (Uj, U2’ '■')> C^l’ ^3' 

be two elements of 91, different or not ; then 


K + /9 = (uj + 6j, a„ + 62, —)• 


(1 
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To justify this definition of addition, *e show first that 

+ «»» + «r • (2 

ts a regular sequence 

Since a,, a,. is a regular sequence, we have 

e>0. m, |tf, — «,»->»» (3 

Since bj. • IS regular, we ba\e 

e<0. m, \K~h.\<t/2, (i 

Esidently we can take m so large that 3), 4) hold for the 
same to 
N ow 

K®« + K) “ 4- (f", — f.)j 

< irf, — a, + 5,1, bj 87, 3) , 


<£ + J«e. b> 3), 4) 

Thus S) is regular, and defines a number 
2 tVe show next that, if a, are ntionai numbers, aay a mo, 
^ S9 5 , then a •<- id. as defined hy 1), is a + 5 
Since u IS t ntional number a. 


Similarly. 
Hut 


Thus by 6 
Hence bj 1) 


lim («.+ 5,)=» 

(<11 + 5, 


hm a, a d, b) 60 
llTD 5. s 3 

• lim a, + lim 5„ =r a + 5, by 49. 

i «*+*s ) = a + fi 

« + )9=tf + 5 


"SQ 1 1/ ^>y, thert a-i-0>a + j 

Let y = (cj, Cf, ) Since 0> y, there exists, by 62, 2, a positive 
lational number r, such that 


Ifence, adding a.. 


Hence, by 62, 2, 


h,>e.+T n>TO 
«. + 5»>«,+«. + r 
(<*. + 5.) — (tf, + e.) > r. 
«-t*H>a+7 
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2. From 1, we conclude, as in 26, that 
Jjfrt + /3=a + 7 , then /3 = 7 . 


71. 1. Suhtraction. 

This is the inverse of addition ; we define it as we did in g and 
2i, viz. : The result of subtracting from a is the number or num- 
bers in 91, which satisfy 

“ = /S -t- (1 
There is at most one number 

For, suppose a = ^ + i). (2 

Then 1), 2) give, by 63, 

^ f = ^ + 1?- 

Hence, by 70, 2, ■>] = f. 

To show that 1) admits one solution, we prove just as in 69, 1, 
that , , 

is a regular sequence, and thus defines a number 
?~C^l ^2’ '")• 

If we put this value of | in 1), the equation is satisfied. 

For, (S -f- 1 = (ij, ^ 2 ’ •••) + («i - ^ 1 ' ^ 1 - K •”) 

= (^1 -}- «! — by , 62 + <*2 “■ ^2’ ■”)’ 

= («1, «2' •") = “• 


2. Thus subtraction is always possible in 91, and is unique. 


The result of 
have then 


subtracting yS from u we represent by « — /3; we 
a - /8 = («! - by Ug - by — )• 


3. We represent 0 — « by — 

Evidently, , . 

a =: ( {Ij, ^37 •••)• 

We observe that «+(— a) = 0; 


«+ (-^) = a — ^5 


-(-“) = «• 



46 


IRRATIONAL NUMRRRS 


72 1 ^<xM^o«i(»u€, — a t( andxf «M 

If potittfe 

For, if a ss (Oj, ) > 0, we have, by 65, 3, 
a,>A>0 H>m 

Now 

),by7LS 


Hence, by 1). 
Hence, by 65, 4, 


— '^<-^<0 n>m 
-«<0 


negative, — a 


which provea the Grst part of the theorem The second part la 
proved similarly 


2 All tht numiert e/ 5J w 0 are af tha fprm a er - 
a pofitire numisr 

Let /3 be a number We need to consider 
that ^ 18 oej^tire 


- a vhere a u 
only the case 


and by 1), —,9 is positive 


73 1 MulUpUeation 

The product of a by >2 we deGne by 

a0^(a^b^, ••;>. (1 

We have to show that 

«A- •^v (2 

IS a regular sequence 

Let e be a positive rational number, small at pleasure. 

Then, by 69, there exists a positive JU*, such that, 


Also, since the sequences }5,J are regular, we 
i7t in 3^ is taken so large that 


can suppose 

C4 


«, v>i 
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Now, 


— ^nC^a 

•'• 1 4 1 ^ I «njl - 5. 1 + I K II «a - |i t>y 37, 


••• Ka|<e, 

and 2) is regular. 

2. If «, /3 are rational, say a — a, /9 = 5, we show that «jS as 
defined in 1) is aJ. 

For, since a and yS are rational, 

lim a„ — a, lim 6„ = b, by 60. 

But then, hy 50, 

lim a„h„ — lim a„ lim b„ = ah, 
which states that a0 = ab. 


74. 1. The formal laws for addition and multiplication are 
readily proved. We illustrate this by establishing the associative 
law of multiplication. 

We wish to show that 

« • ySy = a;8 • y. (1 

We have, hy 73. 1), 

Hence 

“•/37 = («n 'V "OCVn Va’ ’”) 


— ®2 • ^ 2 ® 2 ’ ■■■)• 

oimilarly, 

• 7 — ■ ^1’ " ^2’ C3 

Since multiplication is associative in R, the two numbers repre- 
sented hy 2), 3) are identical, which proves 1). 


2. As a consequence of the associative law, we have, m, n being 
positive integers, 

oT'a’' = 


which expresses the addition theorem for integral positive exponents. 
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75 1 The properties of products, relating to greaUr than, Um 
than, are readil) established for numbers in fff 
and then «r/>0'y 

For, awwft n> ft we have, by 62, 2, 

a,— 5,>f>0 n>f« 

Since 7>0, there exists a positive rational number e, by 65, S, 
such thst 

e,>e n>tn 


By taking m sufficiently large, ne may take the same m 
these inequshtiea 
They give 

«.e.-V.>cr>0. 


Then, by 62, 2, 


ity>6y 


2 From 1 follows 

V«>0>O, 

then a*>/9* n peittiie integer 


3 From 2 we conclude 

If «, /S > 0, and n* » B*, » being a positive integer, then 


both 


4 ^0<<i<l, tA«n «*<a 
For, from 
we have 
Also 
Henee 

Hence m general, 


■<1, 

*^<tt 

a«<(^ 

«•<« 


76 1 Ru.le of siytis pn>dnH of imo poetUve or two negative 
nambert tn 31 1# pontive The produet of a poeitive and a negative 
numler tt negative 



CANTOR’S THEORY 


4ft 


Let{t>0, i8>0; then n^>Q. 

B}’ 65, 3 , there exist two positive numbers and an index 

m, such that 

a„>A, K>B. n>m. 

Hence 


Thus 


a„h„>AB> 0. 

«/3 = («iJj, — )>0i by 66. 


Let « > 0, j8 < 0 ; then wyS < 0 
For, by 65, 3, 4, 

a„>A, b„< — B. n>m. 


Thus, by 66 , 




K^<0. 


In a precisely similar manner, we can treat the other cases. 


77. 1. TJie product of any two numbers in 91 vanishes when, ayid 
only when, one of the factors is zero. 

In the product a/3, suppose « = 0 ; then a/S = 0. 

Then 

« = ( 0 , 0 , 0 , •••), ^ = 

.-. «j3 = (0 . Jj, 0 • 52, = 0, •••) = 0. 

Conversely, if «/3 = 0, either « or /3 = 0. 

This is proved, as in 25. 

2 . If a^Q, and «/3 = ay, then ^8 = 7 . 

Proof same as that for 26, 3). 

78. 1. Bivtsmi. 

The quotient of a by /9 is the number or numbers in 91, which 
satisfj’- 

« = /S^ (1 

There are two cases, according as fi=0, or ^ 0 . 
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Cau I >S 0 

Since ^ ^ 0, we may luppose, bj 68, 2 that in 

p=(6, 6, ) 

all ^ 0 To find a solution of consider tbs sequence 


It t* regular 

lienee 


By 59. 

By 65 6, T\(s 


а, a,\ — — 5«^~~ ~~ oQ, 

б, hjb, t>J>^ 


,.T 5.IK-H.I 

ISiJilj 


|a»| <9f n>tn 
»>« 


C2 

ts 

(I 

(5 


By taking tn sulficientty brge we may suppose it to have the 
same value in 4) 5) 

Then 4), 8) gives in 8) 

3f — 5,) + S]a, — <i,) 






C6 


Since the sequences |tf,{ are regular we may now suppose 
m taken so large that also 

Then 6) gives 

Since 2} is regular, it defines a number 

K?.?. } 

)(|;|; ) 

= (a, a, )=Kb7 73,l), 

5 satisfies 1) 

That this 13 the only solution of 1) follows as in 30, 1, from 77, 2 
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Case II; /3=0. 

We can reason precisely as we did in 30, 2. Hence, when the 
divisor /9 = 0, division is either impossible or entirely indetermi- 
nate. For this reason division by 0 is excluded. 

2. We have thus this result : in the system 91, division is always 
possible and unique, except when the divisor is 0, when division is 
not permissible. 

3. The result of dividing a by /3, we represent by a/ 0 and have 

therefore „ \ 

a lay \ 

/3“VV V ”7 

1 = ( 1 , 1 , 1 ,-), 


This is called the reciprocal of 0. 


79. 1. The system 91 is now completely defined ; its elements 
have been ordered, and the four rational operations upon them 
have been defined. As a perfect analogy exists between the sys- 
tems M and 91, we are justified in calling t})e elements of 91 num- 
bers. In the future, when speaking of numbers, without further 
predicate, we shall mean the numbers in 91. As already stated, 
they are called real numbers. 

2. In the 6,m test, given in 57, we were obliged at that stage 
to take e rational. This is now quite unnecessary, and we shall 
therefore, in the future, suppose e is any positive number in 91, 
small at pleasure. 


80. 1. We have shown in 61 that 91 contains all the numbers 
of J?; but we have not shown that it contains other numbers. 

To this end, we show that there is a number a which satisfies 


a^=2. 


(1 


This is easily done. For in 54 we determined a rational 
sequence 

a, = l, 03 = 1.4, a3 = 1.41, - (2 

such that „ „ 

lim = 2. (3 
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The sequence 2) is regular by 58, 1. 
Hence _ , » 

«=*(ai, tt,. ■*«> 


IS a nviTEibet la 21 
But, by 73, 1). 




Hence 3) shows, by 60, that 

o' = 2. 

Hence « is a solution of 1) 

2 As we saw in 52 that o ts not rational, we have shown there 
IS at least one number m 21 not in R 
But the reasoning we have just applied to V5 applies equally 
to uhen this latter is not rational There are thus an infinity 
of numbers lo not in R 


Some Properties of SI 


81 JJ tt>0, then are an infinity of pontiie rational num5m 
< a, and alto an infinity qf rational numhert > s 
If a IS rational, the theorem u obviously trne by 83. 

Let . . 

a- • ) 

Tlien. by 65. 3. 

0^A<a^<ff n>m. (1 


But from 
we have, by 66, 2, 


a^>A, 

a^A 


Since there are an infinity lA Tativnal annibers between 0 and 
the positive rational number A, the first half of the theorem is 
established 

Using the other part of the inequality 1), we prove similarly 
the rest of the theorem 


82 Bsfireejv ct, 0, lie oa of rational numiert 

For, let a<iS, then, by 81, there exist positive rational num- 
bers A, B, d, such that 

A^a, S>P, d<0-~a 
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Let 


D = B-A% 


we can, by 34, 2, determine the positive integer n so great that 


n 


<d. 


Then, at least one of the numbers 

A + -, ^ + 2-, ... A + (n-V)- 
n n n 

falls between a and yS. 


83. 1. The system 3i is Archimedian ; i.e. for each pair of posi- 
tive numbers «<yS there exists a positive integer n, such that na> 

For, by 81, there exist positive rational numbers 

a<«, 5>/3. 


Since the system R is Archimedian [34, 1], there exists an 

na > h. 
n(t>na, and 
na > p. 


integer «, such that 
But 
Hence 


2. For any pair of positive mimbers « < ^ there exists a positive 
n such that „ 

— <«. 

. 71 

Proof, as in 34, 2. 


84. Between a and yS, «</9, lie an infinity of irrational numbers. 
That irrational numbers exist, we have showm in 80. 

Let i be an irrational number, r a rational number, and n a posi- 
tive integer. 

Then J — k = {-\-r 

are irrational. 

For, if j were rational, z=7y is rational. This is a contradiction. 
Similarly, if h were rational, i=h — r is rational, 'which is a 
Contradiction. 
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This established, suppose first that a is rational and positive. 
Let X be aoj positive irrational nomber 
Then, by 83, 2, we can take » so large that 

n 

But then 


and « + ’ 

» 

IS irrational 

Suppose now that a u irrational and positive 

By 81, there eaists a positive rational number r, such that 


Then 


0<f<5-a 

a<ii + r<;0. 


and a+v 

IS irrational 

The cases when «, are one or both negative are now easily 
treated 


85 The system {R n dtn$e, \ e any two num^rrs of 31 

he an xnjintty of numlere 

This follows at once from 82 or 84 


iVitmencaf Tallies and /net^alitiea 
86 We have seen, 72, 2, that any number s^O can be written 

where a^ is a positive somber 

We define now, as in 36, the nutturteal or aieolfite value of a is 
+ Oj, and denote it by 

taf 

Then by defimlion 

lalssKj 

We set also 
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87. 1. We have now the following fundamental relations : 

i«-/31 = |/S-«|; 

1«±/St5ll«l-I/S||; 

l«^l = l«l • 1^1; 

^=3^=0. 


2. From 
follows 

and conversely. 

3. From 
follows 

or if A = B, 


(t\ 


a 

w 


1 


|ai±«2 — ±«„|<|«il + — + |«ml; 

H<.A- 

— A 

la-/3|<.4, 1^-7)<.B, 

|a — 7|<A + 5; 

|« — 7 |< 2 . 4 . 


(1 

(2 

(3 

(4 

(5 

(6 

(T 

C8 


4. As the demonstration of these relations is exactly the same 
as in 37, 38, we do not need to repeat it. 

5. If we k7iou’ of tu'o numbers «, 0, that |cc — ;9| <€ however small 

£>0 is taken; then „ 

a:=B. 

The demonstration is the same as in 46. 


88. If a = (aj, ...), then 

1“1= 1«2!> — )• 

Since the sequence Uj, a^, — 

defines a number, it is regular. 

I'lcncc 

e>0, 7n, |a„ — a,l<e. n, v>m. 
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From this we conclude that the sequence 

Kl. \<hV - 

13 regular. 

For,br87,4), 

Hence 1) defines a number 
To thorc that ^*= a| 


t irst suppose i 
Then 


Hence 

Tberelore 


Itma 


»0. 


Iim |«,'=0 
0, and 

Suppose « 0 Then, bj $5^ 6, (he constituents a, of a are of 
one eigUi for n > tn 

lfa>0, n>n 

by6T.3. 

O . aa — lo.j n >» 7 » 

a -(-ra,|. , -{«.}, .-) 

=a — a, by 67, 3 


Hence 


ff«<0. 

Hence 


89 In the following articles we gire certain equalities and 
ineqnabties which are often useful 


Zet 0<o<l, then — >1 — o, 
l + « 


(1 


(2 



NUMERICAL VALUES AND INEQUALITIES 


57 


To prove 1), let irs suppose the contrary, viz.; 


Clearing of fractions, 



(t. 


1 <1 — or a^< 0, 

which is a contradiction. 

Similarly, we may prove 2). 


90. 1. ietap Oj, aw^^P„=(l + al)(l + a2)•••(l + am)• 

^®” 1- «m)‘ Jn>l. 

> 1 + («1 + — + «m) + («1«2 + «1«3 + • • ■ + • m > 2. 

In fact, 

Pj = (1 + ai)(l + 02 ) = 1 +(«i + “ 2 )+ “i“ 2 > 1 +C«i + “ 2 ) ; 

-P 3 = -^* 2(1 + «3) = 1 + («1 + «2 + «3) + '‘l«2 + «1«3 + «2«3 + “l“2“8 
> 1 +• («! 4- «3 + «3) + ttiOa + Ojttg + agOs 
>1+(«1 + «2 + «3)- 
In this way we can continue. 

2. Similarly, we can prove : 

Let 0 < Kj, cc ^, ... a„ < 1, and 

= (1 - «i)(l - a2) — (l - 

2^671 + ...+ «„). m>l. 

<l-(«l+ — +«m) + («l«2+«l«3+ — + m>2. 

91. The demonstration of the following identities is obvious : 

— 1— = l^c£ + a24 f-an-i+^^L. Cl 

1-a 1— a 

«±l-« ■ . 

j8 + S /3^y8(yS + S) 
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92 Let ]8,). ib,l<5, »nd iet 



Let e>0 he antall at pleaanre, m ean take 5>0 »o amall that 


tor.b7 91.2, 

Heace 

taking i ao amall that 
Let 

Then 2) gives 
Hence, if 'ive take 
we have 1) 


M<, 



by 37, 


0 


(2 


93 Let a, 
/S, 8. 

Jf 

then 

For, from 

we have 
Adding, 


<ij It, « arhttrary rtumhen 


I 7.>« 

-01 02 

+ 7.“.^ Q. 

-yi0i+ 

+7^.- 

^>L. 

^>i. 

01 

0.- 




Yi«i+ +7.«.>XG8,y,+ +8,7.'), 


which gives the first half of 1) The rest of 1) follows similarlj 
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94. 1. Let « > /3 > 0 ; and n>% a positive integer. 

For, by direct multiplication, we verify 

a" _ y3" = (a - /3) + • • • + (2 

In the second parenthesis, replace a by /3. Then, since « > A 
a" — A >(“ ~ /3)(A*“* + + •••« terms), 

or a" — /S'* > M(a — /S)/ 8 "“\ 

which is a part of 1 ). 

If in 2) we replace /9 by a, we get the other half of 1). 

2. In 1), set ce = 1 + S, S > 0, /3 = 1, we get 

(l + S)'*>l+nS. 

If we set « = 1, /3 = 1 — S, 1 ) gives 
We have thus 

(1 4 - a)" > 1 + n«, a tjE: 0 and > — 1 , n positive integer. 

3. We observe that 1) can be written 

a’’>/3""’[/3 + n(a— /3)], (4 

/S">a''“'[« — «(a — /3)]. (5 

95. Let Oj ••• «„ be any n numbers. 

. _ «i4- — + g„ 
n 

is called their arithmetic mean. 

Let ••• a„ he positive, and P„ = «j • Oj “n- 

Then P„ < .(In'*, unless the as are all equal, when P„ = A^". 

If «j =03 A„ = a^ and P,, = a{'. 

Hence = 

Suppose now the a’s are not all equal. 



Let % 
^Ve have 
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Hence 
Let n = 2 *. 

Jr, S."'‘ ”'■* •“ - of .he., . 

Then 

„a 

....sffiif!,)- 

Hence ' - / 

0. the other Lend. .pp |„„5 „„ ^ 

aia. a+i 

we hare " • 

H* ^sfi+i+i+iv 

Ho=.eeI)..dS)j,„ ' * )' ^ 

T 

Jn the aame wav wd m, ' 

2-'<.<oI s™'' '00 “r po™ of i 

Se.h.„ p 


3 ) giy„ 



^>.<411 
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96. From algebra we have the Binomial Theorem, 

n • n — 1 ^ , n ‘ n — l*n — 2 „_3 as 

(a + /S)" = a" + na"-i/3 + , a”-“/32 + . x - .. “ P" 


1-2 


1.2-3 


+ ... + + na^-^ + (1 

X * A 


where n is a positive integer. 

The binomial coefficients 

n-ji — 1 • n — 2 n — m + 1 


1 • 2 ••• m 


we denote by 
We have obviously, 


©• 


= 1 . 


[ni J'^yh — 1 / V / 
If we set a= yS = 1 in 1), we get 

If we set «= 1, yS = — 1 in 1), we get 


It is often convenient to set 


and 


'n' 

inij 


= 1 , 

= 0, if m>n. 


Limits 

97. We extend now the terms sequence, regular sequence, limit, 
etc., to numbers in 5K. This is done at once ; for the definitions 
given in 40, 42, and 57 may be extended to 5K, by simply replacing 
the term rational number by number in IR. 
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For exainplet tte sequence of nnmbers in 


tfii ^ 0 

IS regular when, for each positive < (not necessarily a rational 
nomber now) there exists an index m, such that 


for every pair of mdiees n, v>iit 
Or in alhreiiaUd farm, nhen 

e>0, «, — «,|<e n,v>n (2 

This definition, we see, is perfectly analogous to that given in 
57, 1 for regular rational sequences Evidently the reasoning ol 
57, 8, 4, can be applied to the sequence !)• Thus the e,n» {til 
gnen m 2 may also be st iteci in the form 

<>0, m. (3 

Similarlyi ^ ts the limit if the eegutnet 


when 


«i, a, • • 

<>Q, CT, n>m. 


At before, we write 

X slim a., or XsilnsA, 


<< 


We say elao coTirer^es to X or afproachte X as limit. 
This may be indicated by the notation 


98 ief Iima,c=o <wilim/?,=:/? 

Then lini(«,±/3,)s:ii±/S; (1 

lim tij3„ » <tj3. (2 

If 0, 0j, 0g, • me have alto 


The denjonatration is precisely similar to those of 49, 60, 51 j 
and thus does not need to he repeated here. 
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99. We prove now the important theorem : 

Let (c= (ttj, Og, •••)) «’® rational; then lim a„ = a. 

We must show that 

e>0, m, !«— a„)<e, ny-m. 

Since the sequence 


is regular, we have 


^ 1 ’ ^ 2 ’ ^ 8 ’ **" 


a>0, m, |a„ — a,.|<o-, n, v>m. 


Now we can write, by 60, 

a„ “ ^n' ***^* 


Hence, by 71, supposing n to be fixed for the moment, 

Ct ^2 ^3 ***)' 

By 88, 

Hence, by 2) and 66, 2, 

Thus if we take cr<e, we have 1). 


(1 


(2 


100. ff a seoneiice . 

^ ^ = «l, «3, ••• 

has a limit \ A is regular. 

For, by definition, 

e>0, 771, |X— a„]<e/2, n>m. 

|\ — apl<e/2, vym. 

Adding, by 87, 3, 

|a„— a,l<e. n,v>m. 

Hence A is regular, by 97. 

101. 1. Conversely, if A = a^, a^, ••• is a regular sequence, there 
exists one, and only one, number «, such that 

lim K„ = a. (1 

To show that A cannot have two limits, we need only to repeat 
the reasoning of 47. 



ei IRRATIONAL NtlMBERii 

We flhow now A hat a Imtt t 

Let "• (2 

be a sequence of positive nutnben whose limit la 0. We cioose 
Oie S’® now, such that 

= + (3 

are rational* Thw la evidently pcwsiUe by 62. The sequence 

«j, ttg, (4 

IS regular. 

For, ®ii — ~ ®r3* 

Since A i» regular, 

OO, m, n, .>m. C« 

Since, by 100, tbe sequence 2) is regular, 

j5» — i,}<*/2 n,p>n (7 


la the inequalities 6). 7), we may tahe m tbe same. Then 5), 

Hence 4) is regular. 

We set «*=(«,.«, •* ). 

Then, by 97, 

But, by 3), 

Hence, by 98, 

Itm a, s= iim — lim S, 
s=«~ 0 


2. As a result of 1 and IQO, we have : 

Xn order that a tequenee sj, Op • * Aai a hmt, tt tt neeettary afid 
wfkient that tt u rtgfular. 
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102. Let = 02 ) ”• be a sequence. Let us pick out of A a 


sequence 




where q<r 3 <igi We call B a, partial sequence of A. 


EXAMPLES 

^-1 ^ 1 1 1 ... 

’ 2 ’ 3 ’ 4 ’ 6 ’ 

B-1, g, ... 

^ J 1 
’ 22 ’ 2 »’ 2 «’ 

n-l -i- -i- -i- 

’ 2 - 3 ’ 2 . 6 ’ 2 . 7 ’ 


Here B, C, D are partial sequences of A. 

2 . 


j I 1 t 1 1 1 

^=1. 2. 1, g. 1, •• 


^ It 1) 1, ••• 

Cr_-, 


i? and C are partial sequences of A. 


103. 1. Among the symbols given in 42, to indicate the limit of 
a sequence 

A — oq, ••• 

one was 

lim 

A 

Analogously, we shall denote the limit of a partial sequence 


of A, by 


B=a 


lim 

s 


2. We have then, obviously : 

47 A is regular, so is every partial sequence B; and 

lim «„ = lim re„. 

A B 
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3 From this, Tre conclode at once 

The $efpienee A eaniuit be regular, if tt etmlatne tteo paiial 
tepi-eneti B, C, nicA that 

hiRa.^bica. 

4 The tt^nee A rannot It rtffvlar, if it contain* a pertxal 
tequenee B tekieh tt not regular 

5 It IS sometimes & diCScult matter to shove that a sequence A 
IS or 13 not re^alar The theorems 3, 4 enable us often to show 
with ease that A la not regular 

Thus, in £x 2, 102, 

lim « 1, liin a, s 0. 

Hence A is not regular 

6 Unless the contrarf u stated, tt is to be understood that 

lim a. 

hu reference to the tehole sequence A 

104 1 From 08, we conclude the following theorems, which 
arc often useful 

Xf linj(«, and lima. =5 « . then hmfi„e:ntUanA equals 

±<rT« 

2 Jf hmajS, sir, and lim<^s=a#^0, then Ijm/S, extiti and 
equal* ir/o 

S If Urn ^ end lim 0,-0, then lim enit* and equali 0p 

4 If lim ^ p ^ 0, and lim^ = a , then lim 0, exist* and equals 
o/p 

The demonstratioa of these theorema we lUostrate bj proTing 1. 

IVe have A = ± («. ± A) ? o. 

Applying 98, IX 

Um A = ± bra (a. i A>4: Urn o, » ± a T «. 
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105. 1. ifit lim «„ = « ; let be ttco 7nnnhers, such that ^<a<y, 

/9 < «„ < y. n > 771. 

The demonstration is the same as in 48. 

2. Let Urn «„ = a, a7id «„<«- Let jS be miy 7iumber <a. 

The7i o ^ 

106. 1. Let lim a„ = « ; if A. < «„ < ^ for 7i>m ; then 

X<u<(x. 

For, suppose « > /i. Let /9 be chosen so that 

ti<^< a. 

Then, by 105, 1, “n > 


Hence 

which is a contradiction. 


«n>M» 


and if 


For, by 1, 
Hence 


«n<A.</3„, 
lim «„ = lim /S„ = ^ ; 
X = /i. 

< X, 


Hence /i = X. 

107. If «„</S„<7n, 

lim (ty, = lim 7 „ = X ; 

!cn lim = X. 

For, subtracting «„ in 1), we get 

0<i8n-“n<7n-«n- 

Now lim ( 7 „ — = lim y„ — lim «„ = X — X = 0. 

But 3) states that €>0, w, 7 „ — ft„<e. n>m. 
Then, by 2), 
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This Telaljon states that 

Iim (A — O = 

As lim o, w X, we have, by 104, 1, 

lun^.s X. 


108 1 A sequence 
relations 


, whose elements satisly the 

«1.2, 


>a called 
If 


t/i«reaitrtff te^enee 


it IS B dtereating telenet 

If it IS either one or the other, bat we do not cate to specify 
wh'ch, we may call it a unitKirMiit science 
If, 00 the other haod, 

A IS said to be a monotone tnertanAfi tetjvenee 


it sa a monotont dtertatxng wgsianee 
If A is either oue or the other, but we do not care to specif; 
which, we may call A s monotone lequence 

Uuivaiiant eequencea are special cases of monotone sequences 

2 If there exists a fixed positive number G, such that 

«= 1 . 2 , 

A 19 said to be fifflited, otherwise «nftmtteii 


lOd A Itmtted monotone u<punce t* regular 
For clearness, let A — be an increasing monotone 

sequence, and let 

«.<<? n»=l, 2 , .. (1 

To snow that A is regular, we must show that 
e>0, m, *^<e, n>m 


(2 
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Since A is monotone increasing, 

0 

To show the rest of 2), take wig at pleasure. Either there exists 
an infinite sequence of indices 

Wo < mzj < wtj < — (3 

sucli that _ _ 

or there does not. 

Suppose such a sequence 3) exists. Then, however small e has 
been taken, we can take the integer p so large that 

+ (5 

Adding the first p inequalities 4), we get 

Hence, by 5), ^ ^ 

which contradicts 1). 

We thus conclude that there exist but a finite number of indices 
7«(, such that 4) holds. Thus we can take m so large that 

n>m, 

which proves the other half of 2). 

110. 1. A limitSd increasing sequence of great importance is 

a„ = ^l+^). 71 = 1,2,- (1 

To show that 1) is increasing, i.e. that 

an>a„-n (2 

we employ the relation 94, 5), viz.; 

/9">a’’-'[a — 7i(a — /8)]. (8 

Set 

a=l4 -, ^=l + i, 

71 — 1 71 

in 3) ; wo get 2) at once, for ti > 2. 
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To show that 1) is limited ve set 

« = « + !, 


in S) we get 
or sqnating 


*>2(' + 2k)" 


Thus 
But, by 2) 


ai,<4 

I<^lm 

As all poaitise integers are o( the form 
2m or 2m — 1 


4) and 5) gi^e 


«,<4 


<4 

(5 


2 Since the sequence 1) i$ liniited and monotone, it has a limit 
b> 109 We Mt 

As the reader already knons esa271823 and is the base o! 
the bapienaa system of logarithms 


111 1 Let A ss <t| <%, ie a regular tejuence leAots fimit is s. 
In A exitt partial monotane $equence$ B and for eaeh, tueh rejaefler, 

Itm 0, s= a 

B 

Then are two cases 1' a — n, »>m has one sign when not 
sero 2* a — It, may hare both rngna however large m is taken 
Cate I To dx the ideas suppose 

<t— n>m 

In this relation, it may happen that for some m'^m 

« — — 0 R^ffl 


(1 
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In this case, 


B 1 “m'+l 


= «, a, ... 

is a sequence required in the theorem. 

Let us suppose now that there are in 1) an infinite number of 
indices 7i,, such that 

Let rj be one of the indices ; then 

«„ <«. 

Let /3j lie between these, so that 

«... < < «• 

Then, by 105, 1, and 103, 2, there are an infinity of elements 
lying between and «. Let be one of these, so that 

iSj <«,.,<«. 

Let ySj lie between and a ; then for some index we have 

/3a < «.-.<«• 

In this way we find an increasing sequence 
B = 

which is a partial sequence. 

Then, by 103, 2, 

lim = a. 

«S=30 

The number of sequences B of this tj'pe is obviously unlimited. 

Case U. Since there are an unlimited number of indices for 
which 

«-rt„>0, (2 

let us denote those values of 7i for which 2) holds, by tIj, Tig, 
Then the partial sequence of A, 


■A-' = V — 
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belongs to Case I lienee m A! lie an infinity of sequences of tie 
type B 

2 The demonstration of 1 shows 

If, tn the regular tequenee ^ =s a,, , the a, do not finally 

heeome all equaU there extete an j 1 on tnfimty of partial vnwaruinl 
legufncei B wheh have all the tame Imit at A 

The Measurement of Reetthnear Segments Distance 

IIZ In 89,43,44, \ae have made use of the graphical represeuta' 
tion of the numbers in by points of a right line We wish now 
to extend the considerations to numbers in 91 With this end in 
view, we proceed to deselop the theory of meaturemet^ qf rteti 
linear legmentt and the associated notion of dtitanee 

113 1 I^t AB, CD be two rectilinear eegnicoU. We say AS 
IS greater than OD. when, if supeninpoeed, AB contains Ci) as a 
part , while CD is said to be lett than AB If, when superimposed, 
AB and CD coincide, we say AB and CD are e^vaf 

2 We assume, with Arektmedet that if the eegment AB is laid 
off a sufficient number of times on the line £, we can obtain a 

S a 


segmentCD' grealcrthananygwensegmentCD And conversely, 
that it IS possible to divide a segment CD into a sufficient number 


of equal parts, so that one of them, as OE, is less than any given 
hegiiient AB 
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114. 1. Let (S'=.AjB be a segment we •vvisli to measure ; and let 
U = OB be a segment whicb we take as a unit of comparison. 

If we can divide S into I equal segments, equal to XJ, i.e. if 

S=l.U, 

we say I is the measure of S, or I is the length of S. 

2. If it is impossible to do this, it may happen that n segments 
S are equal to m segments U ; i.e. 

n • S 

We say then, that 

I 

is the measure or length of S. 

3. In hoth cases we say S is commensurable with U. 

The segment AB being commensurable, we say its length I ex- 
presses the distance of A from jB, or B from A. We write 

I = Dist (_A, Bf 

or more shortly 

l^AB. 


= m-U. 

_m 
~ n 


115. We show now that the number I, just determined, is unique. 
This is evident when I is an integer. We suppose, therefore, that 

nS=mU, (1 

and _ 

n^S = »7j U. (2 

Multiplying these equations respectively by 7i, we get 
nn^S = n^7n U, 7in^S = U. 

ii^mU = iim^U. 

71^771 = 7l»7j, 

or 

m_m' 
n~~ n' ' 

Thus, the two equations 1), 2) lead to the same value of 1. 
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be the me&sare of S 


Let us diride into n equal parts anti call V one of them 
Tben ^ .r TT 


This shows that by taking a new umt I' «ho«e length is J/n of 
the old unit, the lenstb of S can be expressed as an integer 
2 The above considerations also give us a new way for defining 
the length of S In fact« cappose it possible to divide U into t 
eonal parts V, such that 

Sr.rV (2 

Then 

(3 

tV^V, 

hence, mnltiplying 2) by * we get 

tS^TtV^TXr. 

so that the length { of •S' is indeed given by 8) 

117 Let AJB T BG be two segments whose lengths 
are respectively ^ g 


a,h, e d being positive integers ' " 

If we put them end to end, we get a segment IT^^flnbose 
length, we show, is « f+ 

By definition we have 

iS^aU dT=eXT 
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Multiplying these equations respectively by d, 6, and adding, we 
bd-S+bd. F=adU+bcU=<iad + ba-)II. (1 

ld-S+bd-T=hd-W. (2 


Hence 1), 2) give 

bdW-= (ad + be) U. 

Hence 


,^ad±hc^a c_^l 
bd b d 


118. 1. We turn now to the measurement of segments which 
are mcommensurable with the segment chosen as unit. An 
example of such segments is the diagonal of a square, the side 
being taken as unit. 



To measure AB, we begin by marking off points on the right 
lino L, at a unit distance apart, starting with A. By the axiom 
of Archimedes, 113, 2, B will fall between two consecutive points 
of this set, say between Aj, By 

Let 

= Dist (A, Aj). 

On the segment A^B^ we mark off points at the distanoe 1/n 
apart, where n is an arbitrary jjositive integer. 

Then B will fall between two of these points which are con- 
secutive, say between A„, By 

Let 

1„ ~ Dist (A, Aj). 

We may continue in this way, subdividing each interval A„, B„, 
into 71 equal parts, witliout end. The point B will never fall on 
the end point of one of these intervals, for then AB would be 
commensurable. The sequence of rational numbers 

^1? L’ ^3’ *” 

BO determined is monotone increasing, and limited. In fact, all 
its elements are < + 1. Thus, b}-^ 109, the sequence 1) is regu- 
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lar, and so defines a number X We say X is the mea*ure or length 
of AB, and we write as before 

X»Dist(^B)=sXr5 
2 If we bad taken the numbers 

IJ = Di3t(^, B,'), *=1, 2, 

where B, denotes the iight-hatkl end of the interval m which £ 
falls, instead of the numbers l^ we would have got a monotone 
decreasing limited sequence 

I,', V, V, — 

whose limit X' asX 



whose hrait is 0 


119 We have defined the length X of A£ by n process which 
subdivides each interval into n equal pirts The question 

at once arises would this process lead to the same number X, if 
we had divided each tnterrnl into n instead of n equal parts? 

We prove the following general result Let us modify the above 
process so as to divide the first interval into n, equal paits, the 
second interval into n, equal parts, etc This system of sub 
division leads to a sequence which we denote by 


V V. 

Im = 


(1 


The limit of 1) being X' we show it exists and X »= X’ 

For, each point A„' wiU fall in a certain interval A B^ of the 
old system of subdivision, where is the lowest index for which 
this IS true 

J5Dut(A>l.')<Di>lUO 

But, by 118, 2, 


hm Pist(,l,^,^) = lmiDist(4, B,^) = X. 

Hence, by 107, , r« » , . . ,v , 

■' IimDi8t(4, 
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120. The process explained in 118, 119 is obviously applicable 
to the case when AB is commensurable. The only difference is 
that after a certain number of steps the point B may fall on one 
of the end points of the little segments A„, In this case the 
corresponding sequence 

fj? ^21 “** ^<1 fn *** 

would have all its elements the same after a certain one. 

121. We have now two methods for measuring a commensurable 
segment; viz. those given in 114 and 120. 

Let I be the length of AB as given by 114 ; and A its length 
according to 120. We show 

l = X. 

Since AB is, b}' hypothesis, commensurable, we have, by 117, 
preserving the notation already employed, 

I = Dist (AAm) + Dist {A„,B) 

< Dist (AA^) + Dist (1 

As ^ 

Dist {A„,B„') = 

we have, from 1), 

n”' ‘ 

where = Dist (A, A,,,). 

Passing to the limit, we have, since 

lira = X, lira — ^ = 0, 

Z = X. 

122. 1. Let A (7, CB be anj-- two segments ; we show that 

Dist(A.S) = Dist (A (7) + Dist (^CB). 

Tills is a generalization of 117. 

AC s 


We begin by supposing that one of the segments, AQ, is com- 
mensurable, while the other, OB, is not. Then AB is not com- 
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rs 

mensurable In our process of subdivision, suppose that after the 
with step, S falls in the segment BJ Tlien A Q and CB^, are 
commensurable Hence, by IIT, 

Dist(X5,> = Di8t(A<7)+ Di8t(CSJ. 

In the limit, we get 

Diet (ilS) = Dist (Xf7) + Diet (JOS') 

2 We pass now to the generil case 
After the mtli snbdivicioo, 


let O fall between nnd <7,' Then A is commensurable 
Hence, by I, 

Diat iAB) = Dist (A CU) + Dist 
Passing to the limit, we hate 

Dist (^5) » Dist (AC) + Dist (CB) 


CorrMpondence helwen 91 and th« Points of a Right Line 
123 1 On the indeSoite right line L mark a point 0 as origin 
Let P be any point on £, and let 

X=s Dl8t(0, i>) 

If P lies to the right of O ito associate with P the number + X , 
if F lies to the left of O we associate with it — X With the 
origin we associate the onraber 0 Thus to any point on £ 
corresponds a number la 81 and to different points correspond 
different numbers 


2 We ask now conversely does ttiere exist for each X n 
a point P such that 

^ |X|»Dist(0.i»)’ 


For all rational numbers this is true by virtue of the axiom of 
Archimedes, 118, 2 

■Whether it is true for every number in 81, cannot be demon- 
atrated We therefore assume with Bedekind and Cantor that 
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there shall exist one and only one point P which shall lie to the 
right of 0, if X> 0, and to the left of 0, if X< 0, and such that 

|\| = Dist (0, P). 

This we shall call the Qantor-Bedehind axiom or the axiom of con- 
tinuity of the right line. As we proceed, it will be made evident 
that many apparently simple geometric ideas are extremely subtle 
and complex. One of the most elusive of these is the notion of 
continuity. To say the right line is continuous because it has no 
breaks or gaps, is simply to replace one undefined word by another. 

3. We have now established a one to one correspondence between 
the numbers of 91 and the points on L. We may consider the 
points as images or representations of these numbers. 

124. 1. The correspondence which we have just defined is a 
generalization of that given in 35 for R. The considerations of 
39, 43, 44 can now be extended to 91 without any further com- 
ment. The graphical interpretation of sequences and their limits 
which we thus obtain will illuminate greatly the section on limits, 
97-111. We recommend the student to go over the demonstra- 
tions which we gave there, employing graphical representations 
as an aid to the reasoning. Indeed, some of the theorems, when 
interpreted geometrically, seem almost self-evident. 

2. Consider, for example, the theorem of 107. 

We have there three sequences, A = {«;,(, B= (7= 

The relation 

«« < ^n< Tn 

states that the point lies in the interval — («„, >/„). 

Since now both end points of I„ converge to the point X, 
evidently any point in as y3„, must also converge to the 
point X. 

125. As another example, consider the theorem of 109. 

To fix the ideas, let A.= jonj be a monotone increasing sequence. 
The points in the figure represent aj, Oj, — We have drawn a 
curve through them, as the eye seizes more easily the law of 
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vncrease or decrease of a seqneoce when such a curve is drawn 
The reader will observe that since the sequence is monotone, this 
curve can have segments parallel to the nsis X As ^ is limited, 
all the points of A lie be 
tween a certain line 
and a line E draws 
through the first point «, 
of the sequence To see 
now that A must hare a 
limit, let US suppose the 
line G moved parallel to 
itsel! toward X E»» 
dently there is a line E below winch Q cannot move without 
getting below points of A and winch the points of A approach 
as an asymptote 

If X IS the distance of F from X. evidently 
linio,»X. 

126 As a final example of the helpfulness of graphical lepte* 
sentstion. let us consider the theorem of 111 
The two cases we 
considered there are 
represented in Figs I 
and 2 The heavy 
curves represent the 
law of increase and 
decrease of the sequence 
A The points 

Ue on these curves, 
but are not indicated 
The straight lines A 
represent the limit « of 
A The light curve 
la Fig 1 indicates an 
increasing sequence which one could pick out of A 
By the aid of such a representation the theorem becomes almost 
self-evident 
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127. i; Let 5=|/3„i, C'=|y„j. 

Let A he monotone increasing^ and O monotone decreasing. 

Let 

««<^r.<7oi (1 

and lim ( 7 „ — «„)= 0. (2 

Then A, B, 0 are regxdar, and have the same limit X. 

Also 


Q-raphically, the theorem is obviously true. 
The points y„ determine a set of intervals 

L„ = C^ni 7n). 


such that each I„ lies in the preceding J„_i, and hence in all pre- 
ceding intervals. 

By 2) the lengths of these intervals converge to 0. Geometri- 
cally, it is evident that the end points <y„ of these intervals con- 
verge to the same limiting point X, and that any sequence of points 
(9„, where is any point in J„, must also converge to X. 

Arithmetically., the demonstration is ns follows : 

By hypothesis, 

ai<a2<a8 — 


From 1), 
Hence, by 4), 


7i>72>78 — 
an<7«- 

«n<7r n=l, 2, — 


(4 


Thus A is limited. Similarly, C is limited. 
Tlius A and O are regular, by 109. 

Let 

lim (It. = X. 


Then 2) and 5) give, by 104, 1, 


Then, by 107, 


lim 7„ = X. 
lim Bn = 


(6 
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2 The preceding theorem may be pnt in geometrical language, 
and gives 

Let J, = (o,, Y,) £e a of tntenah » = 1, 2, 3, Let 

LltetnL ! and let the Ingiht of theiexntervaU converge to a Let 
^ any paint in /, (inrfudiny end poin(i) Then the 
O,} i« regular, and all ttieX ttquenee* hate the tarne limit X The 
point X Itei in eterg I 

3 The reader should avoid the following error * 

Let { 0 , 1 , {^,1 be t«o sequences, such that 

Then Urn <i,, lim exist and are equal 

That this conclusion is false is sbown by the following example 

^.(- 1 ).+^ e.-i-iy 

Here neither limit exists, altbongh 6) is satisfied 
Deddirufs Partitions 

128 We proceed now to establish the notion of partition,* 
introduced by Dedekind to found his theory of irrational numbers. 

Let o be any number of SR, we can use it to throw all numbers 
of 9? into two classes^, B In 4 we pul all numbers <b, in £ 
all numbers >o The number o ne may put in or £ This 
division of the numbers of !R into two classes we call a partition, 
and say a peruroUe a parttlion (d B) Geometrically the point 
« may be used to throw all points of a right line into two classes 
In class d we put all points to the left of <c in B all points to 
the nght of a The point a we pnt in either d or B at pleasure 

Peampte 

letdsN^ In ^ pat aD Domben <11^ (n Apnt Uie nmobera 

Tlib puution may also IM gnierat«d ai follows in A pnt aJ nnmben wboee 
•qaarels<S, in^^nosibeTS wboMaqaare ^2 

* TIls OsTBiaa tent U ScAnut 
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129. 1. More generally, we shall say that any separation of the 
numbers of 91 into two classes A, B, such that 

1° Any number of A is < any number in B, 

2° Any number of jB is > any number in A, 
constitutes a partition (A, B'). 

2. The condition 2° is really redundant, as it follows at once 
from 1°. 

In fact, suppose 2° did not follow from 1° ; i.e. suppose there 
were a number yS in 5, ^ some number a in A. Then there is 

an « in A which is not < any number in B, for « is not <y3. 

This is a contradiction. 

3. Two partitions (A, B') and (O, B') are the same or equal 
only when A and C contain the same set of numbers; or only 
when B and D contain the same numbers, excepting possibly the 
end numbers. 

130. 1. We consider now this question ; suppose a law given 
which throws all numbers into two classes A, B, such that every 
number in A is less than any number in B, and every number in 
B is greater than any number in A. Is there a number X in 91 
which will generate this partition (A, B') 7 We show there is. 

To this end we construct two sequences 

jS ~ rC|, 

r=^i, /Sj, /Sg, ••• 

S being monotone increasing, and T monotone decreasing, as 
follows : 

Let (ij be any number at pleasure in A, and ySj a number in B. 
Their arithmetic mean 

lies between cq, jSy 
If it lies in A, we set 

if it lies in B, we set 
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We build DOW the anthmettc meaa of Oj. and reason with 
this as before Continuing this process indefinitely, we get the 
sequences S and T 

By 127, 2, the sequences S, T hare a common limit, which we 
call X. 

Let X generate the partition (^1', JB*) 

We.ko^tb»t fi.), 

by showing 1* that everj number in A' lies in A , and 2* that 
erery number of A lies u» A 

1* Let o' #X be any number of A' By lOo, 2 there are an 
infinitr of numbers lying between o' and X Bat is ui by 
bTpotbesis Hence n' < a, is in >4 

2* Let a be any number of ^ 44 e hare to show that a^X 

Suppose the contrary, X< a 

— X>0 

We can tahe n so great that 

a 


On the other hand, by suppositios, 

tf,<X<«<A 

Hence 

— X=t«, 

which contradicts 1) 

2 We haie thns th« theorem 

SrtTTf partition can le ptneraUd by a nuntler in SI 


131 1 A partttion ^A, Sy cannot 6e generattd by tiro different 
numberf X and n 

To fix the ideas, let X</». 

In the partition ( C* i>) generated b> m C contains all numbers 
</i It therefore emit nos numbers >X, and hence numbers not 
in X Hence By ((? i?) ate different 
2 Since each numlter generates o»« partition and each partition 
IS generated by one number we can establish a uniform or one to 
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f one correspondence between the numbers of 5?? and the aggregate 
' of all possible partitions. 

In fact, to the number a shall correspond the partition (ul, B), 
' that (I generates. To the partition (^F, (?) shall correspond the 
munber X, which will generate (jF, Gt'). 


Infinite Limits 

132. Let A = «i, ttj, ••• be an unlimited sequence [108, 2]. The 
following cases may occur : 

1°. For each positive number (?, arbitrarily large, there exists an 
W(, sucli that «„ > (?, for every n > m. In symbols 

(? > 0, m, «„ >(?, n> m. 


We say the limit of A is phis infinity ; and write 

lim«„ = 4-oo, linia„ = + co, a„ = 4-oo. 

ffs=:as 

Such sequences are ^ « o 

i, z, o, ••• 


1!, 2!, 3!, 


2°. For each negative number Ci, arbitrarily large, there exists 
an 77!, such that «„< (?, for every n^m. In symbols 

G<0, m, %<Gr, n^m. 

We say the limit of A is minus infinity ; and write 
lim «„ = — 00 , lim «„ = — oo, «„ 

n=oo 

Such a sequence is 

- 10 , - 100 , - 1000 , - 

In both these cases, we say the limit is definitely or determinately 
infinite. 

3°. The elements «„ do not finally all have one sign, but still 
lim|«„| = + co. 

We say the limit of A is indefinitely or indeterminately infinite. 
Such a sequence is 

1. _2, +3, -4, +5, 
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133 1 Case S is of little importance We ehall therefore la 

the future, when using the terms the hmit ti infimle, or certain 
vanaUes &ecom« jn/inite, alnays mean %nfimte, unless the 

contrary is expressly stated 

The s) mbol +• » is frequently wntteo without the + sign 
The symbol ±aB means that the limit is either +« or — ®, 
and one does not care to specify -which 

The limits defined m the previous sections sre called, in contra 
distinction finite ImtU 

The symbols + ao, — to are not numbers , t e they do not lie 
in 91 Ihey are inlioduccd to express shortly certsm modet of 
iarxilion which occur constantly lu our reasonings 
2 finally, we wish (estate once for all that the tenns, the limit 
exists the limit is etc , or an equation as 
Iim a, s X, 

always refer to finite fimit* unless the supplementary fhrasst “jfnits 
or is instrttd 

134 A sequence cannot have both a fimte and an. tryfntte ftmtt 
lor, if *s f«,i has a finite limit, the numbers b, he between 

two fixed iiumbeis by 105 1 It la thus limited It canaot 
therefore have an infinite limit 

135 Lit A =* }o*l and let B be any partial sequefioe of A If 

Jim =5 ±00, 

4 

then lim is, = ± oo 

e 

The demonstration is ohMous 

136 If the limit of a sequence /!*; fa.j t« xndefinxUly tnfinite 
Its positive and 7!fi7a»te terms etch form sequences whose limits are 
respectively + oo and — oo 

For, let B * be the eequence formed of the positive terms 
of A, and C= j 7 ,j the sequence formed of the negative terms 
By hypothesis, 

(?>0, « fl^m 
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But tlien, for a sufficiently large m', 

7n<-^^ n>m. 

Hence 

lim/3„ = + 30, lim7„=-oo. 

137. Let lira «„ = «, lim ^„ = ± oo ; 

thenl. lim («„ ± ^„) = ± 00, liin-^= 0 . 

Hn 

2. If a^O, lim «„/9„ = ± oo. 

3. Ifa^.Q, lim;S„ = 0; 

Hn 

then lim ^ = + oo. 

Pn 

The demonstration is obvious. 

138. Let rtj, W21 rtg, ••• ^2' *** 

5e ftwo sequences. 

Let /3„ 5 '‘n- ^ 2. ••• 

Jflim K„= + 00, 

</icn. lim/3„= + oo. 

For, by hypothesis, 

(?>0, ?«, a„> Cr, n>m. 

Since P„ 5 «n. 

■we have, a fortiori, 

0„>Gh- 

Hence 

lim P„ = + CO. 


139. ief A = ttj, a„, he a monotone increasing sequence. Let 
L ~ ^ 1,1 ••• tj<Cz2^^3'** 

he a partial sequence of A. 


If lim «„ = + 00, 


lim «„= +00. 

A 


then 
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Foe, by hypotb«8vs, 

ff>0, «, «,,,><? n>Jn. 
But since A is monotone increasuig. 


Hence 

«,> 0, 


and Urn «,=» + « 


140 Zet My 

be a eequence ef tntegen whole limit 

IS +00 

Thtn 

•/ 0<«<1. 

Cl 


«1, t/o-I. 

C2 


» + «. 

(8 

For, ut a>l 

We tel 

aal-f£ 


Then, by d4, 8), 



where 

fl. !* 1 + m.S 


We apply now 138 

Since 

Uni 00, 


we have, from 4), 

hm«,»+oo. 


L€t 0<«<1. 

We eel 

1 


Then 



Also 

Ashy 3), 

“—i- 

lim p“* = +«o, 


we have, by lET, 

Iim <i*»*=0. 



which proves 1) 

The truth q{ 2) is obvions. 
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141. We consider now a few examples involving infinite limits. 
Example l. .... .< 


For, let 


«„ = 1 + ^ + ^ + ••• H — * w — li 2, ••• 

2 3 n 

lim «„= + 00 . 

;t=:2'" — 1. 7n = l, 2, ••• 


+ ••• + (^+••• + 2^} 


Each parenthesis is >i* 

Jt 


1 + 1>1 + 1 = 1 , 

2 3 4 4 2 

i + l + Ul>l + l + i + ^ = ^ etc 
4 ^ 5 ^ 6 ^ 7 ^ 8 ^ 8 ^ 8^8 2 ’ ' 


%>li' 


we have, by 138, 


lim 7?i = + 00 , 


lim = + 00 . 


But 5a^} is a partial sequence of the increasing sequence 5a„| 
Hence, by 139, we have 1). 

142. Example 2. 

" a a + 1 a + 2 a + n’ 

where a + 0, —1, —2, —3, ••• 

Then 

lima„=+oo. C 

Let « > 0. 

Then there is a positive integer m, such that 
m — 1 <«< m. 
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' m m+1 «+« “ 

Hen»,bjl38, 

Xet o<0 

Then there ezista a positive n ^er tn, such th&t 
0<»-t m<I 


Then, bj 141 and 138. 

8ut Iy.I is s partial sequence of {«,( Hence we beve a^ia I), 
by 139 

143 S.<,„fkz ^ 

^05+ 1) 0S + n>’ 

ehere /9w=0, — 1, —2, 

1" a>ft^>0 Let«=:o-,9 

Then 


+?^> 

by 90, 1 Hence, by 142. 

liaiOs^-bao 

2* »>^ ^<0 

Xf a 13 a negative integer or 0, finally becomes and remains 0 
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lim (?„ = 0. « = 0, - 1, - 2, ••• 

Otherwise, let the positive integer m be taken so large that 

/3 + m > 0. 

Then 

0 = “(“ + — 1) (a + in') "’(a + n) _ 

^(^+l)...(^ + wj_l) ‘ (;e + m)-(;8 + n) 

The first factor J? is a constant. In S., set 


Then 


a' = a + TO, /S' = /S + TO,, n—m = n’ . 

S _ «'(«=' + 1 ) ••• («■' + «■') 

" /3'(^' + l)-.(/3'+n')' 


As a' > /S' > 0, Sn falls under case 1°. 

Hence r /o 

lini ± 00 , 

the sign being that of R. 

3°. tt</S. If a = 0, — 1, — 2, •••, evidently Q„ = 0, 

p __ /S(/S 4- !)••• (^ + n) « not zero or a 
" «(« + !)•••(« + ?>) negative integer. 

Then JP„ falls under cases 1° or 2°. 

But 


Hence 


n 

lim Q„ = 0. 


4°. a = y8=5S=0, — 1, — 2, •••. Here §„=1. 
Hence 

Inn Q„ = 1. 


Different Systems for Expressing Nnnibers 

144. 1. Let a be a positive integer, and to any integer >1. 
Then we can give a the form 

a = fl„TO" + a„_i7n"-> H 1- (1 

where 

0<a,<7?i — 1, « = 0, 1, 2. •• 

and 71 is a positive integer. 
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The number m u called the late of the eystem The base 
being given the numbers ii« Sj a, completely define the 
number a and 1) may be written more shortly 


When ms 10, we have the decimal ajstem For example, we 
3 I0< + 1 10*+7 l0*-f7 10 + 9 

more shortly 

W hen ffl IS used as base the numbers a are eatd to be expressed 
in an m adte tytiem 

2 Let 0 < a < 1 With a IS associated a point on a ngbt line L, 
whose distance from the origin of reference is « To measure this 
distance let ua divide the unit inteTTsl into n equal parts, each of 
these parts into m equal parts, and so on Then, as shown in 

(2 

where 

L-2» 


L*L + £i«£i + £i, 

* m* m m* 

f,,l, + £»-S:i + £| + £i. 

w* in 171 * TO* 


(S 


The numbers f] t, ate completely determined when the nmn 
bers fli Of, are given Thus « is determined when these latter 
numbers ate gtven, aud instead of repreBenting a by the system 
of equations 2) S), we may employ the shorter notaUon 


a=z 

For example, let « s= } and m s 10 

UjssS, <iy=sS, a^sS, ••• 

3333 


Here 

Hence 


which is the familiar decimal repmentatioo of j 
If we take m = 5, we get the refnessotation 


1313131 
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3. Thus every positive number can be written in the form 

— «o • hhh ••• 

where the a's and 6’s are ^ 0 and — 1. 

4. Certain numbers admit a double representation, in an wf-adic 
system ; viz. those numbers in which the b's, after a certain stage, 
all equal 0 or all equal m — 1. In this case we have 

« = hK (4 

« = «n - «0 • h — (^- !)(»» - !)(»” - 1) — (S 

For example, when m = 10, 

23.5650000 - 
23.5649999 ••• 

represent the same number. In the future we shall suppose that 
all such numbers are represented by the form -4), which we shall 
call the normal form. 

6. Numbers of the type 

— «o ’ Va ”• ^ 000 — 

all digits after being 0, are usually written more shortly, by 
omitting these zeros. Such numbers are said to admit a finite 
representation, 

145. The expression of a positive number N in normal form in an 
m-adic spstem is unique. 

1°. Let Nbe an integer. We show first that 

vi" > Ug + apn H (1 

This is obviously true for «=1. We apply now the method 
of complete induction. Supposing 1) is true for n= s, we show it 
is true for ?» = s + 1. T.,et, then, 

m’ > ffg + -fc b 

Then, since both numbers on the left and right are integers, 

wi' — (Wg + apn 4 p % 1. 

— (og + ••• + a,_pn’~^')m^m. 


Hence 
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Subtracting an integer 8=*0. 1, • «-l, from both sides, 

~ (i + Ofpti + + 4-a„im‘)>0. 

Hence, changing the notition bUghUj, 

m'*'>««o' + «i'«+ +«,in', (2 

i{ the o' are 5”*—^ 

Tbia established, let 

3/3> Oj + «i« + «j*»* + + Oftn', 

ftp + ftjJB + + + ft,m', 

wheic 0,^0, 6 ,’i!=0 

Ihen 1) shows that if iVien 

Hence, it J/ is to equal iV’ it is necessary that rai« 

If r«i, then 1> shows that according ns Tbni. 

if It IS necessary that In this way we may con* 

tiaue, and so show that when J/» A”, 

a.«»6.. K^O, 1. . r. 

S’ let 0<jV<l 

Suppose ^ ^ 

J** djOj 0, ,ft, 

where a,.=ik6r. To fix the ideas, let «,> 6, ThenJr>P, 

For, 

^5(S+ 


Since P IS written m the nortnnl form, there exists an s^r, 
snch that 




But since ap>^„ 


^t>A 


iVj+ir,>Ar, + Pr 
jr>p. 


Hence 

and a fortiori, 



CHAFTER III 


EXPONENTIALS AND LOGARITHMS 

Rational Exponents 

146. Having developed now the number system 91 with suffi- 
cient detail, we shall in this and the subsequent chapters represent 
numbers in 9i indifferentl}" by Greek and Latin letters. 

147. Up to the present we have defined the symbol 

(1 

only for positive integral values of the exponent fi. We proceed 
to define it for any value of /r, supposing a>0. We begin with 
rational values. The numbers 1) are then called roots or radicals. 

148. 1. Let a>0, and let n he a positive integer. There exists 
one and only one positive miviher satisfying 

x" = a. (1 

Let (_B, C) be a partition such that B contains all positive 
numbers h such that b”<a. 

Let p be the number \\-hich generates (^B, <7), 130, 2. B}’- 130, 

1, we can pick out of B a monotone increasing sequence |6;„} and 
out of (7 a monotone decreasing sequence {c,„s such that 

lim 6„ = limc„ = p. 

< a < cS,, 
lim J;;, = a. 


As 

we have, by 106, 2, 


96 
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As.l>y9S, 
we have 

(2 

Hence p satisfies 1) 

There is but one positive solution of 1) For i£ 


we ha-ve, itom S), 
Hence, by 75, 3, 

2 We jpjste 


/► = <r 


(8 


3 When « is odd, 1) ba* only one solution in tR, vis , « 
When n is eren, U has two and only two solutions in K, viz , 


^/a —y/a 


149 1 From the preceding ive have readily: 
Zrfrt<0 Thtn . 


ha$ no oolution t/ n u 
toluUon tu , —4/^a 


% and t^n <( odd, it /hn one and only 


>or brevity na often write, when n is odd and «<0, 

When, however, a>0 the radical Va shall always be a positive 
number 

2 The equation i* « 0 admut one ond only one eotuCwn, tiu , 
r *s 0, i« 97 We unU ^ 

^=«0-«0 

150 1 m, n areyn>«t»M w^f, a«dB>0, fAen 

(«-)-= o-)^ a 

Set • 

Pssa*. 
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Then 

/)« = a, 


and 

1 



II 

3 

««« 

(2 

also 

or — p'"" = C p”)*' 

(3 


The equation 3) shows that p”* is the positive solution of 

x" = a”*. 

Hence, by definition, i 

p" = (aF'y. (4 

Comparing 2) and 4), we have 1). 

2. We write i i n 

(a*)" = (ary = 

We have now the definition of 

a > 0 

for positive rational exponents. 


151. Let fi be a positive rational number. We define the symbol 
a'S' by the relation ^ 

a" 

We also set 


a'' = l. 


152. Let r, 8 6e rational numbers, and a>0. Then 


ara‘—ar*‘. (1 

This equation expresses the addition theorem for rational ex- 
ponents. It is a generalization of 74, 2. 

To fix the ideas, suppose r, 8 >0. Let 


r = 


I 

t 

n 




m 

n 


where l,m,n are 
Let 


positive integers. 

p=ar then p" = a*. 


Let 


o- = o' ; then cr” = a™. 


(2 

(3 
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Jliiltipljuig T), 3), we get 

Hus stiows that p o' is the positvve toot of 


Hence £t5 

/« rc = a « 

Bnt 2), 3) also give 

Companng 4), 5), we get 1) since 
2 + m 


153 Zol tt le a ratunal numier, and a>0 
Pun 


For let f»a» — >0, ♦ 
W« have, by 148, 
Hence 


«“>0 

n positive integers. 
o *>0 

‘ a* «^>0 mfaeton 


tf let (*a« — V, v>0. 

Then ^ j 

O’’ 

and as irX), so u a*>0 
If #t s= 0, we hare a* = J, by 151 

154 Let it be a fotilne fraettan and a>Q Than 
a* = 1 aeeordiny ai « ^ J 
Let /i a= — , w, n positive integers 

If a> 1, then a’>l 

For, suppose the coQtnrt i e let 

iT ^ l . 


(4 

(fi 
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Raising to the nth powers, by 75, 2, 

which is a contradiction. Hence 
Ifa>l, a">l. 

r» 

Hence a”>l, by75, 2. 

The other cases are similarly treated. 

1 

155. Let n be a positive integer and a > 0. Then a'’^a according 

1 

a"^a. 

a ^ a\ (1 

a”<a, 

by 75, 4. This contradicts 1). 

Thus, when a < 1, a”>a. 

The other cases are easily treated now. 


as 

Let a < 1 and suppose 
Then, by 75, 2, 

Bat wdien tr<l. 


156. 1. Let and let g be a positive fraction. If 
then 


0“ > 5 > 0, 

a>b^. 


For, let /I = — ; m, n positive integers. 
n 

Prom m 

a” >b 

follows, by 75, 2, 

a”* > 5”. 

Suppose now 1) were not true, i.e. suppose 

a^h^. 


(1 


(2 


Then 

which contradicts 2 


a"* < b". 
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2 Let tz > 0 and let fi 6e a negative fraction. 

If 

then « < 6 “ (3 

We can Bet ft b^ — p p>0 
Then 1 

a' 

This reduces 2 to 1 


137 Let ft ■<zp be tra rational numhert let a>0 

a'^o' ac«>rrfin^ a^l (1 

IV e can set ^ 

t t 

where f • fare integers and r>0 
To fix the iiieasi let a>l and m v> 0 
Suppose for this case, 1 > were not true t e that 


Then 


a- 5 o' 


o' > o', by 75 2, 

which w absurd since r<i 

Thus 1) IS true for thu case la the eame way we may treat the 
other ease 


139 Let ft be a rational oumSrr and let a» > 0, n =» 1, 2, 

Lf hma. = l. (1 

then luD o; » 1 (2 

To fix the ideas, let 

r • positive integers 
If «,<1 o,<«„*<l, 

if «.>I. l<o,*<«„ 

by 154, 155 Thus in either case o,* lies between 1 and a. Ap- 
plying 107, we have, using IJ, 
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Since r i i « 

r factors 

ve have, by 98, ^ 

lim af — lini aj = 1. 

The other cases are now easily treated. 


159. Let (I he a rational numher; let 


lim a„ = a > 0, «n > 


Then 

For, 

But, by hypothesis. 



lim— = 1, by 98. 
a 

If we apply now 158 to 2), we get 1). 


(1 

(2 


Irrational Exponents 

160. Let R = ry he a sequence of rational numbers whose 
limit is 0. Then, if a>0, 

lim a''" = 1- (^1 

We show: „ 

€>0, m, jl — a'^"j<e, n>m, (2 

which is the same as 1). 

Let fl > 1, J*„ > 0 ; then, by 154, 

a''">l. 

Since r„>0 and as small as we please, n being sufiBciently large, 
we can take m so large that 




N>7n, 


however large the positive integer ff be chosen. 
But, by 94, 3), 

(l + ey>l+ge. 
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We can also take g eo Urge tlwt 

l+pe>a 

Tt'” (! + .)•>« 0 

On the other hand by 157 
Hence 3) and 4) give 

(l+«)''><» »>« 

This gives by 156 1) 

l + O/i'* 

Hence 2) hclde in tins case 
e<l %>0 We set 

1 


then 

ily the preceding case 
Hence 

by 89 1) This gives 







Hence 2) bolds in this case 

Zet %<0 This case reduces to the case that r. 


ing that 


7 0, by ohserv 


We consider now the case tbnt the r, do not all lia^e one sign 
We divide S into three sequences R^. R In the first we 
throw all r^= 0 in the second all r,>0 in the third all r„<0 
Should any of these sequences contain only a finite number of 
elements it can be neglected For we have only to consider a 
partial sequence of R obtained by omitting the terms of R up to 
a ceitam one 
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Consider We have seen there exists in it an index m' such 
that 2) holds for every n>m’. 

Similarlj" in there exists an index m" such that 2) holds 
for every n>m". 

Consider finally Bq. As r„ = 0, 2) holds for every n of 
Tlius if m be taken >m', m", 2) holds for every n>ni in B. 


161. Let A = ai, -• be a regular sequence of rational numbers, 
and let 6 > 0. Then 

b''', b% — (1 

is regular. 

We have to show : 


Set 


e>0, m, ]6®"— J“"*| < e, n^m. 
d J"" — J""* = b^m(}fn-am _ 


(2 

(3 


Since A is regular, we have 

S>0, m, |ar„ — a,„|<S. n>m. 
But if 8 is taken small enough, by 160, 

I jon-om _ 1 1 


(4 


where > 0 is arbitrarily small. 

Since A is regular, there exist, by 65, 5, two rational numbers, 
Q, B, such that ^ 

^<a„<B. n=l,2,:. (5 


Then 3) gives, by 4) and 5), 

ld„l<b% if 8>1; 

<5% if b<l, by 157. 
If 6 > 1, we take n = — ; 

if 8<1, w’e take 

Then in either case 2) holds. 

The case that 5 = 1 requires no demonstration. 
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162 Let tfj <*1. «nrf «i «* tequencet of rational 

niiJnbere having the tame limit Then f t>'0, 

lim t*»s»lini 6** (1 

By 161, both limits m 1) exist 

let = = (2 

We have only to show that 


But 

Hence by 160, 


lim <1, = 0 

-) = 0 


(8 

(4 


Hence 2) 4) give 3) 


163 We are now VD the position to define irratimal efpopenU 
Let , . 

be a represeotatioD of ^ U e eay 

(1 

Dy 161, the limit on the eight of 1) exists , by 162, it is the 
same whatevet repreaenUtioa of ft is taVen 


164 1 Let Vj ’■j he a tequrnce of rational numberi having a 
rational limit r Th4n,t(by0 

Iinid'*=«6' (1 

la fact the sequence 

r'l r'l r'jp , /.=sr fts=l, 2, 

has r as limit 


By 162 
But 


Jim 1^0 «= liin l'» 
lim 8 lim i' a h' 


(2 


This in 2) gives 1) 


2 The object of 1 is to show that the definition of a* given m 
163 does not conflict with that given in 150, 151, in case f» is 
rational 
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165. 1. Let n he an arbitrary number^ and r, s, two rational 
numbers, such that r<fi<s. Then for 5>0, 

b'^b'^^ b\ according as b^l. (1 

For, let 

g = (Wj, OTj, — ), 

the m's being rational. 

Tiien, by 105, 1, 

r<m„<s. n>v. 

Hence, by 157, 

b'' <h"'n <c_h\ if Z>>1. 


Then passing to the limit, by 106, 1, 

b' <h"' < 5*. 


(2 


Here the equality sign must be suppressed. For, let r' be 
another rational number such that 


Tlien, as in 2), 
But 


r<f<g. 
b’- < V. 

I' < b^', 

by 157. From 3), 4) we have 

b'- < b\ 


(3 

(4 


Thus the equality sign in 2) must be suppressed. 

The truth of 1), when 6 < 1, follows in a similar manner. 

2. As a corollary of 1, we have: 

Let a>0; then a“ vanishes for no value of g. 

In fact, the relation 1 shows that a** always lies between two 
positive numbers, by 153. 


1G6. 1. The properties given in the preceding articles for 
rational exponents hold for irrational ex'ponents also. We illus- 
trate the demonstration in a few cases. 

Let \<g, and 5 > 0. Then 

b’' ^ i**, according as 5^1 


(1 
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To 6x the ideas, suppMe h>i Let r be a rational number, 
such that 

X<r</» 

Then, bj 165, 

Hence 

2 As corollary we have 
^ A > 1, tea M«c/ttrfa from 


tthertai, \f 0<i<l, tte conelude that 


S Ial)letXs>0 Since 


fa>0, and 5>0 , <A«n 
4'^1, aceordfny a« 6^1 


6>0 


Since, by 161, 


)>by7l,8. 


since 4*^0, by 165, 2 
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168. Jf a >0, 


This is the addition theorem for any exponents, and is a generali- 
zation of 152. 

Let 

\ = lim X„, ti. = lim /x„. 

Then 


Hence 


— lim a\ a'* = lim a'"'. 


a*'ae- = lim a^” lim a'*" = lim 


= lim by 162, 




169. Let Xj, Xj, ••• be a sequence whose limit is + oo. 
If a >0, 

, f 4- 00, z/ fl > 1, 

lima''«= Ini 

For, let n >1. 

Let l„ he the greatest integer in X„. 

Since lim X„ == -p oo, lim Z„ = -f- oo. 

Tlien, by 140, 


As 

by 138. 
let a < 1 
Set 


lim a'n = 4 - 00 . 

a^n ^ a'n, 

lim =4-00, 


5 = i. 

a 


Then Z'>1. 
The demonstration follows now at once. 


170. Let aj, a^, ••• he a scqtience of positive numbers whose limit 
is 1. 
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Let r, • be rational numbers, sacb that 
r<X<# 

Tben, bj 166, 1, 

«•'<«»* i ^ » 

«»* < < «/. «. < 1 

Let ua applj now lOT Since, by 158, 


we have, {lom 1), 2), 


liiBa*'=lnn «»*=l4 

lito o,* =a 1 ' 


(1 

(2 


171 Ztta^ ffj 
ti a>0 Thtn 

For, 

Since, by 170, 


a $eqHence of fotxtivt numberi tohoie Imtt 
hm a,* s» (1 

"■‘-"iff <* 

Iim — a], 


1) folliwa from 2) at once 


172 Zct Xj, be a ttqutneo ichoie hmit u ffa>0, 


For, let 


0 


be two sequences of rational numbers whose limits are X, and such 
that 


r.<X,<#„ »= 1 , 2 , 

To 5x the ideas, let o>l. then, by 166, 

(2 


By 162, 


km o'* lun a*> 

The application of 107 to 2) gives 1) 

The case that a ^ 1 is now readily treated 



LOGARITHMS 


109 


Logarithms 

173. Let andh^l. Tlie equation 

If = a (1 

has one, and only one, solution. 

To fi-K the ideas, let 5 > 1. We form a partition (O, IX) in which 
Q contains all numbers c, such that 

b‘<a; 

uliile J) contains all numbers d, such that 

b‘‘>a. 


This separation of the numbers of SR into the classes C, D is 
indeed a partition. For every number of (7 is < any number of D. 
In fact, from 


follows, by 166, 2 , 


C<(f. 


Let f be the number which generates ((7, D) ; let 

Ci<C3< 

be the monotone sequences of 130, whose common limit is 
Then 

O' = a. 

For, by 171, ,, 

^ lim 6 '^n = hm = 6 L 

On the other hand, , , . 

5''n < a < h^n. 

From 8 ), 4) we have, b^’^ 106, 2 , 


(2 

(3 

(4 


lim 5'n = a. (5 

From 3), 5) we have 2). 

Tlie equation 2 ) shows that f is a solution 1). Let 17 be also a 
solution, so that 

6’' = a. 

Irom 2 ), 6 ) we have 
„ b( = b\ 

Hence, from 166, 2 , 

^ = 77. 


(6 
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174 1 As we have just seen the equation 

a>0 S>0aH(i¥=l, 

ailmils one and only one solntion This uniquely determined 
number f we call the logarithm of a the hate being b and write 
f = log,a 

or when we do not care to indicate the base, 


2 shall suppose once lor all that the base h is also 
that the numbers whose logarithms we are considering are >0 

3 From 

log««loffp 

fellowt 


The demonstrstiou is obvious 


175 log ai B log a + log b 

This IS the addition theorem of toganthmi 
Let the base be e If 


then 

Multiplying we have 
From the equation 
we have 


«= log a ^ B log 5 

e»Btt 

e*r* = ^ B ah 

e*** = a6 


log ah a ^ = log a + log 6 


176 By using the properties of exponentials we may deduce in 
» similar manner all the ordinary properties of logarithms As 
this presents nothing of interest, we pass on We note however 
the following important relation 

X«< a > 0 and b be the bate of owr loganthmt Then 
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For, l)y definition, 

But log a’^ = ij. log a. 

This in 2) gives 1). 

177. Let fli, — 'be a sequence whose limit is 1. Then 

lira log a„ = 0. 


Let e>0, then, by 166, 3, 

6'>1. 

(2 

Hence 

s = l-l>0. 

CO 

Since 

lim a„ = 1, 


we have 

8>0, m, — S<a„ — 1<S, n>m‘. 



which gives 


1 — S<an<l + ^' 


b-’<a„<b\ 

This may be written, by IT 6, 1), 

j-.< jiog««<6«. 

Hence, by 166, 2, 

_e<loga„<e, n>m, 
which is another form of 1). 


(4 


From 3) we have 



This in 4) gives 


(5 

On the other band, 

X — 

^ < 6' — 1, 


0 — 

by 3), 2). 

This gives 

6 ' 

l + 8<6'. 

(6 

Then 6) and 4) give 

V 

e 

Q 

From 5), 7) we have finally 
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178 Let lim a. 

, = a>0 Then 



inn log «, = log « B,>0 

0 

For, 



Hence 



logi», = )ogtf + log^ 

(2 

As 




hm ^*1 


Tre need only to a 

,pply 177 to 2) to get 1) 


179 Let SjOj 

6e o eequtnee whote Iimtt ti -f- os 

Then 




Xet6>l Let 

fn, be an integer each that 





Then, by 176, 


0 

Bat 



liffl nt, e •fee, 


since 

lim a. s -i-cci 


Hence by 138 

Qsing 1} 





The case that 6<1 folloirs at once aov 



Some Theoreaie on LtmtU 


180 Let A — A 

1 ay, he any ttqaenet rucA Aotcmr (Aat tti limit 

M too tpJten it « 

t not limited let B=sh, he 

an xnereeuing 

tepienee tcko$e limit w+cc 1/ 




(I 

I# finite or infinite then 



Pm 

(2 



SOME THEOREMS ON LIMITS 


113 


Proof. 1“. I finite. 
Set 

From 1) we have : 




“'n+l ■ 




9n,p 


jjt±P 


-On 


^n+p 


■K 


S>0, 7?i, [Z — g'„|<S, n=^m. 

Hence 

? — 8 < 9,„ <l + B, 

Z — 8 < q„^+i <1 + 8, 


Z — 8 < Jm+p-I <l + 


or 


To these inequalities apply 93, setting the 7’s equal 1. Then 

?m,p-S<Z<g,„,p + S. (3 


//■ H is limited ; 


hingm.p==0» 


since, by hypothesis, d„ = + 00. 

In 3, pass to the limit ^ = 00 ; we get 

-8<Z<8, 

Hence 

Z=0. 


But on the supposition that A is limited, 

lim = 0. 

Thus 2) holds in this case. 

If .4 is not limited ; 

8>0 being small at pleasure, and m fixed, we have, by 92, 

^ = 1 + 81; |8il<8, p > p ,. 

^m+p 


S>0, 


(4 
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t) 


From 5) we get, using 4), 6 ), 


BUppMICg j< 1 

I{ now we take 


< 8 Cin + 2 ). 


2^ I infinite To fix the ideas, suppose ^ « + «?• 
Then 

^>0, m <j,>3 n>m 

Hence 

Applying 93, ne get 

P = 1 2 . 

This shows that 

tltntla=3 + 3> 

Then 5} shows that, taking 9 such that 0 < 9 < 1, 

= + IVlo? P>Pa‘ 
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If^retake ^>(l + ^)<?, 

s-here 0^ is arbitrarily large, we have 

^'>Cr. n>‘m+p- 

K 

This proves 2) for this case. 

181. Let - be a sequence whose limit, finUe or infinite, is 

a. Then , , ^ 

.. a, + a, + -- +«n_„ 

^ 


Let 

Then 


Hence, by 180, 


An = a.^^-\ b «n‘ 

«n =„_(„_!) 

limbi’* =«. 
n 


182. Let a„ a„ - he a sequence whose terms are positive, and 
whose limit, finite or infinite, is «>0. 

Then 


liin Vaia 3 "-a„— «• 

1°. a finite. Consider the auxiliary sequence 
log Up logUj, — ; base>l. 
lim log a„ = log «. 


By 178, 

By 181 and 2), 


lira i (log Uj q b log a„') — log a. 


(1 

(2 

(3 


But 


1 (log Uj q b log a„) = log Vuina’" 

n 

From 3), 4) we have 1). 

2°. « vifinite. To fix the ideas, let « = + «. 

lim log a„ = + =»• 


(4 
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lim 2^ S= a = + ao 

Thus 

lim Voi a, =r + eo. 

Hence 1) is true in this ewe 

163 Ltt a^, Oj. bta •essence tjf petitwe nvnhert 
Lit 

Jijn — ^ w xnjinilt 

Thtn 



tow:-. 

For, 



Apply DOW 182 

m Zete, 

«}. i« d ir^uence trAort Imii ii 0 

Lit Sj, 
Ut 

bt a dtertattng $equenee tehote Umit i# 0. 

Thin 

lin^i — or tnj5r»t# 


limpas; 

1* IfinxU 

As m 180, we ha\e 


Since by 02, 
we hare 


Jjui **»»~**t*i» _ 


Adding 2), S), we get 
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2°. 1 infinite. 
Then 

Let f = + 00 . 


(? > 0, ni'. 

= = 2, ... 
^m+p 

m>m'. 

But for sufficiently large ju, 

+ by 92. 

Hence 

Hence 

771 >}n'. 

^Ul 


and g is large 

at pleasure, since (? is. 


185. 

EXAMPLES 


1. 

For, 

liin lop « _ 0 

n=» „ 

loffn-los('n-l)_, n 

» — (7! — 1) ^ J! — 1 


2. 

For, 

Hm 
"*» n 

<”'-0'"’ lU+oa 

7i-(.n-l) V e} 


3. 

For, 

lim 

R=O0 

" =1. 
n-1 


4. 

For, 

lim —.^ 00 . 

nssoo 

— IhL- =:rj=+co. 

»-ll 




CHAPTER IV 


THE ELEKENTARY FOltCTlOHS HOTIOH OY A TTOCTIOH 
m GEHERAL 

Ycvnioffs oire 'vasjabis 
DefintUons 

188 The functions of elementary niathematics arc the following 
Integral rational functions Espooential functions 

Batiooal functions Inverse circular functions 

Algebraic functiona Loganthmic functions 

Circular functions 

The reader is already familiar with the simpler properties of 
these functions, which we may call the elementar;/ functum We 
wish, however, to testate some of them for the sake of clearuess 

187 To applud mathematics we deal with a great variety of 
quantities, as length, area, mass time, energy, electtomotiYe force, 
entropy, etc In a given problem some of these quantities x&ry, 
others are fixed or constant 

The roeasares of these qnantrties are numbers 
In certain parts of pvre mathematics we study the relations 
between certain sets of numbers without reference to any physical 
ur geometrical quantities tbei may measure In either case we 
find it convenient to employ certain letters or symboli to which 
we assign one or moie numbers, or as we say, numerical aalues 
A symbol which has only one value in a given problem is a 
cinttant 

A symbol which takes on more than one value, m general an 
infinity of \alues, is a variable 

118 
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188. The set of values a variable takes on is called the domain 
of the variable. 

It is often convenient to represent the values of a variable by 
points on a right line called the axis of the variable, as explained 
in 123. The domain of a variable may embrace all the numbers in 
9{, or, as is more often the case, only a part of these numbers. Very 
frequently the domain is, speaking geometrically, an interval ; i.e. 
the variable x takes on all values satisfying the relation 

a<x<b. 

Such an interval we shall represent by the symbol 

(«, 6 ). 

Frequentl)’’ one or both the end points a, b are excluded. 

Then we use the symbols 

(a*, b) for a<x<b‘, 

(a, b*} for a<x<h; 

(a*, i*) for a<x<b. 

Similarly, 

(a, 05) includes all x^a; 

(— 00 , rt) includes all 

(—05, q-oo) includes all x in JR. 

A point of the interval (a, b} which is not an end point is ivithin 
the interval. 

189. Let a; be a variable, whose domain call J). Let a law be 
given which assigns for each value of x in 1) one or more values 
toy. AY e say y is a function of x, and write 

y=f(x'), or y=^(3:), etc. 

If y has only one value assigned to it for each value of x in i), 
we sa}- y is a onc-vahied function, otlierwise y is many-valued. 
The variable x is called the independent variable or argument; y is 
called the dependent variable 



120 tLEMLNTAR\ FO^CT^O^b NOTIO'J OF A Fl!^CTJO'^ 


We must note» however, that jf may be a constmt 
The doinam ot the inilependent vauable i which enters in the 
laiv defimr jT a function /(*) is also called the domain of definition 
of tAe/iinctieH 

llie iljove very general definition of a fouclion is due to 
Dincktet 


190 The reader is alieady familiar with the graphical repre- 
sentation of a function, by the aid of two rectangular axes 


Let 


y=/C*> 


be a given function whose domain of defini- 


tion call Z) 

The graphicil representation of H is » set — i — j 

of points on the x iXH 

Let a be A \ due of x to which corresponds 
the idlue & of y The poitn P in the figure 
whose enurdinates are a b represents the \alue of the function 
for X * a 

As X runs oier the values of its donum the point P runs 
over a set of points, vvhtch «« call the graph of fix') 


191 1 Another representation of a function is the following 
We take two axes as in the 

figure, one for x one for y — — — — — 

In this representation, the 

graph of /(r) is a set of points o T 

on the y axis 

2 The reider wUl observe this iroportant difference between 
the two modes of represeutation jost given In the first we know 
for each point F of the graph the corresponding values of loth x 
And y In the second mode of repreaentation, we do not knov. 
m generd the value of x corresponding to a point P of the 
graph, and converselj In spite of this deficiencj, we shall find 
that this second represesUtion » extremely useful This is 
especiallj the case when we come to consider functions of n 
vauahles 
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D 


192. Ex. 1 . Let D be given by 

0 < 2 :< 1 ; 
while y is given by 

y = 3~. 

The graph of y in the first mode 
of representation is the arc of the 
parabola given in Fig. 1. The do- 
main of definition D is the segment 

( 0 , 1 ) on the 2 :-axis, drawn heavy in o j 

the figure. ^ 2. 

In the second mode of representa- 
tion the graph of y is the segment marked heavy on the y-axis 
(Fig. 2). 

193. Ex. 2 . As in Ex. 1, let 

y = 3?. 

Let, however, the domain of definition B embrace only the 
values of 

x=l, L i, ••• 

In the first representation the graph of y 
is a set of points lying on the arc of the 
parabola of Ex. 1. 

In the second representation it is the set 

of points 1111 

- ^1 T’ 9’ tS’ 

on the y-axis. 

In both modes of representation, the representation of B is the 
set of points 

, . 1 ’ h h h h - 

on the a:-axis. o 4 .j 1 

Integral Rational Functions 

194. These functions are of the type 

y = -f aja: -f- -J + 

where the a’s are constants, and m is a positive integer or 0 . 





(1 
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Such fuactioas are caJled jwiywomw/* in algebra 
The number m 13 called the digrtt of the polynonnal y 
When w ss 1, we have 

y=«, + «i* (2 

The graph of 2) is a Btraight line For this resison an integral 
rational function of the first degree is called linear 
\t hen ni = 0 or when tfj=0 in 2) we have 

y = Of a constant (3 

Wo still eaj y IS a function of x In fact 3) states that for 
each value of x the corresponding value of y ta a, 

The graph of 3) is a line pdratlcl to the z axis Sines the 
equation 1) assigns toy n value for each value of * the domain of 
de imtioo of y embraces all numbers of 91 ^peakIng geometncvll} 
&3 we often shall in the future it includes all the points of the 
Z 4XIS 

?mce 1) assigns only one value to y for each value 0 ! z y is a 
01 e valued function 


Ids In algebra we learn that if a polynomial 

f*. «. a, + «,T + (1 

vanishes for ais «, no can write 


P 




where , is a polynomial of degree ra ~ 1 We learn also in 
algebra that s polynomial of degree m cannot vanish more than m 
times without being identically 0 in which case all the coefScieuts 
in 1) are 0 

Should 1) vanish for 


we have 


■P. = «.(» - f* - o 


The numbers 2) are called roeO or urot of 
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Baiional F2mciio7is 

196. The quotient of two integral, rational functions of x is 
Kuled a rational function. 

Their general type is given ny 

„ - go-fg,X-f 

where the «'s and 5's are constants and m, 71 are positive integers 
or 0. 

The expression 1) involves division bj- zero for those values of 
r for which the denominator vanishes. The domain of definition 
D of a rational function includes therefore all points on the x-axis 
except the zeros of the denominator. These zeros we shall call 
the poles of y. Since 1) assigns onl}- one value to y for each point 
of D, a rational function of x is one-valued. 

The degree of y is the greater of the two integers tn, n ; suppos- 
ing, of course, that 

When y is of the first degree, it is called linear. The type of a 
linear rational function is, therefore, 

5o + 

The rational function includes the integral rational function as 
a special case. 

In fact, let the numerator be divisible by the denominator, then 
I) reduces to a polynomial. This takes place in particular when 
the denominator reduces to a constant. 

Algeh'aic Ftmctiotis 

197. We say y is an algebraic function of x when it satisfies an 
equation of the type 

y” d- -! !- Rn-iy -f i?„ = 0, (1 

where n is a positive integer, and the R's ai-e rational functions 
of X. 

The degree of y is n. 
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Let U3 g\se to I a ^Jefintte \aiaex = a If a is a pole of anj of 
the^s. the equation 1) has no meaning for this point, and it does 
not lie in the domain of definition of y 
Suppose a is not a pole of anj of the B 8 
Then each takes oa a. consUut value, saj /!«, and 1) goes 
overmlo ^ + J,y-.+ +A.a + A.^(,, (2 

an equation with constant coef&cicnts of degree n 

Equation 2) may have no real roots In this case a does not 
belong to the domatn of dehnitioD of y On the other hand, 2) 
cannot have more th in n real roots for g=sa 

These considerationsshow that y is at most m n v lined function 
whose domain of definition embraces all or only a part of the r-atis 
If we clear of fractions in 1), wo may write it 

^«y* + ^iy*'+ iy + /*.«o (8 

where cow the coefficients of y are polynomnis in x Evidently 
either 1) or 8) may be Used as definition of an algebraic function 

198 Tbe algebraic factions include the rational functions as 
a special cose 

For, if n » 1, the equation 1) of 197 takes on the form 
y + ts 0, 
or 

But — fl, IS any ntiooal function 


199 An expression which can be formed from * and certain 
constants by the four rational operations and the extraction of 
roots, each repeated a fimte nnniber of times, li called an ezplie>t 
algehraic /««cfw» 

Such a function is 


V* ..^r. 


Obviously 1) can be ohtaine 1 from 


(1 


X, a B, e, d 
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by the aid of the five operations, addition, subtraction, multiplica 
tion, division, and the extraction of roots, each repeated only a 
finite number of times. 

It is known that every explicit algebraic function y satisfies 
an equation of the type 197, 1). Hence every explicit algebraic 
function is an algebraic function, by' 197. 

Tlie converse is, however, not true ; every' algebraic function y 
cannot be brought into the form of an explicit algebraic function. 

This is due to the fact that equations of degree « > 4 cannot, in 
general, be solved by the extraction of roots, or, as we say, do not 
admit of an algebraic solution. 

200. All functions which are not algebraic functions are called 
transcendental functions. 

The terms alyebraic and transcendental may also be applied to 
the numbers of 9t. 

Any number a which satisfies an equation of the type 

3f' + 4- a.yc’'-- 4 f- «„_ir 4- = 0, (1 

where n is a positive integer, and the a’s are rational numbers, is 
called an algebraic number. All other numbers of 5R are transcen- 
dental numbers. 

When ?! = 1, the equation 1) defines a rational number; the 
rational numbers are special cases of algebraic numbers. 

Cb'cular Fimctiojis 

201. As the reader already knows, the circular functions may 
be defined as the lengths of certain lines 
connected with a circle of unit r.adius. 

Thus, in the figure 

sin X = GE, cos x — OE, tan x = AJS, 

etc. We have shown in Chapter II how the 
rectilinear segments AB, CE, etc., are meas- 
ured. It has not yet been shown, however, 
how to measure arcs of a circle, i.e. how to 
each arc as jl(7, a number x may be attached, as its measure. 
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This wJl be given later No inconvenience can arise if we assume 
here a knowledge of thifl theory inasmuch as the reader w perfectly 
conversant with ita results, which are aU we need for the present. 

Arcs measured in the direction of the arrow are positive , those 
measured in the opposite direction are negative 

If we suppose the point C to move around the circle in a positive 
direction starting from a fixed point A as point of reference it has 
described an arc whose measure tiiv, 

•jr * 3 Ul592t>5 

when It teaches A again If it etiU continues moving around the 
circle It has descnbed an arc =» 4 w when it reaches A for the 
second time On reaching A for the third time the arc described 
IS 6 vr etc Thus to each poaitivre number in 21 corresponds an 
arc, also conversely, to each arc measured in the direction of the 
arrow corresponds a positive number in 21 

With arcs measured in the negative direction are associated the 
negative numbers of and conversely 

203 From tbis mode of defining the circular functions we con 
elude at once the following properties 

The domain of definition of sin cos ar embraces all the xtuetbera 
of 5? 

The domain of definitton of tan x embraces all numbers of 21 
except 

f+mw. (1 

where w =: 0 ±1 ±2 

In fact for these arcs, the secant OB is parallel to the tangent 
line A£ and therefore cuts off no segment on it Thus for these 
V aloes of the argument x tan x a not defined 

Similarly, sec a: is not defined for these same values 1), wlule 
cosec X is not defined for 

X = mr *n s= 0, ± 1, ± 2 - (2 

From similar triangles wc have for all x, except these singular 
values m 1) or 2) 
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We observe that these relations involve division by 0, for the 
singular values 1) or 2). 

From the above definition of the circular fimctions we see that 
they are one-valued functions of x. 


203. The graphs of the three principal functions sin a;, cos a:, 
tana:, are given below. 



204. The next most important property of the circular function 
is their periodicity. 

In general we define thus : 

Let^ w he a constant ^0. Let f(x') be a one-valued function 

whose domain of definition D is such that, if x is any point of 3, 

so is ^ „ 

x-^mco, wt = ±l, ±2, ••• 

/C* + ®) =/(*) (3 

for every a; in 3, we say /(a:) is periodic, and admits the period to. 
If Cl) is a period of f(x'), so is into, 

771 = ± 1, ± 2, ••• 

For, 

f(x -P 2 ») =/[(a; + <a) -p <b] = f(x -P ca) =/(a;), 

hence 2 w is a period. Similarlj*, 3 w, 4 ca, • • * are periods. 

On the other hand, 

f(x — ccT) =/C(a; - w) -p w) -f(x). 


128 ELLMEHTAUT FUNCTIO'IS JIOTION OF A FUNCTION 


Hence /(*) admits the penod — •», and so — 2&» — 3<u etc 
If all the periods that /"C*) admits are multiples of a certain 
period ffi, this is the prtmUivt penod ol/Qe) or (he period of /(ar) 
From trigODometrj we have 

The penod of tin X eaix, tt 2ir, the period of tanx ttv 


205 1 Xf ffCz) admit the penod to, then 


(1 

(2 




admit alio the period ai 
For example, let 
'\^ e hive 

A(* + «) _ f{x + *») + + «) = /( a-) + gf*) - * C*) 

2 if tJie period oj /(j) m ® the p/nod ifflax'j it - Sere a 
ti any numher *i0 ** 

jri-ry-AiT), 

and let t be any period of p(r) 

Then 

ff(j:+r)=,y(g), 

" /(«C*+0)-/C«0 

Thisgires setting or — t 

^t+oT>=/(;t) 

Thus ar is a period of fCir), and therefore 


Ts»W— (3 

- is obviously a penod of^*) penod of ^C*), by 3} 
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3. Suppose in 1, that w, instead of being any period of / and ff, 
is the period of these functions. It is important to note that we 
cannot infer that therefore to is the period of the functions in 1), 2). 


Ex. 1. Let 


f(pe) = sin a, g(x) = 4 sin x cos^ x. 


The period of these functions is 2 ir. 

Tet the period of 

A(x) = {^(x) — /(x) = sin 3x 

. 2 X 


Ex. 2. Let 

f(x) = sill X, g(x) = cos x. 

Then 

A(x) = /(x)^f(x) = J sin 2 X. 
Tlie period of / and is 2 x ; tiie period of h is x. 
Ex. 3. Let /(x), g(x), be as in Ex. 2. Let 


TIio period of h is again x. 
Ex. 4. Let 


/i(x) = = tan X. 


f(x) = sin-x, 5f(x) = cos* x. 

The period of /, g is x. 

But 

hix) =/(x) + g{x) = 1, 
■which has no primitive period. 


206. From the periodicity of the circular functions we can 
prove that 

The circular Junctions are transcendental. 

Consider, for example, 

y = sin X. 

If this is algebraic, let it satisf}* the irreducible equation 

+ + + = (1 

Replace here a; by a; + 2 ttitt, an an integer. 

If we set 

+ 2 mar) = T,(x), 

1) gives, since y is unaltered, 

y + 2\(a:)y'>-' + ... + TnCx) = 0. 


(2 
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As y satisfies both 1) aad 2), it satufies theu* difference 

(i?, - 7i)y^* + + (22, - 3 ;) = 0 

Thus y satisfies an equation of degree < n, which »» not an 
identity As we assumed 1) is iweducible this is a eoutradietion 


207 Another irnportant property of the circoUr function is 
their addition theorem which is expressed in the formula 

BID 4- y) = sin X cos y + cos x sm y, 
cos (z 4- y^ K cosz cos y — stn z Bin y. 


etc 


tan(*4-y) 


Jnoz+tAoy 
1 -uo* tally' 


SOS 1 Let /(<) be s one valued fonction whose domsm of 
definition, A is such that if x is any point of i> so is — « 

Let /(-z)-/(z) 

lot every * in D We say, then, tbat/(») is an »ven function 

If 

we say f(x) is an odd /unction 
Obviously, 

Thefunetione iin x tan x are odd while nt x a* seen 

2 lotting 0 0i Og ref relent odd /unciioni, and E jPj, even 
/unctioni, tee have 

0±0^==0r £'±-ffi = -Ss» 

0 0,^E^ E 0 E=0„ 



For example 

0,( ~x) = 0( - z) ± 0j( -*) =» - A “ - f ^ ± Oj) =• - A 
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The Exponential Functions 

209. Let a>0 be a constant; the exponential functions are 
defined by , 


The domain of definition of y is 3i, and y is a one-valued 
function. 

When a = 1, the corresponding exponential function reduces to 

a constant, viz. : ^ 

y = l. 



An important exponential function is that corresponding to 
c = 2.71818 

210. 1. The only properties of the exponential functions which 
we care to note now are the following : 

The exponential function is nowhere equal to 0, or any negative 
number. 

See 165, 2. 

2. The addition theorem is expressed by 

a^ay = 


One-valued Inverse F-unouons 

211. 1. The two remaining classes of functions, vdz. the logarith- 
mic and inverse circular functions, are inverse functions. Before 
considering them, we wish to develop the notion of inverse func- 
bions in general. 
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2 Let f(x') be a one valued function defined over a domain D • 

If /C^'»/C*') 

loi ever) pair of values a">jf in B, we saj f(jz) is an increa»ip^ 
function m 2) 

If on the contrary 

we sdy/(a:) is a d«er<fl*an^/K»rti<»n 

\{f la either an increasing oi a decreasing function in Z>, but we 
do not care to specify wlitch we say it is untcumtitC 

These definitions are extensions of tho<e given in IDS The 
corresponding extension of tbe terms monotone, monotone tncreat 
xng, monotone diereahny to function is obvious 

3 Ex 1 For ibe domaiQ i> - c ns i* so laereumg (ssct oa 

FertlindeiDUa 27- tinxMSdreiewng function 

Ez.2 For th« dooiln 9) a* itaii iDcrcasing luncuon if a>l it i« • 
eM«sngtaacUeada<l Tbiuwbctbcrs^l <i> is s aaimrlut (iwcMoa a 91. 


S12 Let 


y=/(*) 


(1 


be a one valued unuanaot (unction, defined over a domain D 
Let E be the damua over which the vamhle y ranges 
We put the points of J> and £ in correspondence with each 
other as follows two jKiints x, y slmll correspond to each other, 
or be associated when they satisfy 1) 

Then to a given ^ corresponds only one y since /(x) is one 
valued On the other band, to a given y corresponds only one x 
since /(i) is unvvanant 

Thus to any i of D corresponds one, and only one, y at E 
conversely, to any y ol h conesponds one, and only one x oi E 


213 The considc”* oja of tbe last article have led us to one 
of the most important notions of inodem mathematics, that of 
corrripondmce 

V Sucb STi cxprevaiop u ttoj wifi be eioetaatlx emplered la tbe future It doee put 
neaa that D [pclodet ull tbe reloee for wlucb/Cx) toar be defined but osly ioch raluee 
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Lot A and B be two sets of objects. Let ns suppose that A 
and B stand in such a relation to each other, that to any object 
a of A correspond certain objects b, h'. h". ■■■ of B-. and to any 
object h oi B correspond certain objects «, a', a", of A. 

Then A and B are said to be in correspondence. 

If to each or corresponds only one b, and conversely, the corre- 
spondence is one to one (1 to 1), or uniform. 

If to each a correspond m objects of B. and to eaeli b correspond 
7 ! objects of A, the correspondence is m to n. 

In many cases, to each element of A correspond an infinitj^ of 
objects of B, or conversel^n 


214. Let us return to 212. The correspondence we established 
between the points of B and E is uniform. This fact may be used 
to define a one-valued function gi^y), over the domain E. In fact, 
let X correspond to ?/. Then . 9 ( 7 /) shall have the value x, at the 
point y. Then . . 


The function g. just defined, is called the inverse function off. 
Evidently g is a one-valued function in E. It is also uni- 
variant. 

In fact, to fix the ideas, suppose/ is an increasing function. 
Then, if 

x' < x”, 

we have , ,, 

y’<y”- 


Suppose now ^ were not an increasing function. Then for -at 
least one pair of points, 

y'<y'\ (1 

we would have 

x’ ^ x”. 

We cannot have x' = x"; for then y':=y’\ which contradicts 
1). We cannot have x' >x"-, for then y' > ?/", which again con- 
tradicts 1). 

AVe have thus the theorem : 

Let y —f(x) be a one-valued nnivariant function, defined over a 
doinam B. Let E be the domain of the variable y. Then the 
inverse function, = is one-valued and univariant in E. 
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215 The notion of inverse functions developed lo 212 and 214 
la quite geneial It will perhaps assist the reader if %ye take a 
very simple case 

For the domain J) let to 
take an interval /*=(«, >) 
hor /(*), let us take an 
increasing function, with 
graph as in the figure The 
domain of y is then the in- 
terval J=(a, That the 
correspondence between the 
points of I and as defined 
in 212, IS uniform, is seen 
here at once hor, to find 
the points y corresponding to a given ar, we erect the ordinate at 
* This cuts the graph but once, vie at P There is thus but 
one point y in J corresponding lo the point * in J 
SimiUtl), to find the points x corresponding to a given y, we 
draw the abscissa through y This cuts the graph but once, 
vu atJ* 

There is thus but one points in /corresponding to a gi\ an y in ■/ 
Tbat the inverse function is one valued, and u an increasing 
function IS J, is at once evident from the figure 

TTie Loganthmw Functions 

216 1 We saw in 209 that the exponential functions 

y=sa', o>0, 

are one>vaIued nnivanant functions for the domain 91 The 
domain of the variable y is the interval /* (0*, + co) See 188 
Then, by 214, tb& inverse of the exponential functions are one 
valued uni variant functioas, defined over I By 174, these inverse 
functions are 

ir = log^, (1 

and ace called loganthmic funotioas with base a In higher 
uiithemdtics it is customary to take a^e = 2 71818 • When 
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no ambiguity can arise, we ma)' drop the subscript a in 1). 
Unless otherwise stated, we shall suppose the base is e. 


2. The graph of the logarithmic 
function 

loga: 

y 



is given in the figure. 

1 

/ 

ar 

3. The onl}- other property of log a; 
which we wish now to mention is their 

0 

n 


addition theorem, 




log xy = log X + log y. 


\ 



Many-valued Inverse Functions 

217. Tlie circular functions give rise to many-valued inverse 
functions. It is easy to extend the considerations of 212 and 214 
so as to arrive at the notion of many-valued inverse functions in all 
its generality. 

Let 

y =/(a^) (1 

he a one or manj' valued function, defined over a domain D, Let 
the domain of the variable y be F. We put the points of I) and 
E in correspondence as follows : two points x, y shall correspond 
to each other or he associated when they satisfj'- 1). Then, to 
each y oi E correspond one or more values of a;, say 

X, x', a/', -• (2 

We define now a function gt^y') over E b)’’ assigning to g the 
values 2) of x associated with each point y of E. 

Then 

^—g(M') (3 

is the inverse function, defined by 1). 

The equation 3) may he considered as the solution of 1) with 
respect to x. 
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S18 To illustnte the rather abstract considerations of the last 
article let us consider the following simple 
case from a geometric standpoint 
Let the graph of 

y=/(*) 

be that in the figure 

Then i) = (a 2) and £=»(«, 

The gieatest number of vilues of y for a given * in is 3 
Hence y is a three v ilueil function Let y be a point of E To 
hnd tbe points of B associated uitli it «e draw the abacissi 
through y Let it cut the curve in the points P P' P’ 
The projections z z of these points P on the z axis are 
the points sought 

The greatest number of values x corresponding to any y oiE 
IS 4 Hence the inverse function 

, , , . 

IS a four valued function 

219 I et us consider the function ys/(s;) defined by 

aS-y^-laO, (1 

<2 

Its graph given in the figure is a 
hyperbola 

To a value of x>\, or x<~l correspond two values of y 
marked y and y in the figure The domain ^ of * is maiked 
heavy in the figure, and embraces all the points of the x axis, 
except (— 1* 1“) The domain ^ of y is the whole y axis 
To any point y of ^correspond two values of z falling in i> 
The inverse function *=y(y) thus defined is a solution of 1) 
or 2) with respect to z, viz 



The correspondence which the equations 1) or 2) establish 
between the points of P and ^ is a 2 to 2 correspondence 
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220, The preeetling example illustrates the fact that 

F/ie inverse of an ahjehraic function which is not a constant is 
an algebraic function. 

To prove this theorem, let g=f(pi) he defined by • 

where the P’s are polynomials in x, with constant coefficients. 

The inverse function 

= (2 

also satisfies 1). Let us arrange 1) vith respect to x. li m is 
the highest degree of x in this equation, we get 

QqCi/)^’" + H )- Q, „(>/') = 0- (3 

As 2) satisfies 3), the inverse function 2) is an algebraic func- 
tion also. 

In this example, g=f{x') is, in general, an ?i- valued function, 
while r = </(y) is an m-valued function. 

The correspondence that the equation 1) or 3) establishes be- 
tween the points of D and P, the domains of the variables x, y, is 
thus an n to m correspondence. 

The Inverse Circular Functions 

221. These are the functions 

sin~'a-, cos* ‘a;, tan”' a:, etc. 

We prefer to follow continental usage, and denote them respec- 
tively bj' 

Arc sin x, Ai'c cos x. Arc tg x, etc. 

We shall not take the space needed to treat all these functions ; 
we take one of them, Arc sin, as an illustration. The others may 
be treated in the same way. 

We start with the equation 

y = sma^ 

whose graph is given in 203. 


0 
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The domain J?, over Drhidi aia* is defined, la 3i , the domain of 
yisir = (-l. 1) 

Let y be a point of i? If is one of the associated points of 
Z>, all the points of 2) associated with y are given by 


a'j + SfflTT 
w— *j + 2in?r. 


± 1 . ±2 


(2 

(3 


as IS shown in tngonometry 

Thus, to a given value of y there are a double infinity of values 
of ar 

The inverse function defined by 1), viz 


itw ArcBiny, 

has the interval 1, 1) for its domain of definition It is 

an infinite valued function whose values for a given y are given 
in 2) 8) 


223 The graph of 

ye Arc sins; 

IS given in the adjoining figure 
The reader will observe that thie grsph can he got at 
once from the graph of sio * (see 208) by turning it 
around and changing the axes 
This property is obviously true of the graph of any 
inverse function 
Thus, if the graphs of 

e*, coS3^ tsn«, etc , 
are given, we may get at once the graphs of 



log2, Arccosm Arctgf, etc 


223 The treatment of many veined functions is much simplified 
by employing the notiou of a hraneh of the function This will 
be explained when we have considered the notion of continuity 
For the present however we wish to define whit are called the 
pnnnpal hrdneht* of the tnterte euevlar fanetiont 
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Looking at the graph of Arc sin x given in 222, we see we can 
define a one-vahced function over the 
interval (—1, 1) hy taking those values 
of Arc sin x which fall in the interval 

(-1 !)• 

The function so defined is called the 
principal branch of the Arcsin fiinction. 

We shall denote it by arc sin x. 

Its graph is given in the adjoining 
figure. 


224. 1. The principal branch of Are cos X 
is formed of those values of this function 
which fall in the interval (0, tt). 

The one-valued function so defined 
over the interval (—1, 1) is denoted by 
arc cos a:. 

Its graph is given in Fig. 1. 

2. The principal brayich of Arotgx is 
formed of those values of this function 

which fall in the interval 



y 

-1 

7 \. 


arcsSna 

1 



(-ff)' 



The one- valued function so defined over (— oo, oo) is denoted by 
arc tgx. 


Its graph is given in Fig. 2. 




TT 

*2' 
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FUNCTIONS OF SEVERAL VARIABLES 


The Rational and Algebraic Functions 

225. In the list of the elementary functions given in 186, the 
first three, viz. the integral rational, the rational, and the alge- 
braic functions, are. in general, functions of several variables. 
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For simphcit} we treated them as functions of a single varia 
ble e wish now to define them in all their generality At 
the same time ue si all consider the general notion of functions of 
several variables and certain Telated geometric ideas 


226 1 An integral ratvtwil /ancfMn e/ n lariahlti r, z, 
IS an expression of the t) pe 

f,** +Z3',V,’« a:„'" (1 

Here A B L are constants and the exponents ml e are 
positive integers or 0 Such functions are 

2 + X, + & (2 

axix,*x, + + «j* + dxj x^Xjf (3 

We may write 1) i« the form 

X,*** (4 

where the summation extends oxer all tlie terms of y 
A still s! orter not ition is 


y — SAi," i,**» x,"» (5 

which may be employed when no ambiguity can arise 
The greatest of all the sums of the exponents 

m^ + m^+ +m. fi + /,+ +f, 

IS the deyree of y 

Thus the degree of ‘^) 3 the degree of 3) is 18 


2 1\ hen the degz 
he homoffeneoui 
Let 


e of each term of 1} is the same, it is said to 
F=1Ax^ r,"" 


J« homogeneoiig and of degree tn ^ tn F tee replace Xj hy Xx|, 
X, hy Xx, and denote the retdt hy F w« have 


For, 


F=X-F 
J^=2AX-*—- -xj’ 
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But, for all the terms of F, 


Hence 


JTi. 

F= — a;,/''" = >^"'F. 


3. When y is of degree 1, we have 


?/ = rtjij + H h a„x„ + do- 

lt is said to he a linear integral function of the a:’s. If «(,= 0, it 
y ~ ^1^1 “h ** d“ 


becomes 


which is the general type of a linear homoyeneous inteyral function 
of the a.''s. 

In algebra, integral rational functions are calleil polynomials. 


227. 1. To get a value of 

y — SHa-j”" ••• T„’"n (1 

we give to each of the variables z a certain numerical value, as. 

These values put in 1) give the corresponding value of y, say 

y-i- 

When 71 = 1, 2, 3, w'e can represent geometrically the values 2) 
by a point on a right line, a point in a plane, or a point in space, 
respective!}', viz. the point a whose coordinates are or ctj, fifji 
or (7j, (ij, flfg. If we give the a;’s different sets of values, we get 
different points in 1, 2, or 3 dimensional space. As in the case 
of one variable, we can say y has the v.alue b at the point a. 

2. It is convenient to extend these and otlier geometric terms, 
employed when the number of variables ii = 1, 2, 3, to the case 
when 71 >3. Thus any complex of 7i numbers, Oj. n,. ••• is 
called a pohit ; Uj, a„, ■■■ are called its coordinates. We denote 
the point by . 

a = (rtj, (To, ••• ff„). 

The aggregate of all possible points, the ar’s running over all 
the numbers in 91, we call an n-dime7isional space or an n-tcay 
space; and denote it by Later rve shall extend the terms 
distance, sphere, cube, etc., to 3{„. Cf. 244. The reader is not to 
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suppose for a moment that there really is an n dimensional space 
or an n dimensional cube, m the ordinary empirical sense of the 
word, but to bear in mmd that these terms are merely names for 
certain numerical aggregates 

3 Employing this geometrical language we may say that, 

integral rational ftmHton of teteral vartahUt tag n vanahlet, 
ts a one valued function tcAose domain of defniCion emlraeet all the 
pointt of SR, 


228 As in the case of one variable, the ntionat /aneficn of 
Kieral varta&lei is the quotient of two integr il r iticmal functions 
ui these variables Its general ezpresstan is therefore, 



i?# domain ^ definition embracto all the point! of SR, except tho$» 
nemt* at tehick (r vanithee, tohirk ue call poh$ of It Forallpointt 
>/ thu domain, R ti a one valued function 
If ffl’ la the degree ol T, and m" is that of ff, the degret qfR 
'i the greater of the two integeis m' m" 

When the degree of R is 1, it is called a Untar rational faneiion 
ts geaetal expreaaioa la 


We aay if is homogeneout when F and G are homogeneous 
Ve have evidently, as in 226, 2, 


fl(Ari, AXj A3^) = x'if(ar, y.), (3 


where t is aa integer, positive, negative, or zero 


229 The definition of an algebraic function of n variables is an 
obvious extension of that given for one variable, in 197 Thus 
y IS an algebraic function of iCj, Xg, x,, when it satisfies an equa 
tion of the type 

+ +«*-iy+if„ = 0, (1 

where the coefficients R are ratiooal functions of r„, and n is 
1 pos live integer 
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For any point a; = a in 5R„, for which none of the denominators 
of the B's vanish, y has at most n values. 

37)1/8 y is at most an n-valued function. Its domain of definition 
embraces all points of 5R„ except the poles of the coefficients i2, and 
those points for which 1) has no real root. 

Functions of Several Variables in General 

230. We can give now the definition of a function in n vari- 

ables. Let a; = (a:i, x^,^ xfi) range over the points of a certain 
domain 2), viz. over 9i„ or a part of it. Let a law be given which 
assigns to y one or more values for each point of 2). We say y is 
a function of x^, x^, and write 

y=.f(xi-xf), or y=(l}(xi — x„f etc. 

When no ambiguity can arise, we may even write 
y=f(f), y = 4>(x), etc., 

where a; stands for the n variables a/j 

The meaning of the terms of 189, viz. one-valued and many- 
valued, independent variables or argument, dependent variable, 
domain of definition of the function, when applied to several vari- 
ables, needs no explanation. 

231. W e explain now the graphical representation of functions 
of several variables. 

We take « -{- 1 axes, one for each of the variables y, x,^, x^, ••• a;„. 



The representation of a point x^ = Uj ••• x„ — a„, is a complex of 
” points %•••£!„, as in the figure. The value of y, say y=b, is 
represented by the point b on the y-axis. This representation, 
though unsatisfactory in some respects, is still often useful. 
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232 W lien n = 2 uc liave two other modes of representatioa 
Let the function be 

y=»/(ar, X,) 

e take three axes a-, y as in ana 
lytic geometrj of three dimensions To the 
set of aalues of the independent vanables 


coriesponda the point a — («ij a^) whose 
coordinates arc a, «j The aalue A of y at tl is point we lay off 
on the ordinate through a As f runs oier its domain J? y will 
ordinarily tiace out a surface m 9{| 



833 The other mode of representation is by means of £ 
and an axis 

The domiiii of the independent 
aariables we represent by points in 
the ilane while y is repie»emed 
by points laid off on a separate axis 
as in the figure 


plane 




234 ^^he^ we may employ 

the following representation 


be defined oier a domain D 

To represent D ne take three rec 
tangular axes 

To the set of i aloes 



i 0 


corresponds the point a whose coordinates arc oj Oj ‘*3 The 
values of y ne lay off on a separite axis as m the figuie 


233 hrom the elementary fuictions of one variable we can 
boild an infinity ol functions of several larnbles ^\ e give some 
examples which iffuitrol* the vanoia domatne of definition that a 
function of several variables may have e shall take n = 2 
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Ex. 1. 


( n o \ 



For points within the ellipse U, whose 

eq^nation is o 

5 + ^-l = 0, 
a- 0- 

the argument of z is negative. For points on B tlie argument is 0. 
As the logaritliniic function is defined only for positive values of 
the argument, the domain of definition i), of z, is the region 
shaded in tiie figure. Its edge, or E, does not belong to JD. 


236. Ex. 2. 




gw. 

Since login' is not defined, unless in’ > 0, if and v must be both 
positive, or both negative. Tlie domain of definition D, of z, is 
thus the region shaded in the figure. Since 
itr = 0 on tlie edge of D, these points do not 
belong to D. 

237. Ex. 3. 

z = tan .1 TTi-i/. 

Since tan u is not defined when 

t' = ^ + »i“, 

ni = 0. ±1, ±2, — 

we see the domain of definition 
of z includes all the points of 
the XII jilane, except a family 


of hyperbohis 



XI/ = 2 m -p 1. 


Composite Functions 

238. I. An extremely useful notion in many investigations is 
that of s\. Junction oj' J'linctions, or composite functions. Let 
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be deigned over a dosiaiD iTin n dimensional space liet 
“=(“i«x «-) 

be a point in an m dimensional space 91. 

\Vi)ile X runs over Xt let w ran over a domain U Let 

y = ««) 

be defined over U Then jr is defined for every point x in 
We may, therefore, consider ^ as a function of the * s through the 
tt’s We say y is a ftinctton «f funettom, or a compo$ite function 

2 When speaking of composite functions, we shall alnays sup* 
pose, even without further mention that the domain of definition 
of 1) IS at least as great as U 

3 When x ranges over X «, as we said, runs over the domain 
V It IS convenient for brevity to call V the vnage of X 

£xian.i '> 

utntitt vtsitcxi vtse'i, 

r B loe«i -+ (an ^ 

SertVi Hi hi ar* defioe^ loral) (be poiou of IRt tombich 

*i^0or' + «r m.O il ±8, m 

while y i» defined for all (be poiau o( 9tt for which 

ud^^'4av «*±t iS, 


239 The notion of a composite function is sometimes useful m 
transforming a function as follows Let 


y^r(x, sj 


The variable 


X may enter F 
=‘4\0fi *.) 


certain combinations, so that if 
*») 


y goes over into 


«-) 




^ in 
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Limited Functions 

240. Let/(a:i • • • be defined over a domain D. If there exists 
a positive number ilf, such that 

for ever}'^ point of JO, f is said to be finite or limited in D ; other- 
rvise f is tmlimitcd in JO. 

Ex. 1. 

Since 


/(x) = sin X. 
|sinx|<l, 
sin X is a limited function for any domain. 

Ex. 2. 


X arbitrary. 


/(x) = no + oix + 1- n„x", a„ ^ 0, 

is limited in any domain (— (?, G), where G is some fixed positive number. 
It is unlimited in the domain (0, +oo), for example. 




Ex. 3. 

is defined for evety x 0. 

It fs Ifmftecf fn any domain .as (a, coj, ff « <0. 

It is unlimited in (0», 1), for example. 

241. Letfixi ••• a;„), ••• x„') he limited functions in a domain 

D. Then . . 

f±9^ fff 

are limited in B. 

If |fl'|>a>0 

in B, then ^ 

ff 

is limited in B. 

Since/, g are limited in B, let 

\n isrKiJf. 

|/±^7l<l/l + |£rl<2i[r. 

Hence /±^ is limited in 2). 

Also I - I I At I * 

Hence is limited in B. 

Finallj', ^ 

~9 


Then 


f 

Hence is limited in B. 

V 


1^1 « 



CHAPTER V 


FIRST KOTIOKS CORCERNIRO POINT AOGRXGATES 
pTehmxnary Dejhalions 

242 la elemeatary mathematics the functions employed are 
Qsually defined by simple analytic espressions Their nature is 
simple, and their domains of definition receive little attention In 
the theory of functions we take a higher standpoint, and consider 
functions defined by any Ian, as explained in 189 and 230 Such 
functions are cot tied down to an analytic expression, indeed, 
ne may not know how to form their analytic expressions 

From this point of view, the domain P over which the function 
IS defined or spread out is often of great importance h requently 
we choose first the domaic P, and then define a function for the 
points of P 

The domain of definition of a function of » variables may be any 
set or aggregate ol points in We wish to treat now the most 
elementary properties of such aggregates which we call point 
agyregaUt 

243 \ Two point aggregates A, B are equal, when every point 
of A lies m B, and every point of B lies m A In this case, we 


2 If every point of B lies in A bat not every point of A lies in 
B, we say £ is a partial or euh aggregate of A, and write 

A>B or S< A 

3 If A does not exist, t « if it contains no points, we write 

A = 0 

MS 
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As the symbol 0 also stands for the origin, we shall write, in 
case of ambiguity, ^ 

when we wish to indicate that A consists of the origin alone. 

The fact that A contains at least one point, we indicate by 

A>0. 


4. Let A, B be two point aggregates having no point in com- 
mon. The aggregate formed by their reunion is called their sum, 
and is denoted by j j. 7 ? 


5. If 5 is a partial aggregate of A, the aggregate formed by 
removing all the points of B from A is called the difference of A, 
i?, and is denoted by ^ ^ 

It is also cabled the complement of B. 


6. If a ov X, for example, are general symbols for the points of 
an aggregate, we can represent the aggregate by 


Ja} or \x\. 


Thus, if 

we c.TO vTite 

A = I, i, J,— 

-Uh 

Or if 

A = (Ij, a;, (73, 

vro can write 

A = {a„}. 


244. Befinitions of configurations in n-way space. Cf. 227, 2. 
1. Let a = (aj ••• ff„), 6 = (6j ... b„') be two points of We say 

(1 

is the distance between a, b ; we denote it by 
Dist (n, or a, b. 

2. The points x satisfying 

Tj — ffi = X(5j — rtj) ... — a„ = X(h„ — (2 

lie on a right line L, viz. the line determined by the two points 
a. b. Here X runs over all the numbers of 9?. 
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When X = 0, x^a, when X^l, x=i Points T whith 
0^X<l,fonn \ eejment ot xntendt (a h") ol L Sm-li pomta are 
said to he betiteen. a h 

An aggregate King on s nght line is called rectilinf^^ 

3 If three points a, 5, e lie on a nght line, ue ha^e from 2) 
that 



and conversely, if 3) holds, a,l,c lie on a right line 
4 Let a, i be two points on the Une L and 


r=8 Dist (a, 5) 



ate the direthon es»j»i«i of tbe line L ObMonsly, 

V+ 

5 The points sr delined by 

(a-,-aj)«+ + (a-. - a,)* « r*. r>0 

he on a $phere u h xe center is <i and n hose radius iS r 
The equation of S may aho be uritten 

Di»t(tf j:)i=r 

The points x, such that 

D]»t (a i)<r 

he mthin S If 

Dist Ca *)>r 

X lies Without S If X lies on or kUjIir iS^ it lies in S. 

6 The points x, such that 

form a eu^e, with center a and ed!?e e 
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7» The points x, such thnt 

form a rectangular jt)nrrtffcfo/)ij5C(i or cell whose edges are of length 

^n* 

8. The cube 

1^1 ■■■ 

is called the inscribed cube 0 of the sphere S, of radius r, and 
center a. 

Eveiw point a; of (7 is in S. For, 

+ .. . + (a-„ - a,.)" < \fc + - + ^ = »•• 

9. Let the cube C be given b}' 

••• 

The points 

t'i = ai±io- ••• v„ = n„±icr 
are called the vertices. 

If r N 

« = (fi 

is one vertex, 

a' = (- t-j + 2 rtp a,. + 2 n„) 

is called the opposite vertex. 

The line joining a pair of opposite vertices evidently passes 
through the center of 0. It is called a diagonal. 

The length of a diagonal is 

Ver^ + ••• + <r^ = erVn. 

10. The distance between two points a,b inC is greatest when 
they are opposite vertices. For, each term (a, — b.f in 1) has then 
its greatest value, viz. a^. 

11. If Cj, Cy are the lengths of the edges of the parallelo 
piped in 6, we say the product 

. . ^1 * ^2 *" 

IS Us vohnjie* 

In case the parallelopiped is a cube of edge cr, its volume is ^r". 
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12 The poinU * defined hy 

aji , +• + + d =s 0 

lie in n plane Tbe two ptnnes 4) and 

+ i»A + e = 0 

are parallel 


a 


245 I^t d, 5, « be three poinla m Dl. 

Let 

^» Dist ( i , e ) ^= Dist ( d . d ), C : 
When na 1, 2, 3, we Late 

A^S + C 

Here the inequality sign holds uolesa 
4, B, C he on a right line L 

e show now thit 1) holds for e»ery n • 
To this end, set < 

a eab^-e^ = « -<> 'J 


Dist(i, a). 


where a, b, e 
Then 

Now, 

From 2), we 


, issl, 2, iu are the coordinates of a, i, e 

+7 (2 

+/9.' = 2^^ (3 

C^«7,’+ (4 

hare also 


+7)*=£j8* + 27»+22/3y.. (5 

Thus to prOTe 1}, we have to show that 


A*<B*+C*+2£C, 
or, using 3), 4), 6) that 

2j3»+2:y»+22;Sy.<2/8*+27*+2V^/S,*+ +y7) 


* If (be reader finds (be deiDonstratum diScnK let bim go tbroagh it, (along 
a — S or S We recomeiend IbiS m Ibe ease eA any demoiisltaliDD rrldcb tbe reader 
Sade too bard for general n 
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This shows that it will suffice to prove that 

(6 

To do this, we start from the inequality 

(/ 3 . 7 . - > 0 . O 

By 244, 3, the inequality sign holds for at least one pair of 
indices £, /c, unless a, b, c lie on a right line. 

From 7), we have 

+ (8 

Let us form all the relations of this type, letting t, k run over 
the indices 1, 2, •••, n, and keeping i^k. 

If we add these, we get 

^7,2 > 2 2/3./3,7.7,. c^k. (9 

On the other hand, 

2y9 2 . 27,2 = + • . . + /9„2) (7^2 + • • • + 7„2) = 2 + 

ifK 

Hence, by 9), 

m • 27,2 5 2 AV + 2 2/3A7.T«- (10 

But 

(2/S.7.)2 = (/Si7i + • • • + /3„7„)" == 2A27 2 + 2 2A/3,7.7«. 

‘ 5 ** 

This in 10) gives 6). 


246. A point x for which Dist (a, x') is small, is said to be Jiear 
a. What is to be considered as small, depends on the problem in 
hand. 

The points x, such that 


Dist (a, x) < p, p > 0. 

form an aggregate called the domain of the point «, of norm p. It 
is denoted by t, ^ ^ .. -r. 


For example, in 9Ij, is the interval (^a — p, a+p'). 

In SRj, Hp(n) embraces all points in a circle of radius p, and 
center a ; in iRj, it embraces all points in a sphere of radius p. 
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We sometimes wish to exelade the point a from its domain 
IVhen this is done, the domain » said to be d«f«te<Z, we denote it 

*’>' £;(.) or J)>W 


247 Let i4 be a point aggregate id 9J, 

Let p be any point in 3?, We say p is an inner point of A if 
eier^ point in some doinam of p lies m • e if there exists a 
p > 0 such that every itoint of lies in A. The point p is an 
outtr point of A if no point of Df(,p') lies in A however small 
p>0 IS taken Finally, pis a JraniierpointnlAii m every 2),(p), 
hone\eT kraall p > 0 ja taken, there la at least one point of A and 
one point not in A Every point of 91* is either an inner, an 
outer, or a frontier point of A The frontier points of a cube or 
parallelepiped form its tutface 


Hire any point p, lueb ilwt rt<pj <p w amnoer point. Any point pi well 
that Pi >p or pi < a. Is an outtr point 
lie tronner poinu are a and g 


Tx 2. A tmbnees ihi rational poiou In (a, g) Here all pointa p neb that 
p<BOTp>fl are onitr ptnBtt. Tbe poime oi Aare nlMroniitr poinu Tor it 
a be any point of A (bere are imuooal poiou in every D^io) boivever imall 
e> 01 sukto bySt 

In ebie example A coniains no inner poiota. 


Ex. 3 A embraces all tbe points in 31, both of wboee coordinates are rational 
Here every poinlp of 31, » alrootier point. Jo fact, consider a little circle <7 of 
radios s>0 and cenler p ErnlrDtly p contains points lo A and points not in A, 
however small f is taken 


In this example there are no onter and no inner poiota of A. 


249 Let hie an inner point of 


Then 

lu» tnthin Sif 
where 


S=2>.(a) 

A = i)aC») 
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The theorem is proved if we show that the points y of A satisfy 
the relation ^ ^^2 

But, by 245, 

Dist (a, y) < Dist (a, 6) + Dist (6, y) = p 4- S. 

Thus, by 1), the relation 2) is valid. 


250. 1. Let A be a point aggregate, and f any point in 
The points of .A, lying in form the vicinity of p, of norm p. 

It is denoted by 

J^p(p) lAP)- 

Thus i?(y) embraces all points near p, while F(y) includes only 
points of A, near p. 


ExAMrLK. Let A = 1, t, 1, ••• 

Here Dp(0) is the iiUcrBal (— p, p), while Fp(0) is the set of points 

1 _ 1 _ 

m' m + l’ m + 2' 

where m is the least integer such that — < p. 

The point p may or may not lie in F(y). We sometimes wish 
expressly to exclude it. When this is done, the resulting aggre- 
gate is the deleted vicinity of p; it is denoted by 

Vp*Cp) or V*(j?'), 


251. When treating functions of a single variable x, we have 
often to consider the behavior of the function on one side of a 
point a. This leads us to split the domain and vicinity of a into 
two parts, forming a riyht and left hand domain; a right and left 
hand vicinity of a. 

The right hand domain and vicinitj' we denote respectively by 
RD^ai), RV(a'). 

The left hand domain and vicinity are denoted b}"- 
ZD(a), ZJ'Xa). 

The point a lies in both the right and left hand domain. It lies 
in both the right and left hand vicinity if a lies in F(a). It 
should be remembered that these terms refer onlj^ to rectilinear 
“ggrogates. 
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252 1 A point aggregate is said to be finite when it contains 
onlj 3 finite nnmber of points OtVierwise it is infinite 

A point aggregate A la said to be limited when all its points lie 
within a certain spbeie or cube, having the origin as center 

This definition is equivalent to saying that the coordinates a,, 
Oj a,, of every point of A, aie numerically less than some posi- 
tive number M If A is not limited, it is said to be unlimited 
Obviously Every finite aggregate t» limited. 

Ei. 1 A = l, 2 , s, - 

is IS infialte UDlIiDit«d aggKgate 

Ex 2 A=l. (, I. - 

la an isSnit« UcuUd 

£l 3 ^ s polauof (be iDterral (a, 

b *a lofinite Unitxd eggregite 

2 In the case of a rectilinear a^regate A, it may happen that 
the coordinates of all lU points z are less than some number if 
We say A is hmitsi to the right 

If the cooidmates of all the points z are greater than some 
number we say A is limited fa the Igft 

Sri A a W, 9. 8, 1. 0 -1. -t. -S, ■■ 

b limited to ma n<bc 

£x 2 A = ~i, -3, -2, -1 0, ], S, 8, 

b Umited to the lett. 


253 1 It IS sometimes convenient to divide an interval into 
equal eubintervals or a square into equal subsquares, and, in 
general, an m dimeuaioaal cube V into equal aubcubes 

For ffl = 1, 2, 3, this needs no explanation When m is > 3, the 
matter is still very simple The cube ,, 

r IS graphically represented by m ~ ''pi 

equal segments on the ^ z„ axes *• ■ pfi " 

"We divide T into cubes whose sides x«~~ ' — 

are 1/nth those of F by dividing p~ — — — — — ■ 

each of these segments into n equal ' 

parts. One of these subcubes u then represented by the points 
which fall in a set of m segments as an/S„ 
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2. Instead of a cube F in we may wish to divide the whole 
of into cubes. The meaning of this is now evident. 

3. Let A be anj^ point aggregate in Let us divide 9?m into 
cubes of side S. This also, in general, divides A into partial aggre- 
gates. This division of A into partial aggregates we shall call a 
mhical division of A, of norm S. 

4. If instead of dividing into cubes, we had divided it into 
rectangular parallelepipeds whose edges are ^ S, we shall say that 
we have effected a rectangular division of 9i„„ of norm S. 

5. The partial aggregates, into which A falls after a cubical or 
rectaugular division, may also be called cells. 


Limiting Points 

254. 1. One of the most important notions connected with 
point aggregates is that of a limiting point. Let ^4 be a point 
aggregate in 9J,„. Any point p of 91, „ is a limiting point of A^ if 
however small p>0 is taken, Ppip^ contains an infinity of points 
of A. 

If every domain of p contains at least one other point, p is a limit- 
ing point of A. 

For, let « be a point of A different from p. Let 0<p<Dist(j5, a). 
Then, by hypothesis, Dp(^p') contains some points a^ of A, besides 
Let 0</Oj<Dist (j9, a{). Then contains some point of 

A, besides p. Continuing in this way, we see that the infinite 
aggregate of distinct points 


all lie in Pp(^p'). 


^s' 


2. The following may also be taken as definitions of a limiting 
point: 

If PpCp) is in finite, however small p is taken, p is a limiting point 
of A ; or. 

If Pp*(p)>0, however small p is taken, p is a limiting point 
of A. 
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3 If p IS a limiting point of A and p itself lies in A, it is called 
a proper limtttng point If y 13 not in A, it is called an improper 
Itmtting point 

\iiy point of an aggregate A which is not a limiting point is an 
uolated point 

4 het ^ be a rectilinear aggregate, and a one of its limiting 

points If no poult of A falls in C“* <i*)i S> 0 

sufficient!} small, a is called a unilateral limiting point Other- 
wise a IS *1 bilateral limiting point 

255 Ex 1 J-l ill 

Here the OTlg\a le a unilateml Iiniitio^ pniol oi A. As 0 does not lis la A it 
IS an improper limtlng pc^aL 

E* 2 AI-0 I } I I 

The origin is a proper nnlbural lioiiting poiui of A 

Ex 3 ^aiotalH> of ntional nemt-en. 

Erer; point p m u a bilaunt lioiit nS point 

Ifp IS « rational point u is » proper I outing point of A If p Is an Imtional 
point, It IS an improper limiiing point. 

lAmitiny Points connected aitk Certain Functions 

256 We gise now a few examples of point aggregates which 
come up in the study of certatu functions 

Let y=«3ini 

The domain of definition of this 
function embraces all points on the 
X axis except x = Q 

It oscillates between — 1 and + 1 

The points 

x = a^ < 4 , 

for which y tahes on a particular value, as y = 0, form a point 
aggregate whose Ijmitiiig point is a = 0 

In any domain of this point, y oscillates from -f- 1 to— 1 an 
infinite number of tunes 
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257. Let 


When z= 0, or -when 


y = sin 


. 1 
sm- 

X 


■ 1 n 
sm - = 0, 

X 


(1 

C2 


y is not defined, since for these points, 1) involves division by 0. 
The points x for vhich 2) holds are 



(3 


This is a point aggregate whose limiting point is 2 := 0. 

As X ajiproaches one of the points y oscillates with increas- 
ing rapidity. At the same time these points, ~, become infinitely 

dense ns x nears the origin. The domain of definition of 1 / is the 
a:-axis except the origin and the points 3). 


258. Let 


y = sm. 


sin 


. 1 
sin - 

X 


This expression does not define y, because of division b}' 0, 
when 

a:=0, (1 

or M'hen x satisfies 

sini=0, (2 


or 


sin- 


sm i 

X 


= 0 . 


(3 


The points x defined by 1) and 2) are 


= ± — 1 , .. 

TT 2 w 


considered in 257. 
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It IS easy to see that the points r defined by 3) form an aggregate 
B such that each ol the ]iointa o{ ^ is a hunting point of B In 
fact, let * approach the point ±— As it does so, sin- becomes 
smaller and smaUer, hence —1~ becomes larger and larger. 

1 

Thus in the domain of ths point 


oscillates infinitely often between — 1, 1, and in particular 3) is 
satisfied infinitely often 

Thus, the domain of definition of y includes all points of the 
* axis except the points A and ft 
About each point of B. y oscillates infinitely often These 
points of infinitel} frequent osciilatioo, themsehes cluster infi 
mtelj thick about each point of A. while the points A cluster 
infinitely dense about the origin Let the reader try to picture 
to himself how the graph of y looks about the points 

. and 0 
«ir 


253 1 The functions of 257 and 258 are formed from that of 
2o6 by a proeen of xUratton 
Id fact, let 

then 


Similarly, 


am 






= etc. 
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It is customary to write 

02(a;) for 

for Olff^Qcy], etc. 

2. As another example of iteration, let 
Z/=log»=^(a;). 

Then 

02(*)=log(loga:), 

03(a;)=:log[log(loga;)], etc. 

260. Let 

y=sin-=e(x'). 

We have noted the domain of definition of 

e(x\ ^(x), 6\x). 

In general, let he the domain of definition of 6’”(x'). Each 
point of A„,_[ is a limiting point of A„„ and d'"(a:) oscillates in- 
finitely often about each point of A„,. 

261. To get functions of two variables having more compli- 
cated domains of definition, we may apply the process of iteration 
to the function of 237. 

Let 1 

We saw 6 was not defined for points on the 
famil)' of hj'perbolas 

S') zy=2m-|-l. m=0, ±1, ±2, ... 

Let us consider the domain of definition of 
6^(xy) = tan tt tan J Trxy). 

Through an}' point P of one of these hyperbolas S) pass an 
arbitrary right line L. 

At any point Q on the line, such that 

^(y^y') =271 + 1, n = Q, ± 1, 

^ is not defined. 

But the points Q have P as limiting point. 
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Bentatixea of Point Aggregates 


262 1 Let X be a lomt aggregate The limiting points of 
A if It has any form an aggregate which is called the firtt derw 
aft e o{ A and is denoted b} A 


Ex 


S 1 




4 I 6 I a 
3 1 4 G 6 


2 Wl en IS a finite aggregate 
A -0 


Hut X may be infinite and jet lute no derivative 
Ex 3 

A-l 2 3 4 

a lucb an •gjrrpte 


263 1 Tbe first deri\ative A may have limiting points their 
aggregate is called theitcend Jen attve of A It is denoted byX 
A n ay have limiting { oiots these give rise to the third denv 
atieA etc 


Let m be srbitiaij but flxrd then ’ s • UmR ag point of A For A ci 

m 


Tbus, 

■whle 


ting polDt U obv OQslj — 

J -le ' , 


* 8 

= <0) 

» 


Ae expla oed la 243 3 tbe eqmtt on IJmeans (hat A 
e nd calee that A has no polnia at aU. 


u 

(2 
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Ex. 2. A = rational points in an interral I; 

A' = /. See 255, Ex. 3. 

A" = I, A"’ = I, — 

Thus A has derivatives of every order, each being I. 

2. If A, A', ••• Jl'"’ > 0, while = 0, A is of order m. 


264. Every limited infinite point aggregate has at least one limit 
ing point. 

1. For simplicity let us consider first the case that the aggre- 
gate A lies in the interval /= (a, 6). We divide / into halves. 
One of these halves, call it /j, contains an infinity of points of A. 
Divide 7j in halves. One of these halves must contain an infinity 
of points of A. In this way we may continue bisecting each suc- 
cessive interval, witliout end. We get thus an infinite sequence 


of intervals 


7, 7j, 7^, ••• 


(1 


each lying in the preceding, whose lengths converge to 0. 

By 127, 2, the sequence 1) determines a point a. This point a 
lies in every interval of 1). Since each 7>(a) contains some 7„, 
it contains an infinity of points of A. Hence « is a limiting point 
of A. 


2. The extension of this demonstration to ?li„ is now readily 
made. Since A is limited, it lies in a certain parallelepiped P, 

••• 

by 252. We divide now P into two parts 

fli<2;i< a2<a:2<52 — a„<x„<l„ (2 

(&i - Uj) < a;i < a2^^2<^2 "• 

In one of these there must lie an infinity of points of A. To 

fix the ideas suppose it is the parallelepiped 2) which we call §j. 

differs from P only in having one coordinate, viz. Xj, restricted 
to an interval half as big as the original. 

We now divide into two parts, 

Uj), «2:^^2:^2(^2~«2)’ (3 

and 



164 FIRST ^OTIOiiS COKCERNIl.G POINT AGGRt/SATES 


In one of these saj it la th» pfttalleloptped defined by S), an 
infinity of points of A must he Q, diflers from J* in having now 
two of its coordinates restricted to interrals only half as large as 
the original ones 

We may continue m this way restricting the remaining coor 
dinates a-g to intervals half as big as the original ones 

We get pirallelopipeds Q, in each of which he an 

infinity of points of A 

Let us set /*, = Q, This parallelopiped lies in P and has each 
edge just half as big as the corresponding edge of P 

\\ e may now subdivide P, just as we did P After n bisections 
we get a parallelopiped Pj which lies in Pj which contains an 
infinity of points of A and whose edges are one balf as big as 
those of Pj 

Continuing this process indefinitely we get a sequence of paral 
lelopjpeds P P p 

which determines a point <c — (a(ai This point is evidently 

a limiting point of A by the same reasoning as employed in I 

265 If A t$ a Imtttd aggugatt of the nth order A •* i« fnite 

tor if A* were infinite, being limited it must have at leist one 

limiting point by 264 Then A" '*>0 which contradicts the 
hypothesis 

266 Ze( A he any point ayyreyaU Then A <A » e a(l the 
limiltny painlt of A are proper 

1 For simplicity, let us first consider a rectilinear aggregate 


Let p be any point of A ' , we lay it off on the A, A' axes also 
as IQ the figure 



DEIUYATIVES OF POINT AGGREGATES 


165 


To show tlr.it p lies in A', we have to show it is a limiting point 
of i-e. in any little interval Mahout p there lie an infinity of 
points of A. Let I be any little interval about p on the A' axis. 
As p is a limiting point of AL', Jcontains an infinity of points of A'. 
Let q be one of these. Let us lay q off on the A axis. Since j is a 
limiting point of A, anj' little interval as J contains an infinity of 
points of A. Now, however small K is taken, there exist inter- 
vals J lying within K which contain an infinity of points of A. 
Hence K contains an infinit}' of points of A, and p is a limiting 
point of A. Thusp lies in A' . 

2. The extension of this demonstration to 91, „ is obvious. To 
show that p lies in A', we have to show that .0,(p) contains an 
infinitj' of points of A, however small e is taken. To this end, let 
p<e. Let g' be a point of A! in Dp(p). Then I>Aq') contains an 
infinity of points of A, however small cr is. But if 

p + o- < e, 

2)„(g) lies in 249. Hence A(jf) contains an infinity 

of points of A. 

8. We have just shown that A" lies in A’ . It is, however, not 
necessary that A' lies in A. 

Thus, if A. = 1, yl' = (0), and this does not lie in A. 


267. Extreme values of a domain. 1. Let the variable x range 
over a rectilinear domain 2? which is limited to the right. 

We form a partition (A, S') as follows: in A we put all num- 
bers of 91 which are ^ any number in Z> ; in j? we put all numbers 
of 91 which are > aii)- number of JD. 

Let this i)artition be generated b}^ p [130]. 

We call p the maximum of x ov of D, and write 

p = Max a: = Max E. 


The fact that a domain E is not limited to the right may be 

denoted bv ,, „ 

‘ Max X = Max J? = -f oo, 


where x ranges over E. 

2. Let E be limited to the left. We form a partition (A. B) 
by putting in A all numbers of 91 which are < any number of E, 
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and in £ 'll! numbers wLich are 5 «nj number of Z> If the num 
ber \ generates thva partition, caU X the minimum 0/ s or «/ J), 
.nd.nts X = M.„,_M.nJ> 

The fact that a domain E a not timited to the left may be 
denoted by M.ne^= MmD= -=o, 

where x ranges over E 

Ex 1 i>s(a ») a<» 

HlDxsa Viaxx = ^ 

note that i UVes qo both its onn loum uul niazimum rajoea m D 
Ex 2 C*(0 1 1 I 1 t { « ) 

M.oi-0 M»xx,l 

Here x lakes on botb iu maxtraum and mtoimuffl values. 

Xx8 D~(e* t*) 

U>D z E « Max a - t 

EX 4 a-qi i I t t ) 

Mill £ a 0 Max D s I 

In Fxa S * z takes on ae ihei its miauDun ear lU naxiisuiD vsloea. 


268 1 The maximum and muumum values of x are called its 
extreme ealuet or eitremee 

Let e be an extreme of 2> If the point e is an isolated point 
of D, « vs c&lled an isefatrd extreme, oUietwvse e vs a non uofoted 
extrerne 

Evidently an uolated extreme 0 / D /«e» in £ 

2 When, however, e is a non isolated extreme, it may or nia^ 
not lie in I) In this case we have the theorem 

If the a fn\U non itofotsd eifrctne of £ it is an extreme of ZV, 
the fret denvattie of £ 

To fix the ideas, let ,, 

e s= Max D 

Since e 13 not isolated, it is a tuniting point of £, and hence 
ties in ly 

Since DO * of IS >e,aoxot If is > e Hence 


r=Masi)' 
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3. We have obviouslj' the following : 

Let every x of JD be while for each e> 0 there exists in D an 
x>y-e. Then ^ = Max2). 

A similar theorem holds for a minimum. 

4. Let 9)1 be such that 

Min a: < 9)1 < Max a;; 

we call 9)1 a mean value of x, or a mean of x, and write 

9)1 = Mean x. 


269. 1. Let e he an extreme, finite or infinite, of the function 
f(x^"-xf) with respect to a limited domain I). Then there exists a 
point a, not necessarily in D, such that e is the extreme of f in any 
vicinity of a, however small. 

The demonstration is precisely analogous to that given in 264. 

2. If J) contains its limiting points, the point a lies in D. 


Various Classes of Point Aggregates 

270. Each point p of an aggregate A is either an isolated point 

or a limiting point of A. Let us call A, the aggregate of the 

former points and the aggregate of the latter points. 

Then . , , ^ 

A = A, A\. 


If Ax = 0, then A = Aj, and A is an isolated aggregate. 

If Ai= 0, then A =Ax, and A is dense. 

A may contain all its limiting points ; it is then complete. 

If A is dense and complete, it is perfect. It then contains all 
its limiting points, and every point of A is a limiting point. 

A point aggregate such that each of its points is an inner point 
is tailed a region. Cf. 247. 

It is sometimes convenient to con.sider the aggregate formed of 
a region and its frontier points. Such an aggregate is called a 
complete region. 

For example, tlie interior of a circle forms a region. If we add 
Its circumference we get a complete region. 
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271 Ex 1 A = 

ig tn isa/alt/l agpegate 

Ex 2 A = 0 1,1 J. . 

IS a romp!ete aggregate 

Ex 3 A = tbe rational nucbeiain a eett^iDterral. 

A IS denaf but net tompMi 
fz 4 A = the Interral (a 6} 

Aap’Tfeet 

Ex S A = the inwrxal (a«, ») 

A IS dense but not ronp/ete 

Ex 6 A region IS dense but not eoMp/ete 

A cooipUwd region » perteet. 

Ex. 7 In the interral (0 t) remote the poiatsO, I, }, }, „• 

Tbe reviaining points form a nsl) n. 

Ex 8 lo tbe plane let 

A “ 0i 4t% 

be an aggregate banng a eingle iiroiting point a Let ue auppoM that a does not 
lie to A About each o. Uc us describe a circle 0. of radius so inal) that no two 
nrcles bait n point m common Tbe aggregate formed of the pointa ot 3)i utthin 
each circle C, la a region r. 

Tbe aggregate formed oC all the regione r. b also a rrpion 

272 1 An interesting example of a rccft?»flear perfect aggre- 
gate Ijing m an interval ${ and yet not embracing all the points 
of 2f 13 tbe follomng, due to Cantor 

Let 


be expressed tn the triadic ajsteio [l-H]. restricting, however, the 
numbers <r^, a, to the values 0, 2 Then A = [af is such an 
aggregate, as we now show 

tVe can get a good idea of this aggregate as follows 


Let the interval (1, 4) be of unit length tVe dmde it into 
three equal segments, (1, 2), (2, 3), (3, 4) The points 1, 3 are 
points of A No point ol A falls wUbin the middle segment 
(2, 3) We have therefore mariced this segment heavy id the 



VARIOUS CLASSES OF POINT AGGREGATES 


169 


figure. We now divide the segments (1, 2) and (3, 4) into 
three equal segments, 

(1,5), (5,6), (6,2), and (3,7), (7,8), (8,4). 

The end points 6, 8 are points of A. No point of A falls within 
the segments (5, 6), (7, 8), which are therefore marked heavy. 

In this way we can continue indefinitely subdividing the seg- 
ments within whicli a point of A falls. Consider the end points 
of a heavy interval, say the interval (5, 6). Its right hand end 
point is obviously a number of A having a finite representation. 
Its left hand end point is a point of A whose representation is 
infinite. 

To show now that A is perfect, let us begin by showing that 
every point a of .4 is a limiting point. 

Let 

a = • 

be a point having a finite representation [144, 5], 

Obviously, a is the limit of the sequence, 

a' =• aj-”a,2, 

a" =• aj*”a,02, 

a!'' = • «j*”a,002, 

Let 

CL ““ * 

be a point whose representation is infinite. It is obviously the 
limit of the sequence, 

a’ = • Uj, 
a" = . AjUj, 


Hence every point of A is a limiting point. On the other hand 
A contains all its limiting 2 Joints. 

For every limiting point « of .4 is either, 1°, an end point of 
the black intervals, or, 2°, not such a point. 
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In case 1°, a is obvioualj & point of A 

In case 2\ if a^O, we can find a monotone sequence of points 
in A 

o'* «i, 

a"= ofy 


whose bmit 13 a 

On the other hand, the limit of this sequence is 

which IS a number of A Hence a is in A 
Should a a 0 this method is inapplicable 
Hut obviously a a 0 is in ^ 

2 It IS easy to geseratite the above example as follows Let 
am aio^t 

be expressed in an n adic eystem restnctmg the numbers Oj, Sf. 
to a part of the system 


for exampit 


0.1.2. in-1 

0,2,-I.C. • 



CHAPTER VI 


LIMITS OF FUNCTIONS 
FUNCTIONS OF ONE VARIABLE 

Definitions and Elementary Theorems 

273. 1. We extend now the notion of limit, by defining 
limits of functions. We begin by considering functions of a 
single variable x. 

Let f(x) be a one-valued function defined over a domain D. 
Let 

A = ^2* ^3 

be any sequence of points of J?, such that 

lim a„ = a; a finite or infinite, a„ ^ a. 

If the sequence 

/(«i), /(«2)> /(«3) ••• (2 

has a limit rj, finite or infinite, alwaj's the same, however the 
sequence A be chosen, we say t/ is the limit of ftjx) for x = a and 
write 

77 = lim /(a;), 

T=a 

or, more shortly, 

77 = lim /(a:). 

We also sny f(x') approaches or converges to y as a limit, when x 
approaches a as a limit. This ma}' be expressed by the symbol 

2. If for some sequence 1) the limit of 2) does not exist, we 
say the limit of /(a:) for x = a does riot exist. 

171 
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LIMITS or POKCTIONS 


3 Since the limit of 2) must be n however the sequences 1) 
are chosen (provided, of course, they have a as limit md 
we have the theorem 

Let A = {a„\, B = he tteo eeqwneet Iffiny tn P, let a, = fl, 

Xf hixt/la,) 

then {i!n/(*),/or *= «, doe* it«f ezttt 


274 1 It is sometimes coavenieat to restrict the sequences 
A =3 0 ^, 60 that all the points a. he to the right of a In 

this case we call a ri^At hand limit and write 


or ^ss/(a4-0) or ij a* ii lim/(x) or 17 ® J 2 lim/( 2 ) 

If we restrict the sequeocee A to tie to the left of a, we call ^ 1 
hand limit and write 

va»lim^(*) or — or 7 s=Zlim/(x) or o=aiIim/(*) 


Obvioualf if 
then 


lim /(*) a» ij, /n«fe or in/nife 
L = R liniy(*) *» ^ 


Chnwrrrfy, i/ 2 ) hoXde^ 1 ) doe* alto 


(1 

(2 


2 Right and left hand limits are called unilateral limits 
fve do not care to specifj oti which side of a the limit is taken, t 
lan denote it by 

l/hat/Cty 


275 1 When considering infinite limits or limits for » s= ± co, 
It is often convenient to soppose the axes terminated to the right 
and left by two ideal potnti + 00 , or — 00 , respectively We call 
these the point* at infinity 

We call the interval (G, + 00 ) the domam of +<», and denote 
it by 

-»«( + «> fl 

We call (7 the norm of i7(+ <») 
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Let A be a point aggregate lying on our axis. Those of its 
points trhich fall in 1) we call the vicinity of 4-oo for the aggre- 
cT-dte J.. We denote it bv 

“ ' (2 
Simihir definitions hold for 

DcC— oc) and cc). (o 

2. "When (? increases, the intervals (<?, oc) or ((?. — cx:) are. 
in a way, diuiinishing. It is convenient, for uniformity, to say 
that T\ /' \ /' \ 

are arbitrarily small wlien Cr is taken arbitrarily large, positively 
or negatively, according to the sign of 3C. 

276. Corresponding to the two ideal points ± 3:. we shall intro- 
duce two ideal nuinhcre. which we also denote by i x. These 
numbers are respectively greater, positively or negatively, than 
any tiumber in 91. We say they are tn/tnVc. 

The system formed by joining i x to the system 91 we denote 
by K. 

We shall perform no arithmetical operations with these ideal 
numbers. 


277. 1. hlost of the theorems established in Chapters I, II 
for sequences may be extended easily to theorems on limits of 
functions. 

For convenience of reference we collect the following. The 
reader should remember that a theorem relating to limits for a 
point x = n may be changed at once into one relating to a left or a 
right hand limit at a. 

2. Let 

lim /yx) = cr. lira gQr) = /?. <i fin ite or inf. 


Then 


See 49, 50, 51, 98. 


iim(/±<7)=c±/9, 

lim_f9= a3. 
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3 In r*(a). 

a finite or infinite Jet 



Lit 

lim^i)=:Iiin A(x)=X 

r?i«R 

lim ^(a:)**x. 

See 107 


4 Ut 

he finite Jfi 

hm/(») a finite or tnf 


tnen 

X<liin/(T)</i 

See 106 1 


5 Let 

l»n/(x)=«. liin^(x>K±eo a finite or \nf 

Then 

See 137 

lim(/±^)=±«o )iui 

Ism/jr* tae 

6 Let 

ljm/(x)e»0 hro^(*)oO a finite or xj\; 

If gijt) hat on 

\e ngn in r*(a) 


lim j-±w 

See 137 


7 ZnF*(o) 

a finite or infinite let 



Xf 

lmiir(a:)= + «, 


lun/(*)= + w 


See 138 
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8. In F’*(«) iet f(x) he limited and monotone. Then 


/(« + 0 ), /(«- 0 ) 

exift and are finite. 

See 109. 


278. 1. If 


Second Definition of a Limit 

lini fCfi) = J?, a finite or inf. 


there exists for each e>0 a vicinity F*(a) such that 

h-/(*)l<e (1 

in r*(a). 

For let I) be the domain of definition of fix). Let A = be 
the points of D, if an}’’ such exist, for which 1) is not satisfied. 
Let us suppose at first that a is finite. Let 

Min — a| = /i. 

If /I > 0, let 0 < S < /X, then 1) holds in Fs*(a). 

If ^ = 0, let t t t ... 

S2’ >8’ 

be a sequence in A, whose limit is a. Then 

and this contradicts the hypothesis. 

Thus, when a is finite, there exists always a vicinity for 

wliich 1) holds. 

Suppose a = + oo. Let 

j\Iax ^ = fi. 

If p is finite, let G-> p. Then 1) holds in F'o(+oo). 

If/i= + <», let j. j. 

SI’ S2’ SS’ *'■ 

be a sequence in A whose limit is + oo. Then 

n=« 

and this contradicts the hypothesis. 

A similar reasoning applies when a = — co. 

2. We vdsh expressly to note that in passing to the limit x= a. 
the variable x never takes on the value x—a. 
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279 The converse of tie theorem 278 is obviously I'fue viz 
Jf for each « > 0 there extett a neintlif Fi*(a) S > 0* ^nite or 
tnfinite $uch that 


tn 7^*(o) tfen 


li »/(*) = n 


280 1 flora 278 and279we6eethatweeantakettefol\ow 
mg as defitiitiona of a lirait 

The h«it of /(/t) for vheti for each e> 0 exiHe a 

S > 0 tuch that ,, 

!/(*)-,!« (I 

in r/Ca) 

This couditioti we shall express as (ollotrs 


«>0 S>0 I/(r)-i7|<< ^«*(<*) 


(2 


Such & line of eymboU is to be read as above 

2 Thehmxt <f f(x)forx^^rt) %tii nhtn for each 
emtt a &>0 tueh that 1) loldt tn 
Thu condition we shall express thus 


«>0, a>0 /(*)-«7l<« J-eC+os) 

3 The Imti of /(*) for i = » « tj when for each < > 

enetg a t?<0 «ucA that 1) holde tn 
This condition we shall express thus 


e>0 CKO, |/(ar)-9l<e 


281 1 If 


lim/C*) = + 00 a finite or infinite 


there exittifor each (r>0 a vtetmty tueh that 


tn r’*Ca) 




(1 


For let ^ be the points of Jf, if any such exist, for which 
1) does not hold 
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1®. Let a he finite. Let 

Min — = 

If ;i>0, let 0<8</i. Then 1) holds in 
I{/i = 0, let 

&15 STs' ■" 

be a sequence in A -whose limit is a. Then 

lim/(f„) =# + CO ; 

and this contradicts the hypothesis. 

2°. ietff=+co. Let 

Max fi. 

If /i is finite, let G->pi‘, then 1) holds in 
If /X is infinite, let 

41 ’ 42 ’ "■ 

be a sequence in A whose limit is + oo. Then 

lini/(ln) =5t + CO 5 

and this contradicts the hypothesis. 

A similar reasoning holds when a = — oo. 

Tlie reader will observe that this demonstration is analogous to 
that of 278. 


2. The converse of 1) is obviousl}’ true, viz. : 

If for each > 0, there exists a vicinity 7^* (a), a finite or infinite, 

li m /(») = + oo. 


such that 
in V*(a), then 


282. 1. From 281 we see that the folio-wing definitions of limi ts 
may be taken ; 

lim/(3:) = +oo, if 


iTf>0, S>0, fix-)>M, rtia), 

which in full means : if for each itr> 0, large at pleasure, there 
exists o S>0, such that f(x')>31 in 
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2. = — CO, if 

2H<0, «>0, 

j e if for each Jlf<0 there exists a S>0, such in 

8 hm/(*> = +‘», if 

5 f> 0 , < 7 > 0 , /(*)>.v; re(+«)- 

4 . )iai/(x) = — 00 , if 

iW<o o>o. /(j)CiV; 

5. hin/(*)!» + oo, if 

if>0, <?<0. /(r)>J/, ToC-®)' 

ft 

.V<0. (7<0. 

7. The hmit, finite or infinite, of /C^z) for * » + » or — oo may 
be rejiregemed by 

/( + »). /(-oo). 

respectively 

283 By the aid of the ideal points, with their associate domains 
and vicinities, we may sum up all the preceding six cases in oiio 
general atateoient 

V = lini/(») a, r/ finite or tnfijnU, 

cA«i, hnng laien tmall at pltitwttrt, there emit a riciaity 

s«cA fAat/(x) Itei tn 2}(7i) tiien x rune over V‘(,z) 

See 275, 2 

The reader should observe that the two demonstrations of 278 
and 281 are perfectly paialle] It is easy, by emplojing the con- 
vention of 275, 2, to formulate the demonstration given in 278 so 
as to include the cases treated in 281, and so make the latter 
unnecessary 
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284. In order that lim/( 2 :) exists, a finite or infinite, it is neees- 

J=a 

sar^ and suffieient that for eaeh e>0 there exists a vicinity F*(a), 
such that V ■ ^1 

for any pair of points x^, x^ in V*(a). 

It is 7iccessary. For, if 

y = litn/(a;), 

ar«a 

then for each e> 0 there exists a F*(<7), such that 

for any x in V*(^a'). Let a-j. ar, 'j® t"’® points in F'*(a). Then 


Adding these two inequalities, we get 1). 

It is sufficient. For, let rtj, a„, ••• be a sequence of points in 
r*(a), having a as limit. Then the sequence 


/(ui), /(flo)’ — 

is regular by 1). It therefore has a limit y. 

Then 

6>0, 7n', |i 7 -/(<T„)|<|- 71 >m'. (2 


Let jS = Sj. bn, ••• be any sequence of points in V*(a') whose 
limit is a. Then, by 1), 

!/(0-/(^n)l<|- 71 > 777 ". (3 

Adding 2), 3), we have 


It; — /(J„)|<e. n>m, (4 

But since B was an arbitrary sequence, the relation 4) states 
that 

77 = lim f(x). 
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Graphical Represenlaiton of Limits 

285 The graphical representalKm of limits of pequences ex* 
pUmed in 43, 44, and 124 may be readily extendei^ limits of 
functions 

Let the graph o£/(jr) be referted to rectangular c(’or<l*nateB 

Let 2) be the domain of/f*), and let 

Then the condition 

*>o «>o, |/(*)-fi^€ r,«(o> 

has the following geometric interpretation 

About the line y s* I construct a band 
(shided in the figure) of width 2e « being 
small at pleasure Then there exists corre 
sponding to this t an interval of extent 28 
(marked heavy in the figure) such lhat/(jr) 

\vN» iti'One tV<n'h vidn a.^o tA ^■A’nvig m ‘ifite 
In general, as « is made smaller and smaller, 8 smaller 

and BTualler Uut for «acA « band, however amalb there corre 
spomls a S intcrtal of length >0 



)im/(r)* +00 

Draw the line nhere M>0 is large 

at pleasure Then there cxi8ts,corresponding 
to this 31 1 8 interval marked hei\} m the 
figure, such that /(*) falls in the iVband 
(shaded in the figure) for each of D, 

falling in the S interval 

As 31 IS taken greater and greater, the correspond’”? ^ interval 
becomes in general, smaller and smaller But foi -AT, ho^* 
ever large, there corresponds a S interval of length > 0 


287 Let 


hmf(x) = I 
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Draw the line y — h and construct an e-hand, as in figure. Foi 


each e there exists a (r>0, such that 
f(x) falls in the e-band for each x of 
D, fulling in the interval ((?, -4- «). 

These examples will suffice to illus- 
trate the graphical interpretations of 
limits, when fix) is plotted in rectangu- 
lar coordinates. 



288. 1. When the graph of y=f^x) is given by means of 
two axes, as explained in 191, the geometric interpretation of 
limits of /(a:) nill be made clear by the 

'' S a 5 


following : 


lim f(x) = 1. 


(1 o 
y — H- 


About y = l we mark off the c-interval j about x = a we mark 
off the S-interval. 

Then 1) requires that /(a;) falls in the e-interval for each value 
of a; ^ a in D, falling in the 8-interval. 


2. Let 


lim /(a:) = -t-oo. 


On the y-axis we mark off at pleasure the point iir>0. Then 
for each ilT there exists a S-interval, such that /(*) falls in the 
interval (M., -t- oo), for each x^ a ol D falling in the 8-interval. 


289. let 


lim /(x) ==l. I finite or infinite. 


x = a + bu, b^O, (1 

then 

lim/(x) = L (2 

For, while a- ranges over the domain J) on the x-axis, u ranges 
over a domain A on the n-axis. 

The two axes x and n stand in 1 to 1 correspondence by virtue 
of 1). To the point x = a on the x-axis corresponds the point 
« = 0 on the 7/-axis. 
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Then if x and w are corresponding points, / has the same value 
at » as ^ has at u To fix the ideis let I he finite From 


follows 
’where Bj i 6 

But from 3), 4) follows 2) 
290 1 Xet 


>0, J>0, in r,»(a), 

ID I'i/CO), 


JM 

Thtn 


lin)/(f)s»f f /nite or in/nilr. 




ani conviTttly ^ 0 

This follows at once, as in 289. * ' — 

by obserimg th^t to points in ibe o ^/o 
shaded internal on the z axis corre* 
spend points m the shaded interval os the u axis 

lira /(*)=! f /nite or in/nite. 




Then 

and conveftely 


291 I As a result of 2S9 and 290. w 
transformations, 

Uasox-t-/?, and i* = 

transform 

lua into Um 


mnj, by the aid of the 


£Iim into Alim X>lini, 
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Similarlj-, 

lim into iJlim or ilim. 


2. In particular, anj' limit x=a or ±ao may be transformed 
into one with respect to a; = 0. 


292. Let 'll — and 

lim u = b. 

a, b finite or infinite. (1 

Let y — f(^ii'), and 



lim y = y. 

u=4 

y finite or infinite. (2 

Then if in F*(«), 



lim y = r\. (3 

f =a 


To fix the ideas, suppose a, 6, r) are finite. 8 g 5 

Then since 2) holds, * 

h o- 

€>0, <r>0, |y-?/l<e, F/(J). “ ' 

But, by 1), y- 

0->0, S>0, 0<|« — Jl<cr, F/(«). 

Hence while x ranges over F*(a), y lies in Thus 

e>0, 5>0, (y — i;|<e, F{*(n). 

But then 3) holds. 

The case that an}"- or all the symbols a, b, y are infinite is per- 
fectly analogous. 


293. Let ti = and 
Let t/ = /(i()> 

Lf /(J) = Tj, then 


lim M= b. 
lim y — y. 

v = fr 


lim y — y- 


a finite or infinite. 


This follows as in 292. 
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294 1 iet ie 

vieiTHfy V of a If 


a funetion. tn <* unxlaUral 

VUm y * 4, [274, 2] 




U\anz = a 


To fix the ideas, suppose y w increasing 
m the left hand vicinity of a 
Let c > 0 be arbitrarily smal), and 



a-e<y<a 


Let y correspond to ^ Let 4>0 be such that 

4-4>y 

Then, while y remains m * lemains in 

2 Let 4« untaanane »n tnftnre 

hmuiny petnf of V* If 

liiaysA, 


then 


limzac 


XAC®) 

a ti a Mattral 


The demonstration is analogous to that of 1 


Examples of Ltmils of Functions 
295 1 liinnD7»0 

For, however small « > 0 is taken, there exists an arc 5 > 0 such 
that 

(ain*{<e 

2 lito coses 1 

For, however small c > 0 is taken, there exists an arc 4 > 0 such 
that 

l^cos»<e |xi<5 
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296. 1. 

lini sin x = sin a. 

(1 

For, let 

Then 

sin 2 : = 

Since 

x = a + u. 

sin (a + 7i) = sin a cos u + cos a sin «. 

lim sin x — lim sin (n + m). 

(2 

and 

lim sin u = 0, lim cos u = 1, 

tl=s0 «S=0 


equation 2) gives, 

1 on passing to the limit, 1), by 289. 


2. Similarly, 

lim cos X = cos a. 

x*sa 


297. 1. 

L lim tan 2 : = + 00 . 

(1 

For, in tana:>0. 


As 

^ sin a; 

tan X = 1 

cos a: 


and 

lim sin a; = 1, lim cos a; = 0, 

x=^/2 *=”^/2 


we have 1), by 277, 6. 


2. Similarly, 

R lim tan a; = — 00 . 


298. 1. 

lim = 1. 

x=0 


This follows at once from 172. 


2. 

For, let 

limc^ = e“. 


Then, by 289, 

x=a + u. 

lim e^= lim e"^ = e° lim €* 

zsn unO mmO 



= by 1. 
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3 

hm e' = + * 

Tins follows at once from 169 

4 

limK-O 

For, let 

a-' — 


» 

Then 

hme'- ftlim 1 b\ 2^0 2 


* " *“* «• 


= 0 h)27T.S 

5 Obriousl/ 

as in 1 2 


litrt «' = a' 

6 



e'4.1 

^lim/(*) = + l ilim <(*)■ — ! 

299 1 Xet 

[irD/(*)»»| ij>0 

Then 

... 


hm (/(a-))* » fli* 

This follows J recti) from ITl 

2 In V*(a) 

frf f(z) > 0 Lit 


Inn f{t) => 0 

Thin 



lim (/{*))’.= 0 ^>0 


= 1 M = 0 


=+« >k0 

300 1 

limlogf=.loga a>0 

This follows at once from 178 
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liin locf T= 


This follows at once from 179. 


For, set 


It lim log a: = — 00 . 
» = 0 


It lim log X — lim log - = — lim log u = — co. 

Z = 0 Ussoo 'll USS93 


4. Let 


lim/(j:) = > 0. 


lim log/(a-) = log t; = log li 111 /( 2 :). 


I'his follows at once from 178, 


301. 1. 


lun5HL^=l. 


From geometr}', we have 

Area f?A.(7<Area OJBO<AvQa. OBD. 

Hence, for 0 <x<v/2, 

J sin a: cos a: <4 a: <-J tana;; z' 

X 1 I 

r cos X < — < 

sin X cos X I 

As ^ V 

It- lim cos a: =i? lim = 1, 


we have, by 277, 3, 
Set in 1), 


It lim — — = 1. 
*=o sui X 



i? lim _£_ = i lim 

•-osina: K-osinit 


Then 


(2 
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From 1) 2) we have 
Vrbence, by 2n 2 

lun®liL£ = l 
a: 

2 i roni 1 we have readily 

lim— h-^Q 

tor, 

flin ax a sift ax 
bx b ax 

A 8>n u 
K 

aettia; 

xtaax 



(1 

(2 

Cl 

(2 
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304. 

1. 

1 — cosa: 1 

hm s = 5 - 

aaO ar ^ 

0 

For, 


1 — cos X 2 sin® lx l^sin 1 xV 
x® x® 2V jx y 


2. 


V tan X — sin X 1 
hm -3 = -• 

»=« X® 2 


For, 


tan X — sin x _ tan x 1 — cos x_ 

X® XX® 


305. 

1. 

lim e"‘ cosx= 0 . 

g=-+qe 

0 - 

Here 


lim = 0, by 298, 4, 



while 

lira cos X 


does not exist. We cannot, therefore, apply the theorem 277, 2, 
that the limit of the product is the product of the limits. 

We therefore proceed thus : 


— < e"* cos X < 


Apply now 277, 3. This gives 1). 


2. We may see tlie truth of 1) geometrically. 
Let 


S'i = fi“'i ^J2~C0SX, 
and y = e"* cos z = y^y^ 

Let us draw the graphs (7, O' of ± yy 

To get y, we multipl)’^ t/j by the 
factor y^, which takes on all values 
between — 1 and -{- 1. Thus y oscil- 
lates between the curves 0, C. 

As (7, C approach nearer and nearer 
of the oscillations converges to 0. 


the a;-axis, the amplitude 




190 LIMITS. OF FLNCTIO\‘' 

The Limit e and Related Limits 
306 1 We saw in llO that 

Let us consider now the more general limit 

I tell * ivill lie betTvecn two integers » « + l, or 




Thus 3), 4) gne m 2), 




(2 

(3 

0 

(5 


Hence 5) gii.es 


i™(i+iy=( 
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307. 

lim f 1 + -1 = c. 

«=:— ao \ xj 

For, let 

a: = — w. 

Then 



=(i+;)0+^)’ 

where 

1/ — 1 = w. 

But, when x 

= — 00 , K = -f 30, and hence 

As 

lim fl 4- = 1, 1110 (^ 1 +- 

t*=+* \ Vj r=t-«o \ V, 

we get 1), on passing to the Hunt in 2). 

308. From 

lim(l+i') =c, 

r5a+« \ 3*/ 

we get, setting 

1 

x = -, 
u 

From 

•we get, setting 

Ji lim (1 + ?t)” = e. 

v=0 

=c. 

1 

x = -, 
u 


1 

L lim (1 4 «)“ = e. 

11=0 

From 1), 2) 

we have 


1 

lim (1 +x)-^= e. 


(1 


(2 


(1 


(2 

(3 
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309 

For, 


lim(l+3rw)!_ex_ 


where 

But 

Hence, by 299, 


= }a + »’)*I', 


!in»(l + e)*=3«. 
limyse*. 


31b 

For, 


^!«gci±£)_j 

Lm ^SSLtil ■ lOT log (1 + 1 ): 

“ log •«" (I + »)', by soo, 4) 
by 808, 8) 


(3 


= «> 0 . 
Set 

Then “==«'— 1. 

limusO, 

by 298, 5. Then, by 292, 

hm !sg«: 

“* « M 1 

But = by 310. 

This m 2) gives 1) *‘«***=*3«e«. 


(2 
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312. 


lim 

ar=0 


(l + a;y-l 

X 


= fi. 


From 310 we have 


u«0 21 


Let 

Then, by 299, 


M = (l 1. 

lim u — 0. 

r=K) 


0 

(2 


Hence, by 292, we get from 2) 


lim 

*=0 


log(l 

(1 + a;)** — 1 


or 

since 

But, by 310, 


lim 






log(l+a:) 
log (1 + a;)»‘ = M log(] + a:). 


(3 


Now 


lim 

log(l +x) 

(l+a^y-l _ (l+3^y-l , a; 

log (1 4- a;) “ X log(l+a:) 


C4 


Passing to the limit and using 4), we get 1) for the case that 
/i st 0. The case that ,ti = 0 is self-evident. 


FUNCTIONS OF SEVERAL VARIABLES 

Dcfi7iitions and Elementanj Theorems 

313. For the sake of clearness, we have treated first the limits 
of functions of a single variable. We consider now the limits of 
functions in m variables. The extension of the definitions and 
results of the preceding sections is, for the most part, so obvious 
that we shall not need to enter into much detail. Should the 
reader have trouble with the case of general m, let him first sup- 
pose 771 = 2 or 3, when he can use his geometric intuition as a 
guide. 
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314 In tlie case of a single gamble, have seen how usefal 
the ideal points ± « proved In the treatment of limits of func 
tions of several v iriables we sh-Ul find it extremely advantageous 
to adjoin an infiniti of ideal points to as follows 

Let A = flj, ffy oj, be an infinite sequence of points in SR* 


Let 


•«/*’) 


Let 


lnnal = «j» = 


««• /iftiU or infinite 

We say the limit of the sequence A ts 
and write 

<t B hm 4* 


(1 


If any of the coordinates of n are infinite, we say a js an 
infinite point This fact may be briefly denoted by 


the Bjiubol so being without sign 
There is no point in SR* corresponding to an infinite a Wa 
therefore introduce an infinite system of ideal points, one for each 
complex. ^ ^ 

in which one at least of the symboU, is ± ao Such ideal points 
we represent also by 1), and u 

call the VI symbols, 2), their , o 

coordinates If we cinploj — * - — - — 

the graphical representation 

of 231, we suppose, according to 275, that each axis is terminated 
by the ideal points +oc and — ao 

ITius, any complex of in points, one on each axis, such that at 
least one of these in points is an ideal point, is the representation 
of an ideal point in Sff* 

The sys^m of points, fomed of 31* and the ideal points, we 
denote by SR* 

These ideal points are also called points at tnjinily 
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315. 1. The domain of an ideal point « = is the aggre- 
gate of poinis a: whose coordinates lie respectively in 

the domains ^ x n e \ 


It nia}' be represented by 


Example. Let ni=4, and a = (— co, 
1, 2, + 00 ). The domains in which the 
coiSrdinates ii, i., * 3 , 14 range, .are 
marked heavy in tlie figure. 

Here p\ is an arbitrarily large nega- 
tive number ; pj and ps are arbitrarily 
small positive numbers; pt is an .arbi- 
trarily large positive number. 



0 , 

! 

.0 , . 




^ p« 


"71 


0 


0< 


p 

0 ^ 

Pz 

— I.-,.., 


4 


2. The points of tin aggregate ^4, which lie in T>p,...p„(d’)i fl being 
a point at infinitj-, form the vicinit}- of a, for that aggregate. We 
represent it by 


316. 1. Let be defined over a domain D. Let 

A — dj, dg' "• be a sequence of points in D, and let 

lim d„ = «. a finite or infinite. 

If . "... 

lini/(d„) = -jj, T] finite or infinite. 

T Po eo 


is always the same however A be chosen, a remaining fixed and 
dp ^ d, we sa}' 7} is the limit of y for a; = « ; and write 


7j = lim/(a;i...a;„), 

or, more briefly, 

5 ? = lim/(d-i — a:„), or 77 = lim/ ( 2 :); 

xsca x=set 

or, 

2. Just ns in the case of a single variable, we can show that this 
definition is equivalent to the following : 

77 = lim/(a-j—.r„), 77 finite or inf. 

when, taking D(v) arbitrarily small, there exists a vicinity V*(^k), 
such that y remains in when z is in F*(a). See 278-283. 
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317 1 The theorems of 277 and 284 hold for fnnclions of 
several variables as well as for a single ainable 

2 The generalized theorem of 292 may be stated thus 


Ut 

Lit 


*») *•)» 
Um U| » lim 

y=/(«i «-). 


ie< « in Then 

lnoy=9 


Sere a, h ij may 4e/ni« or iiyfn«/e 

The demo&stratioa is perfectly analogous to that m 292 


A Methid for DiUrtntmtt^ the Non Existence of a LvmU 
318 To detensine whether 

^o>Iiai/(a-, a-»), a, rj fintte ont^ 

even exists u often a difficult matter The following simple con 
Bideration analogous to 2*8 2 3 will sometimes show verj easily 
that ij does not exist Let Ifbe some partial vicinity of a cxclud 
mg a We may denote the limit, when it exists, of 3f(*j z^)for 
* =» a when * is restricted to TTby 

Iim/C*, O 

Then f must exist, finite or mfinite, and however 77 is taken, 
we must have 

Thus, in case f does not exist, or is different for different 77 a- 
we know that ij does not exist 
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319. Ex. 1. 

\Ve ask, does 




y?/ 

x- + y" 


liin/ 

I.KsU 


exist? A.S partial Ticinity of the origin, take points on a line 
ij y-ax. agtO. 


Tljen 


lira f(x, jr)= lira — — — - 
h »=o i-(l + a-) 


1 + 0^’ 


wliich varies with a ; i.e. with Z. 

Hence the limit in question does not exist. 


320. Ex. 2. 
Does 


/(*.V) = 


xy- 

X- + jA 


lim/ 

X. yrxrb 


exist f 

If we take ns partial vicinity of the origin points on the line 


i: 

we get 


y = ax, 

lim /(x, y) = lim x • = 0. 

i 1=0 I + n^x- 


a 


(2 


Thus, however Z is chosen, the limit 2) is always the same. We cannot, how- 
ever, infer that tlie limit 1) exists, since our method only shows the non-existence 
of the limit. 

Instead of the family of right lines Z, let us take a family of parabolas 


Then 


y- = ax. 
ax- 


lim/(x, y)=lim 

P i=0X-(l+O-) 

which varies with the particular parabola chosen. 
Hence the limit 1) does not exist. 


a 

l + a^’ 


,321. Ex. 3. 

Does 

exist? 

Let I, y lie on the line 

L; 

Then 

Hence 

which varies with X. 


/(x, y) = log 2 — -■ X, y < a. 

a — y 

Hm / 

x.ysa 

a-x = X(<l-y). X>0. 

/(X, j/)=logX. 
lim/(x, y) = log X, 
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Iterated Limits 

322 1 Let f(x^ j-«) be defined over some domain J), and 

let «=(«j O 

Then bni/(2-j «•«')»=/>, 

will be in general a function of all tlie ^arl'lbIes except Also 
lim/, = lim lim/fi-, x„') 

• .** . * *"*H 

Will be in genero! a function of all the variables except x^, 
Continuing, we ariive at 

inn Imi lijn/(zj xj), (1 

which 13 in geuenl a function of all the m vambles except 

Limits of the tjpe 1) are called iterated limit* 

In 1) we pass to (he limit first nidi re»(>ect to x^, then nitb 
respect to x^ then null respect to x^. etc 

A change in the order of passing may produce a change in the 
final result 

S Iterated limits occur constantly in the calculus, for example, 
in partial differentiation, differentiation under the integral sign, 
double integrals, improper iniegnU, aud double series Ihe 
treatment of these subjects by the older writers on the calculus 
IS fault), as we shall see, because they change the order of passing 
to the limit, without a careful consideration of the correctness 
of such a step 

323 Ei.1 )lmliDi£^=hnif^^ = _j. 

,^^g + y r-V r / 
limlini SrJ-litnfSW + l. 

*-«»=•*+» -sW 

Tbe lua Usuis sn tUos diStirat. 

Ex. 2 

Iln.hn,l^= + l 

TUe two lioutf srs tbu liiSemt. 
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324. The following is a case where a change in the order of 
passing to the limit does not change the result. 


Let 


lim fix, y') = -n, 

Tt=a, y=& 


Then 


7] finite or inf. 
liin/(a', y') = six'), for 0 < (a; — a j < cr. 

y=rh 

lim fix. y') — hiy), for 0 <\y — b\<<T. 
lim ffix") — lim 7)(y) = y. 

T=:Q y=5 


Hence 

Similarly, 


Let y he finite. From 1) wc have 

y ~ e < fix, y') <y + e, in Fs*(a» 5)- 
In this relation, pass to the limit x = a; then 

y — ^ Affix') <y + e, /or 0<la; — a|<S. 
lim^?(a;) = ij. 

lim hiy') = y. 

From 5), 6) we have 4). 

Let y = + oo. Then from 1) 

f(.x, y') > 6r, in Vs*ia, b'). 

Passing to the limit, for x~a, we have 

ffix')%Gr, /or 0<ja: — al<S. 
lim gix') = -{- CO — y. 
lim /{(*)= 4- 00 = 17. 

These two equations give 4). 


Hence 

Similarly, 


(1 

(2 

(3 

(4 


(5 

(6 


Uniform Convergence 

325. 1. A notion of utmost importance in modern mathematics 
is that of uniform convergence. Let /(a:^ ••• ••• tf) be a 

function of two sets of variables, ••• x„ and ••• t„. 
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UMlTi» or tl-NCTIONS 


I-et / be defined when ar^Oci *»') over a domain L 

and «= (f, t,') runs oyer A 

tor eath xia D let 

hm/<T, ar„ 


Then for cicli < > 0 and each x ttt I> there exists a J’ > 0, sncli 
\f-3 <• 0 

for an> < m r|*(T) 

Liideiitl^ if 1) holds for i, >t bolds for any i', such that 
0<S <S Of all the values S for uhich 1) holds at r, let S be 
lie miximum Then for a given c S is a well-defined function 

of* Id A let ..ft 

Mm 0*5 


Then **50 If however sm ill e is taken the corresponding ** 
M >0 we bij f conttTQt* iiMiformly t> g in i), or JS vntfffmljl 
eonxtrgtnt 

Hence if />s unirorml> convergent tn A there exists for each 
(>0 H *>0 such that 


f(j-, *, /, *,)!<' 

for any t in f /(r) Moreover one and the same norm £ suffices 
for all the points of 21 « being the same 
The central idea of this case of uniform conrergence maybe 
clearlj if gomewhat roughl) brought out by aaying that if the 
convergence is uniform the norma 8 for which 1) hold, e being 
small at pleasure hut (ben fixed, do not smL below some definite 
positive number when x ranges over I) 

2 The«e considerations may bo extended to the case that t n 
tnJimU ne therefore define as follows 
The function /(*, r, converges uniformly to 

g(X\ m 2) av r = r T infinite when for each€>0, there 

exists a set of norms pi p, such that for any t in A 

In this case of uniform conveigence we may say the norms p 
corresponding to infinite coordinates of r cannot become infinitely 
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great, and the norms corresponding to finite coordinates of r can- 
not become indefinitely small as x ranges over D, for any given 
value of £. 

3. 'When /(ar^ ••• x„‘, fj ••• f„) converges uniformly in D to 
g(x^ x„'), we denote this fact by 

lim/(a;i a;„; — a;„), uniformly. 

4. If /= 0 uniformly in D., we may say it is tmifomily evanescent 
in D. 


326. Ex. 1. 


f(.r, 0 = 


_J 

X + t 


Z)=(0* 1). A=(-ft, A). 7i>0. 


Evidently for any x in I) ^ 

lim/(x, () = - = !?(*). 

t-O X 

But f(x, t) does not converge uniformly to y(x) in V. For if it did, for each 
e>0 there must exist a S > 0, such that 

fj = |/(x.t)-g(x)l = -^<e (1 

lor any t in and any x in D. 

Now obviously, t being fixed, H can be made as large ns we choose by taking x 
near enough 0. Hence li does not satisfy 1) as x ranges over V. 

In fact, as is seen at once, in order to have J? < «, it is necessary to take S 
smalier and smaller as x approaches 0. In this case then 


327. Ex. 2. 


Min 5 = 0, in Z>. 


f(x, t) = 


_1 

I + t 


D=(a, 6), 0<a<6. A=(— h, fi)> h>0. 

This example is the same as Ex. I, except D is different. 

As before .. 

lim/(i, = 

But now/(i, t) converges uniformly to p(i) in i>. 

In fact, in Fj^fO) 

wherever x is in D. But we can take 5, such that 

— i_<e. 

Then 

Ji<€ 

for any t in I'^*(0) and any x in D ; i.e. / converges uniformly in D, 
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D=:(-B O) 4=<«,+«) 

<)=Ll + t> 1=^0 
= 0 * = 0 

9 (z)q 4 {or z = 9 

» 1 + **, for z 9!: 0, 

UQw«T«r, f da«a not converse unUormlj' to ; in i> For, when 2 0, 

Thu ebQwe that u 2 tppronebee 0 it 1* necetsar}' to take 1 larger and larger m 
orler that ff<< 

There se ihtu ua itcrio a e<icb that 

Ii<t 

tot each I > p and an; z 10 ^ 

Id thia caae (heo 

Mata**- 

Remarli on Dmchlet's Definihon of a J^nciion 

329 The deftnition of a fonetton gjvea \ft 169 and 220 does not 
depend at all upon an nmlj'tic etpreasion for the function 

At first, the reider who has been used oiilj to functions defined 
by analytic expiessions. may be inclined to regard functions not 
thus defined as only pieu 4 o funetton*, or at least of little impor- 

tAtiCA 

This attitude of mind must be oveicome In the first place, in 
certain parts of mathematical phtsics, « ^ the potential theory, it 
15 of great importance to be able to assign values to a function at 
pleasure, totally disregarding the question of an analytic expression 
for it 

Secondly, as the reader advances, he will find that many' func- 
tions which he might well believe have no analytic expression, do 
indeed have very simple ones 

We give now a few examples of such functions 


328 Fx.3 

Hera 

Hence If we set 
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330. 1. For a;>0 let y=l. 

For x = Q let y = 0. 

For X < 0 let y — ~l. 

The graph of this function is given -S’ 
in the figure. 

An analj'tic expression of y is 
2 

y = — liin arctg 

77 n=^ 


y 


-vco 


This function is much used in the Theory of Numbers. We 
shall call it signinn x and denote it b}' 


y = sgnx. 

When n 0 an equation 

sgn u — sgn V 

simply means tliat the sign of ic is the same as that of v; while 
sgn « = + 1 

is only another way of saying that « is positive etc. 


331. For r^O let y — 1. 
For x = 0 let y — 0. 


Its graph is indicated in the 
figure. 

An analytic expression of y is 


y = lim- 

M=« 1 


vx 

4- 


2^1 


o 


z 


00 


332. Forx = 0, ±1, ±2, ••• let ?/ = 0. 

For j! < X < ?! + 1, y = (— 1)”. 7! positive integer or 0. 

For — (li + l)<x< — ?i, y = — (— 1)". 

The graph of y is indi- 
cated in the figure. ^ 

-Vn analytic expression of 

yis 5 

y = limQJl511^>lzil. 

n=« (1 q- sin ttt)" q- 1 
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333 Let /(*), gix) be two different functions, defined orei 
S[ = (0, 4- od) Tbe inetpeneneed reader might well believe tht 
we cannot form an analytic espresswn which represents /(*) m 
one p-irt of SI and g(x') for another part Such an expression a, 
however, the following 

^ f + 1 

fQrar>l, £r = ^(*)» 

for 0<*<1, 
for » = 1, y = i)/0) 

j(*)s,co»2*t 

J! »*• (OT*> t 
B<nttTX for0^z<l 

334 1 For rational x, let y—a, for irrational ar, let 
where a 6 are constants This function was introduced hj 
I>irieAht 

In an} little interval, y jumps lodmtely often from a to 2 and 
back ft seems highly improliable that such a function should 
admit a simple analytic expression , yet it does 
IVe bate already seen that admits a simple analytic 
expression 
Consider now 

y s a + (h -- a) lira sgn (8«i*n ' vra) (1 

For any rational x, n'x finiUy becomes and remains an integer 
Hence sin n' irr «= 0 for sufficiently large n 
Hence y =: a for any rational x 

For an irrational x, n'x never becomes an integer Hence 
sm^n'Trr lies between 0 and 1, excluding end values 
Therefore 

egn(8m*nlw*)= 1 , 
and for any irrational x, y s b 


SiampU 
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Tlius 1) is an analytic expression of DiricUet’s function. 

The reader should note that it is utterly impossible to intuition 
ally realize the grajjli of this function. 

2. Similarly, u'e see that 

y =/(a;) + igix) -/(»)) Hm sgn (sin^ n ! -wx) 

n=s® 

equals /(^) when x is rational, 

and equals 5'(^) when x is irrational. 


335. A remarkable function is the following. We shall call it 
Cauchy' s function, and denote it by OQc^, viz.: 

_ 2 _ 

(7(2;) = e for x=f=0, 

= 0, for x=0. 

As a limit, we can write it 
1 

C{x') = lim c 

or — L_ 

(7(2;)= lime 

n~«e 

Its graph is given in 
the figure. Its peculiarity 
is its remarkable flatness 
near the origin. 



Upper and Loioer Limits 

336. 1. Let/(a-j ••• xf)—f(x') be defined over D. 

Let n be a limiting point of i? ; a and 1) may be finite or infinite. 
Let A = Oj. Uj, "• be a sequence of points in I) whose limit is 
such, however, that 

i = lim/(fl„) 

exists, finite or infinite. There are an infinity of such sequences. 
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For all such sequences, let 

X = Mini, >*=aMai£ 

These are called respecta^ely tlie fewer and vpptr ol 
fC^i ^<i) at ^ 

X = lim I.) = hm/ « hra/ . 

|4»lim sup/(*j r*) = lini/=:ljnj/ 

Tbe letter and upper limits X, /t may be infinite 
2 llTien deiling ic b functions of a single lanahle, we as 
have nffit and If/t hand upp*r and loteer hmtt by considering 
only Taluea of *>«, or <<i, respecttvel; 

Then 

R Um sup/C*) s» lit^80p/(*) q l un /(g) 

s» R Iim/»=/(a + 0) 

all denote the right band upper limit of /(x) at & A s'm’lar 
notation is employed for the left band lunits. 


CrayiE-f L 

iimira+ 1 . 

l«e-'=+l 


Wa + CIO — + S + sin — l- 
?— 1 / *-■'-1 

«S33 ” 

• Tlie rei4et wHI do well to lenghly sbtcli Uia graph of these functions. 
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We find: 

y = a + sin 

/orx>\. 


X “ 1 



y=b + sin— i-, 

/or 0<a;<l. 


X — 1 

Hence 

jR Inn V = a + 1 ; 

L lim v = S + 1 ; 


Z=:I 

i=i 


i? lim y = a - 1 ; 

*=i 

L lim y = & — 1. 
1=1 


338. 1. Let X, fi be the loiver and upper limits of 
r = a. Thc7i there exists for each e > 0 a S> 0, such that 

\ — e<f{xj^---x„,}<p + e, in F/(a), 

a, finite or infinite. 

For, in the contrary case there exist sequences A = a^, a^, ••• 

such that ^ 

lim/(rt„)<X, 

or lim /(<!„)> /“• 

2. Obviously u'e have the following : 

Let X, fjt be the lower and upper limits of f(x.^ There 

exist two sequences A — a^. Uj, •••, .8 = Jj, b^, ••• tvhose limits are a, 

such that ^ 

lim/(a„) = X, lim/(6„) = M- 

n=»» 

3. Since the maximum and minimum of a variable exist, finite 
or infinite, we have ; 

The 7ip)per and lojver limits of a function always exist finite or 

infinite. If 

lim/= lim/ = Z, 


lim f = 1. 


then 
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coiTTiHinTY Airo DiscoirrmiTiTT or rtnrcrwKS 

Ikjinvtiani anrf Elemttilary Thtarexas 

339 1 L«t /(sr, be defined nyer a domain D Let 

a.) be a proper point of i> If 

l^/(a-, 0 

the fnnetion/ 18 continuous at a In «oMs ^f the limit ef fata 
u tAe tame at the tofue of / at a, tt u eenttnuoia at a 
The Kader should obserre that <t is oot onlj a limiting point of 
J> but that It lies in i> 

S The condition 1) ma> be expressed in the * S nnution gtr 
iDg the following definUion of eanfinutly /(*j w*) i» nnliniMU* 

at a tf /er each t>0 there ejTitt a S>0 each that 

3 A function which is continuous at all the proper limiting 
points of D IS said to be eontmueu* la D LVe suppose that D 
has at least ime proper hmitutg point. 

4 Consider the function 

ft* !/•»=— SL_ ot point* diferent from 
a* + y*' fAe onyin 

= 0, attheonmn 

We saw, 319, that 


does sot exist Thus / is not contmuous at the ongin 
208 
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At the same time / considered as a function of x alone, or con- 
sidered as a function of y alone, is continuous. 

This example illustrates, therefore, the fact that because 
is a continuous function of each variable separately, 
we cannot, therefore, assert that f considered as a function of 
arj is continuous. 

340. The following theorems will be found useful in determin- 
ing whether /(a:j is continuous at a or not. 

From 277, 1 and 317, 1 we have at once : 

Letf(x^‘'-x^, g(x^"-x^') be continuous at a. Then 
f±9^ f'9^ 

f 

9 

are continuous at a. 

341. From 292 and 317, 2 we have at once : 

= a:„) — u„ = ^,„(xi’-^x„') 

be continuous at x=a— (Uj At x~a, let 

= ... u„ = b„. 

Let 

y=f(ui—u„) 

be continuous at u=:b — (6j Then y considered as a function 

of the x's is continuous at x = a. 

In a less explicit form, we may stote this theorem ; 

A continuous f motion of a continuous function is a continuous 
function. 

342. Jw order that f(T^"‘xf) be continuous at a, it is necessary 
and sufficient that for each e>0 exists an undeleted vicinity V(af 
such that for any two points x', x" in it, 

|/(x')-/(a/')i<e. 

This follows at once from 284 and 317, 1. 



^lO C0NTJM.IT1 AND WsCllMIALITl OF FUNCTIONS 


Contimatif of the Elementary FtincUoiis 
343 The wtegral rotioROty^nrfiima are «vrr^te?Leje con(iniwu« 
ys'Z* n potitue integer. 

Then, by 299, y i& cftnttnuous at every point * in JR Hence, bj 

OjT* +«!*“*+ +«,!*+<*. 

IS everywhere continuous Thus the theorem is proved for one 
i enable 

Let y = *■,*», 

where the «*s are positive integers or 0 
tach term of tf, i is 

Ar,*i (1 

19 continuous at an arbitrary point x For, 


Then the term t becomes the product 


«|tt, u.. 

which, considereil as a function of the u’e, u continaous, by 340 
On the other nand, each «, is a coRituuoua function of the z\ 
Hence, by 341. t. eonsnlercil as a function of the a’s, u continuous 
at every point x in 9»* Hence y, being a aum of the tenas t, is 
ccntinuous. by 340 


344 The rational funetione are coitfiRuour everytehere in their 
domain of dejfnifion D 

We saw, in 22S, tbat the dotsain D of 


F 

G 


embraces all points of 9i„ except the aeros of the denominator, 
which are the poles of y 

By 343, F and O are everywhere continnous ; hence, by 340, y 
IS everywhere continuous, except at the poles of y 



DISCONTINUITY 


2n 


345. 1. Tli& circular functions are continuous at every point of 
their domain of definition. 

From 202, we saw that sin a;, cos a:, are defined for all points 
of 9i ; while 


tana: = 


sec a:: 


sin X 
cos a:’ 

1 

cos x' 


cot a;: 


cosec X = ■ 


cos a; 
sin a:’ 

1 


sin X 


ill e defined for all points of 9t, except for the zeros of the denomi- 
nators in tlie above equations. 

From 296, sin a: and cos a: are ever 3 '^where continuous. The rest 
of the theorem follows now from 340. 

2. The one-valued functions 

are sin a-, arc cos a:, arctga;, arcctga: 

arc continuous at every point of their domains of definition. 

Tliis follows at once from 294. 


346. 1. The exponential functions are everywhere continuous. 

This follows at once from 298, 5. 

2. The logarithmic functions are everyxuhere continuous in their 

domain of definition. 

Let , 

«/ = log*a;. 

Then , 

log, a; 

^~log,^>’ 

Hence y is continuous at a point x, if log,x is. But this is con- 
tinuous for eveiy x>0, b^- 300. 

The demonstration also niaj' be given by 294. 


Disconihmity 

lim/(xj x„) 

*=q 

does not exist; or if it exists, and is different from /(a), should 
f he defined at a, we sa}' f is discontinuous at a, and a is a point 
of discontimiity of f. 
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Discontinuities are of two lands 

Ftmte dnconUTmtUet when/ w limited in V*(_a^ 

Tnjimte dt)eonlininUe$, when^ i» unliiDJted in e'/exy V^Ca) 

348 We consider now in detail some of the wajs in nhich a 
function of a single vanable fix) rosy be discontinuous at a 
point a 

Ftniie Dacontimntxea 


\ /(o-hO)*/(«-0)^/(o) 

Such a discontinuity is called a removahU duecnifiniti^y 
Such a llijittion i» 

c«asU«w4 la 331 * * "* 


2 /(a + 0),/(a - 0) exist, bat are different 
Soeh a {uacUcm U 

f Bigot, 

"ORtldered la S30 


8 If /(») IS defined at a, and /(a) e/(a + 0), we aay / is e«»- 
(lAum on <fie rz$ht at a 

If /(a) sa/(a - 0),/ IS eonltnuoui on the at a 
4 OT/(a~<l) ot both de trot e»et 

Such a fuDccloo it , 

r-'rin 

We contuieMd (hie tuactioii la 15®. Uei* atilhei /(o + 0) aoi /(O - 0) eslA 
Abo / b not defiaed tor i = 0 


Iterate Discontinuities 

349 1 As * approaches a from either side /(*) either mono 
tone increases or mono 
tone decreases 
Ex. 1 


y= 




J: 
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2. As X approaches a, f(x) increases monotone on one side, and 
decreases monotone on the other. 


Ex. 3. 
atO. 

Ex. 4. 
at -• 




y = tan *, 


3. As X approaches a, y oscillates 
infinitely often about a base curve, 
belonging to the t 3 'pes defined in 1 or 2. 
oscillations is limited. 



The amplitude of the 


Ex. 5. 

Here y oscillates about the base curve 


v = — + xsini, at 1 = 0. 

X- X 


1 


and the amplitude of the oscillations converges to 0 as x approaches 0. 


Ex. 6. 
at X = 0. 

Here y oscillates about 


j/ = - + sin-, 
X X 


y=-; 


<1 


and the amplitude of the oscillations remains the same, viz. ±1 above the curve 1). 

4. The discontinuities considered in the preceding three cases 
are such that either 

hm y 


is infinite, or at least the right and left hand limits at a are infinite 
and of opposite signs. Such points of discontinuities of f(x') are 
called infinities ; tve also sa 3 '/(a:) is infinite at such points. 


5. In either or both the right and left 
band vicinities of a, y is unlimited, while the 
corresponding (infinite) limits do not exist. 


Ex. 7. 



x = 0. 


Hero y oscillates between the two hyperbolas 


yz=± 


1 

x 


The amplitude of the oscillations increases indefi- 
nitely as X approaches 0. 
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H«Te y l»eiUu«a ibont twe tt 


The UDpI tode ot the osc ll»t ezu incTee>e« fnde&nitety as x approaches a 


Limy 4 Rimy dc«t sot exist. 


Some Properties of Continuous Functions 

350 1 If f(*x *■) »* eoittnuous in a limited perfect demain 
2> it t* liffiitW in T> 

I' or if/trere not limited 


Then bj ‘’G‘* there i3 a point o of 2> in whose vicinity 1) holds 
Tl 18 IS iiupoinble h«r since/ is continuous. 

A-i ^-)</<°i «».) + « 


2 The theorem 1 does not need to be true il D is not limited 


Kerc/is coot aooiu a D but/ s not lun t«U. 

3 The theorem 1 does not need to hold if .D is not perfect 


Here/ttcontutucRia ID D but /isncrt limited 


351 1 At r=a let /(*, be eonfimiou* and ^0 Then 

;n Ka^ 

8gn/(fi aO=sgn/(a, a«) 
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For, since f is continuous at a, we have 

€>0, S>0, /(«)! <e, F’s(a). 

TJ 

/(<?) - e </(a:)</(a) + e. 

Since e is arbitrarily small, we can take it so small that 


/(a), /(a) + c 


all have the same sign. 


2. The theorem 1 gives us : 

At T = a let /(tj • • • be contimious and ^ 0. 

I/|>/J. in F(a). 


a p>0, such that 


Then there exists 


352. Let/(a:j be defined ovei a domain i). By defini- 
tion, it is continuous in B when, for each proper limiting point x 

+ K') = • • • a^m). 

the points x + h lying in B. 

If /(a^i -f- 7ij • • • a;,n -h not only converges to fQx-i ■ • • in B, 
but converges uniformly^ we say/ is iiniformly continuous in B. 

We have now the very important theorem : 

/f /(a^j 3-,„) is cojitinuous in a limited perfect domain B, it is 

uniformly contimwtts in B. 

Making use of the notation of 326, we have only to show that 
= Min S, for B 

is >0. 

Suppose it were not, i.e. let 8^= 0. We show that this assump- 
tion leads to a contradiction. 

For, by 269, there is a point a in B, such that in V{a) 

Min S = 8p = 0. (1 

riiis is impossible. In fact, by 342, there exists for each e > 0, 
a 8', such that for any pair of points x\ x" in Vg (a) 

|/(a/)-/(a/01<e. 


(2 
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Let 5" < J J’ Let now J be any point 
in \\ 00 

llien e^ery point a:" m I* (V) falla in 
r^Ca). L) 249 

I lius, for any auch pair of points af\ 
2) holJs 

Thus, for no point ar* in fV(«) ^ 

aink below i and this contradicts 1) 



353 Xrt f(j'j av) he eonltnuout i« the limited perfect domain 
D For eaih «>0 there erttte a eubteal dineton of S), of norm 
2>0, »ueh tlitit 

./(s')- /(*")!« (1 


for any pair of point! F «a any one of the ctlU 4 into vheh D 
fall! 


For, since/ IS uniformly continuous in I>, let o->0 be such that 
1) holds for any point t" of Let now the norm of the 

cubical division be 




Suppose f', x" were a pair of points in some cell A, such that 
1) does not hold Since 

Diat(4;', t")£Lh''/m<o-, by 244, 8, 9, 

1^' lies in T' (*') But then 1) holds for i*, IVe are thus 
led to a contradiction 


354 1 Let f(x^ xj) he eontinuaKt i« tAe perfect limited 
domain D Then f take! on tte extreme i^afae* in D 

Before firing llie detBOOstrstKm, let u ilhutnte the eonteat of this theorem 
Let 

X) = (0«, !•) aodysz< 

Then, for D 

Sltxfsi+I MlayaO 

But r does not take on either ol these ezUemes is D This Is dae to the fact 
that D IS not perfect 
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2. Let 


D = (0, +oo), and y = 


1 


1 +s 

Max y =i, Min y = 0. 


Tims 1 / takes on its maximum, viz. at x = 0, Lut does not take on its minimum. 
This is due to the fact that D is not limited. 


3. Let 
and 


i) = (0,2), 
y — lim • 


for 

for 


n=ao X” + 1 

This function is a particular case of that in 333. 

0 < X < 1, y = « ; 

x = \, y = l: 
l<x<2, y = 0. 
Min y ~0, Max = 1. 


Hence 



The function takes on its minimum value in D, but not its maximum. 
Tills is due to tho discontinuity of y at 1. 


355. 1. We give notv the demonstration of 354, 

Let e be an extreme of f(xi *„). Then, by 269, there is a 
point a in D such that e is an extreme of f in every V(_a'). 

Thus, taking e > 0 small at pleasure, there is at least one point 
a/ in any V(a'), such that 


Since f is continuous at a, there is a S > 0, such that for any x 
in Fj(a) 

i/(^)-/(«)l<|- (2 


In 2) set a:=: a/, and add to 1); xve get 


Hence, by 87, 5, 


!/(«)- el <e. 
/(a)=e. 


2. As corollary \ve have : 

Let /(*, •••»„) be contimmis and >0 in the perfect limited 
domain L. Then 

Min/>0, tn X>, 
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356 In the interval SI = (« W /(») U eoittinumt* Let xt 
Aai e oppoexte $tyi t at a and h Then f vanxthe* for eome point e 
tcxthtn k 

Let us form a partition (A E) tnth the points of 2f The class 
A IS formed thus Kot only shill 

6gn/(*)=‘'Sn/C‘») (1 

at everj point of A but between a and any point of A shall 1) 
hold In B ue throw the other points of SI 

Let « generate tl IS partition Then lo anj V(e) /has opposite 
si^oa- But if /(.«) oerc ^0 by 351 «e could take S go small 
that /(x) has only one sign ml* 1 his leads to a contradiction 
Hence /(«) *= 0 

The po Rt c cannot be an end point of !I for at these points 
0 by hypothesis 


357 Let /(e) he continuout in ‘’t=s(a h) Let Jlftn /(*)«« 
lU<ie/(*)« in 7'A«r /(*) taket «n trery ralue m (o, /S) at 
leait once ufttle x posit* from a to 6 
By 8&4 /(e) takes on its extreme values m tl Let, therefore, 
/(x')r.a 


To fix the ideas, let 0<a<$ 
Leta<y<0 Set 




Hence by 356 g vanishes at sofne point in (sf, a/') 
point /(a-) = >y 


At this 


358 X«t y!= /(x) be a eanttnxiovt uiwoononf /unction in f A« inter 
val (a 5) Let a=/'(a) 0=f((i) Then the tncerie fvnetvin 
^ = sC.y') *e <e one valued unxettnaM eoiUinuowi /unction in («, ^) 
By 214 y(y) is a one valued onivanant function in its domain 
of defimlion i? By 357 By 294, y(y) is continuous 

iQ (b. B'l 
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The Branches of Many-valued Functions 

359. Let -FCajj xf) be a many- valued function in B. We can 
form a one-valued function /(a-'j ••• a;^) over a domain A<1) by 
assigning to f at each point of A one of the values of F at this 
point, according to some law. 

A common way to do this is to assign to f such values that it is 
continuous in A. In this case we say fQc^ ••■x,„') is a hranch of the 
many-valued function F. 

A point, at which two or more branches meet, may be called a 
branch point. 

360. Ex. 1, The equation 

y- = x (1 

defines a two-valued function of x in the interval (0, -j-oo). 

One branch is the one-valued function 

Vx; (2 

the other hranch is 

— Vx. (3 

The graph of 2) embraces the points in the upper half 
of the parabola 1) ; the graph of 3) is the lower half of 
this parabola. 



361. Ex. 2. The equation 

ad — ax-y -f hy^ = 0 

defines a three-valued function of x whose graph is given in Fig. 1, 



Fio. 1. 


Still preserving the continuity, we can define the branches of y in several ways, 
according to the path we take on leaving O. 
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In unf ctw bowcTer ve iDiut itop it the poata A H U wbicb the ordinue la 
tangent to the corre For if we pas^ btjood Ibeae points, we would no longer 
have X one^f al led function 

In Figs. 2 3 4 we Illoatrate ranout wage of loosing a branch. 



It’ctiM of a Cune 

3S2 1 In eleoenUry msthemalics on« meeto with ft great 
Tanetjr of curves Cheir equations may be expressed, couflaiog 
ounelres for tbe moment to the plane, la one of the three forms 

y=/c*) a 

y-lpC"). (2 

l’(*y)=0 (3 

When the cmre is given by 1) or 2) it la said to be defined 

e^hetlly , svbeo given by 3), it is said to be defined implicitly 
We observe that 1) is » qiecial case of 2) For wo have only 
to write 

*=« y='V‘C«). 

(0 reduce 1) to 2) 

When the curve is given 2), it is said to be expressed m para 

mttneform 

We note that 1) is also s special esse of 3) For we have only 
to set 

to bring 1) to tbe form 8) 



.NOllON OF A CUEVE 


221 


2. It is customarily thought that the notion of a curve is a 
very simple one ; but we shall see that this is not so. On the 
contrary, it is a very obscure and complex notion. Reserving the 
discussion of the notion of a curve in general until later, it is well 
to give a preliminary definition. 

Let "^(m) be continuous one-valued functions of u for an 

interval 21 = (a, J), finite or infinite. 

Let u range over SI. The points J? whose coordinates are a:, y 
will form a point aggregate which we call a curve. The point x, y 
is the image of the point 7t. 

Ex. 1. Let tp («) = «, \l> («) = The curve so defined is a parabola whose 

axis is the y-axis. 

Ex. 2. Let p («) = a cos u, ’p (u) = b sin «. The curve so defined is an ellipse. 

Still more generally an aggregate of a finite number of curves 
may be called a curve Q. 

Each one of the individual curves which enter in Q may be 
called an arc or part of 0. 

If a curve or a piece of a curve is such that y is a one-valued 
monotone function of x, we shall say the curve or tlie piece of it is 
monotone. In the same way we shall extend the terms monotone, 
hicreashiff, univariavt, etc., to curves or arcs of curves. 

3. Let 71 range from a to h. If to two different points 7i', ti" 
of Sl = (a, 6) corresponds tlie .same point P(_x, y), this point P 
will be called a multiple point of 0. 

Let the coordinates xy take on the same i^air of values at the end 
points of 91 = (a, 6). Then C is called a closed curve. If 0 has 
no multiple points in (a, b*'), we shall say C is a closed C7irve 7 vith- 
out midtiple points. 

4. The extension of these notions to 7i-dimensional space, b}’ 
setting 

= 

is too obvious to need comment. 



CHAPTER Vin 


DIFFERENTIATIOK 


FITSCnOIlS OF ORK TASIASLC 


lyejimliona 

363 I et y «/(*) bo ilefineJ over a domain D for which a w a 
proper hmitiog point The <iuutient 

^ =, X in J>, (I 

Ar X — a 


la called the differenn qHOltent it a 
If wo set « a -f A wo have also 


Let 


Ay_ /(o + A) ~/(a) 
Ar A ' " 


(2 

C3 


exist finite or infinite TJieii tj is called tie di^erenttal cofffieienl 
of at a, and is denoted hj 




Let A be the aggregate of points m Z> far vtIucK ij is finite or 
infinite Tlie corresponding values of ^ define a function of *, 
called the dentatiie of /(*) more specifically, the Jirtt demaiive 
/(*) It 'a lepiesented variously by 


t t 


(4 
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The function /'(.-r) is said to be obtained from /(*) by the 
process of differentiation. A function u'hich admits a derivative 
is said to be differentiable. 

Since fix') may be infinite, the reader will observe that its 
values lie in 91. Cf. 270. 


364. In the same way, the right and left hand limits at x—a, 


R lim 


A:c’ 


ilim^, 

Aar 


give rise to right and left hand differential coefficients at a. 
wo denote by 


These 


These in turn give rise to right and hft hand derivatives, which 
we may denote, prefixing R and L before the symbols, 4) in 363. 

Wlien speaking of differential coefficients and derivatives in the 
future, we shall mean those defined in 36.S, unless the contrar}' is 
expressly stated. 

However, much that we prove for /'(n) and f\x) may be 
applied at once to the corresponding unilateral differential coeffi- 
cients and derivatives. 


Geometric Interjmetations 

365. Let P and R be the points on the graph of 

y =/(a0. 

cori'csponding to *=« and *=« -f Aar, 

Fig. 1. 

Tlien 

PF=A.r=A Pir=Ay. 

If the secant PR makes the angle 


^ with the a:-axia, 



A w P TF , , 


Fig. 1. 


That is : the difference quotient is the tangent of the angle that the 
secant makes teith the x-axis. 
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DIFFEBE^TIATION 


Suppose now y is continuoos in ft little interval about , li 
the secant PR approaches a Itmitmg position PU^ its R approaches 
the fixed point P from either aide, we aaj P CT is the tanyenttothe 
curve at P 

Eiidentlj, if /'(«) is finite, 

slim tan ^ s tan a, 

where a is the angle that the tangent line makes with the x axis. 
If /'(ft) = ±®, the tangent hpe is parallel to the y axis 



Pia 2 no t. 


Such cases are sbou n in Figs 2 and 8 

The point i* IS a point «/ tryfrcfion tcifA lertieol tonymt 

For an example of such a function, see 3S9, & 


366 1 When the differentml coefficient at o does not exist, 
finite or infinite the right and left differential coefficients mar 
Tliey arc then different 

If both are finite we have a case illustrated by Fig 1 





If one IS finite and the other infinite, we have 
a case illustrated by F»g 2 
The points P in Figs 1, 2 are called angular 
point* 


Via t 



NON-EXISTENCE OF DIFFERENTEU, COEFFICIENT 225 


2. When both differentia] coefficients are infinite, hut of op- 
posite signs, "^ve have a case illustrated bj"- Figs. 8, 4. 



$ ' t 

Zffa)=-<a £/(a)=-(-co 


Tia. 3. Fig. 4. 

Here P is a cmp with vertical tangent. 

See 388, 3 for an example of such a function. 

3. In Case 1 the curve has not one but tioo tangents at P ; viz. 
a right and a left hand tangent. Case 2 may be considered as a 
special or limiting case of 1. The curve has a tangent at P. 

In botli cases the direction of motion along the curve changes 
abruptly. 

When we say “a curve has at ever}" point a tangent,” we 
exclude Case 1. 


Non-existence of the Differential Coefficient 

367. 1. We consider now some examples of continuous func- 
tions for which tlie differential coefficient on either side of certain 
points does not exist. 

Let 

y =/(*) = a; sin ^ fora:T^=0; 

= 0, for 2 ? = 0. 

The graph P of y is given in the adjoining 
figure. 

Evidently P oscillates between the two 
lines 

y = ±a:, (1 

ivitli increasing rapidity as x approaches 0. 
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DIFU-BJNTItTIOV 


For 0 y IS evi<]ent]/ continuous 
For 2 =: 0 y IS also continuous, sinco 

Um*sm — = 0 


At tlie origin the secant line OP oscillates between the two 
lines I) and ob^iousl^ does not ajpioach any fixed position as F 
approaches 0 from eill er side ThusT has no tangent at all at 0 
This result is senfied at once analytically 
Jor 


Ax Ax 


at * = 0, 


and as A* — 0 am oscillates infinitely often between ± 1 

2 For U36 later let na find for * ^ 

ax n 

We bare setting A;raA 


Ax h 




n> 1+nk 
But 

■■"ra=’‘”(»'-rfsi)=-c-w^ 

Hence, setting 




rVX 




1 + nA 


= — - 


by 801 
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368. Let y =/(x) = sin A a:^0; 


= 0 , 


x = 0. 





o 


( 


Evidently y is everywliere continuous 
even at 0. 

The graph F of y oscillates between the 

two parabolas „ 

y = ±x~ 

with increasing rapiditj* as x approaches 0. 

As P approaches 0. the secant OP oscillates between narrower 
and narrower limits, which limits converge on both sides toward 
the x-axis. Evidently. 

/C0) = lim^/=0; 

Ax 

and r has a tangent at 0, viz. the axis of x. 

This result is verified analvtically at once. 

For, 

= Ax sin at 0, 

Ax Ax 


and 


TT 

lim Ax sin — =0. 
jr=o Ax 


369. Let A=0, ±1, ±L ±^, 

For X not in A, let y=/(x) = xsin- sin— 


sin— 

X 


For X in A, let y — 0. 

Here y is everywhere continuous, even at the points of A. 
Let 0 be the graph of y, and F the graph of 

yi = xsinA, 

considered in 367. 

In Fig. 1, the full curve represents an arc 

of F for an interval = = 

1 

— The dotted curve, call it F', is 

7i — 1 

symmetrical toT. 



Fio. 1. 
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PIFfEREMTIATION 


We observe now tbal y is obtained by nmltiplyiPS otdinate 
yj of r by tbe factor 

flin^ 

As X approaches an end point of I„ 
sin— aO 

Hence oscillates infinitely often between ± 1 eSect of 

the factor yj in y =» y,y, is thas to bend F in 
infinite number of times, bo that the resulting curv*» 

3 portion of C lies between P tiul P' 

This la represented in tig 2 where the light ar*^ 
dotted curves are P and P* and the heavy cun usP 
At one of tiie p unts of ^ as a. the secant 
oscillates with increasing rapidity as P approacb^^ 
a, from either aide 
Snwa , 

by 867. 2, 

tbe t&ngeou to P tad P* ate not Uie z aiv# Hen®* 
the limits of oscillation of tbe aecftot do not convert 
to 0 and hence tbe secant aj* does not convert® *■ 

to some fixed position as x approaches a. 

Thus y has no differential coefficient at any poiA* of ’1® 

graph Cli&i at these points no tangent 

Since 0 IS the limiting point of A there are an infinity of these 
singular points in tbe vicmity of the origin 

370 I et A = 0 i: 1, ± 2, 

For X not in A let y =/(*) = a* sin — sin — 
t or a: in X let y = 0 ®'° J 

The reasoning of 369 may be applied here graph of y 

oscillates between the two carves 

y,a±±a?eia-, 



discussed m 363 



FU^"DA^U^NTAL FORMULiE OF DIFFERENTIATION 229 


There is no tangent at the points ± 1, ± 2, while at the origin 
there is a tangent, viz. the 2 ;-axis. 

The graph Q ol ^ presents therefore this peculiarity : in the 
vicinity of the origin there are an infinity of points at which C 
has no tangents; yet at the origin itself O^has a tangent. 

371. In 369 and 370, the aggregate A is of the first order, by 
263, 2. 

It is easy by the process of iteration to form continuous func- 
tions which have no differential coefficient over an aggregate A, 
of order m. 

Let ^( 2 ;) = sin ^ 

and 

y = ••• ^<"‘■'■*'( 3 :). 

This expression does not define y at points involving division 
by zero. At tliese points, call their aggregate A, we set «/ = 0, 
It is easy to show that y is everywhere continuous and that it has 
neither right nor left hand differential coefficients at any point of 
A. The aggregate is of order m. See 259, 260. 


Fundamental Fornmlce of Differentiation 

372. As many American and English works on the calculus 
derive these formula; in an incorrect or incomplete manner, we 
shall deduce some of them here. We shall, at the same time, 
prove them under conditions slightly more general than usual. 
As domain of definition D of our functions t/, «, v, we take 
anj' aggregate having proper limiting points. The domain of 
definition A of their derivatives will embrace, at most, the proper 
limiting points of D. 

It is convenient to represent 


and 


y(a:-f fi), — by y, «, ••• etc., 


d)/ du 
dx' dx' 


••• by 


etc. 
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373 We begin by pmrog 

Jf the dt§erer\Ual w ^nxie,fix) t» eonhnuout ai 

For, since 

,ve have^ for each «>0» >0 sucU tliat, if |A1<^> 

+f' le'|<e 

Hence 

/(ai-h) =/(a) + h(J'{ii') +<^) 

Therefore, 

}im f(a + hy ^f(a), 
which atataa that/ is cominuous at a 

374 If y u eomtant tn D, s* 0 
For 

fel.o, 

for any point of D 

375 Let y^u±v Let a' , t/ he fmtt tn ^ Thtny'sni'i 
mix 

For Au j. At 

Ac ^ Ax 

Since u', tf exist and are finite, ne can apply 2^7, 2, to 1) 

378 Lety=>uv Let,l,tf he finite m A 
Then, tn A, 

For 

Ay _ we-ttp _ {m- Au>(v.f Ab) 

Ax Ax Ax 

_ uAp + iAu _^Av j ^.Au 
Ax Ax Ax 
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By 373, 

By hypothesis, 


lim V, = V,. 


Aw 


Lv 


Aa; A* 


Hence, passing to the limit in 2), we get 1). 


377. 1. Lei ?/ = -• Let u', v' be finite and v^O, in A. Then 


in A. 


a 


For 

By 373, 


Ay _ vA?i — wAw 1 Azf _ w 1 At) 

A® vvi^x V Aa: w t) Aa: 

lim v — v. 


By hypothesis. 


T Aw / 
lim — = u'. 
Ax 


Av I 
hm = v'. 
Ax 


(2 


Passing now to the limit in 2), w'e get 1). 

7Ve observe, by 351, that for Ax sufficiently small, since v 
is continuous and =?!= 0 at a:. It is therefore permissible to divide 
by a, as in 2). 

2. Criticism. Some writers derive 1) as follows. From 


they get 





yv = u. 


They now apply 376, which gives 

n' = yv' + vy\ (3 

which, solved, gives 1). 

This method is incorrect. For to get 3), by using 876, we 
must impose tiie condition that y' exists and is finite. But noth- 
ing in this form of demonstration show's the existence of i/'. The 
method then shows only this : on the assumption that y' exists, 
its value is given by 1). But this assumption of existence makes 
the demonstration worthless. 
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3 'Many writers of elementarj mathematical text books ate not 
alive to the fact that a demonstration, which involves an assump. 
tion of the existence of certain quantities or forms, renders the 
demonstntion inv ahd Tins error of reasoning is extremely com 
mon in the calculus Beenuse determinate results are obtained ly 
such reasoning, it is allowed to piss is conclusive 

To show liow fallacious tha style of reasoning is, let us oitmt 
that we can write • 

■ ^ = a sin ;c +& cos X 

** — 4 


Granting this, it u easy to determine a and b In fact, settle^ 
we get 

»»-i 

Selling ^ we gel 


xa_4 wa_i6 


»*— lo 

' * — icosr, 


a perfectly determinate result but aLo a perfectlj false result 
In fact, the right side of 4) is a periodic function, m hile the left 
Side u not 

The reader should therefore not begrudge the pains it is some 
times necessary to take, to prove an eixttenee theorem He should 
also notice that by modifying the form of pr lof it is sometinies 
possible to avoid assuming the existence of certain things which 
enter the demonstration Witness the demonstrations just given 
of 1) in 1. 2 

378 Let y=/C*) and x=zg(^t') Let g'(t')=~ be fntte tn T 
Let X be the image of T Xf ^=/’(x) w finite in X, 

* (1 

dt dx dt 

• In treating the decompoeitioD ol anUnaal tanctloa Into partial tract nns It i» often 
aes^tned ietlfumi anp^urltdcatian Outdiadacoaposltloti In tha torm desired is posable. 
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Before proving this tlieorem, we wisli to illustrate two cases 
which may occur. 

r.x. 1. Let X = f sin 2 niTrt. The period of sin 2 mrt considered as a function of 

I is L. By taking ni very largo but flxed, x will oscillate a great many times near 
m 

the origin. Where the graph cuts the t-aiis, i.e. when 


, 1 , 1,8 
— > i — ? i 


2 m’ 


we have Ax = 0. 

Bat hotvever large m is taken, we can determine a S > 0, such that Ax ^ 0, in 
F{*(0). In fact, we h.ave only to take S <. 7 ^‘ 


What we have shown for t — 0 is true for any other point i. That is, we can 
always choose 5 sufficiently small so that in Fs*(0i Ax shall not 5 = 0 . 


Ex. 2. X = t- sin j, for t gfc 0 ; 

= 0, fort=0. 

The graph of this function we considered in 8C8. For any point ( :?!: 0 we can 
determine a J such Unit in Fj*(0, Ax does not vanish. Not so at t = 0. Here, 
however small 8 > 0 is taken, x oscillates infinitely often in Fs’fOI ; and thus for an 
infinity of points in Fs*(0), Ax = 0. 

We can, however, throw the points of Fi»(0) in two sets. In one, call it Fo, we 
put the points for which Ax = 0. Tlien 


Fo = ±i, ±-^, 
m m + 1 


In the other set, c.all it T^i, we put all the other points of F*. We can now show 
for the function t/ =/(x) in the above theorem, that 1) is true for each one of these 
sets of points, and therefore true for both together. 


379. IVe give now the proof of 378. 

Let t be any point in T; let x be the corresponding point in JC. 
Let Ax, At/ be the increments of at, y, corresponding to the incre- 
ment At of t. 

Case 1. There exists « in which Ax^O. 

The identit)' 

Ay _ Ay Aa; 

At Ax At 

does not involve a division by 0, as Ax^Q. 


(1 
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Since ^=/(0 
292 


Thus, 


and 


IS finite at ^ Ac S3 0 It hen Af = 0 


^=3^. 


dy dtf dx 
dt dr dt* 


which proves the theorem for tins case 


Hence, \ 


(J 


Oatt 2 Ar = 0 for some point in every 
Let be the points of for which Axa^O. 

Let be the remaininf iKiints of r*(0 
If we show 


(» 


have one and the same v due for every sequence of points whose 
limit IS t we Inve proved 2) for tins case 
Let A be an^ sequence in I’, fheii 


0 


since Ax== 0 for every point in A 
As ^ IS finite at ar. 


dif. 

dx 


At '' 


■ 0 


Qa the other hand. 


For, Ax being 0 for everj point of A, y^fCx) receives no 
increment, and hence Ay=:0 in A 

Thus, for every seqaence the two Uraita in 3) have the same 
value, vu 0 
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Let now B be an}' sequence in which Let the image 

of the points B be the points C, on the a;-nxis. 


Then, by 292, 


£ At 


Ay Ay A* 
= lim -r^ • lim — 


Ax 
dy Ax 

= ~ hm -r— • 

dx B At 


At 


(5 


Thus the two limits of 3) are the same for each sequence B^ 
It remains to show that one is 0. Now, by 4), 


since, by h 3 'pothesis. 


lim ~ = lim ^ = 0 ; 
s At A At 


lim — = r/'(0 
At ^ ^ 


for any sequence wliose limit is the point t. 

Hence tlie right side of 5 ) is 0. 

Thus the two limits 3) liave tlie value 0 for ever}" sequence A 
ov B. Tliese limits therefore have the value 0 for any sequence, 
whether its points all lie in f or in 1\, or partly in and partly 
in 


380. The demonstration, as ordinarily given, rests on the 


identity 


A// 

At ■ 


Ay 

"Kx 


At 

At’ 


The theorem is, therefore, only established for functions x—g(t')^ 
which fall under Case 1. 

If one wishes to give a correct but elementary demonstration, 
it would suffice to restrict //(t) to have only a finite number of 
oscillations in an interval T, and have at each point of T a finite 
differential coefficient. In an elementary text-book on tlie cal- 
culus it is not advisable to consider functions with an infinite 
number of oscillations. 


381. Let y = f(jr) he wnvariant and continuous. Let x = g(y') he 
its inverse futiction. Let ./’'(r) he finite or in finite in A. Let E be 
the image of A. Let x and y be corresponding points in A and JE. 
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l/f^xy It fimU atid ^0, lSfn^Cy)“ 


_i_ 
/'(*)■' 

\f f It \ncrt<trtng 
•/ f u deereating 


V /<»)= 

If fix') u tnfimU ^(y)*= 

Since / IS uni variant, Ay and therefore also ~ are ^ 0. 
Hence the reJation . - 

CkX __ 1 

&x 


does not uiToIve for any point a division by 0 
Since y is continuous. Ay a 0 when A* » 0 
^Ve bare therefore only to apply 292 in passing to the limit 
ml) 


382 The geometric interpretation of 331 is very simple u the 
follouuig case 



Let y=T/(z) be a coatinaoua increasing function m (tf V) 

The inverse function y^yCy) w increasing and continuous in 
(«, /S) See Fig 

The graph of /(z) and y(y) is the same curve C At J*j, P, 
we have points of inSection 
If FT IS the tangent at jP, 

tan^=y’<z)=^ 


tan5=y(y)=^ 
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Since 


or 


^ + ^ = 1 

tan 6 = — — 1 
tan ^ 

dx _ 1 
dy~ ^ 
dx 


Tlie consideration of the tangents at P^, illustrates the 
theoreur for the other cases. 


883. We apply the preceding general theorems to find the 
derivatives of some of the elementin-y functions, choosing those 
whose demonstration is often given incorrectl}'. 


= 

For, let 
Then 

But, by 311, 


of log a. a>0, X arbitrary. 

y = a^. 

Ay . — 1 

Aa: Ax 


lim 


a ^^-1 

Ax 


log a. 


(1 

(2 


Passing to the limit in 2), we get 1). 

When a = 6, 1) becomes 

= (3 

884. 1. log a: = -. a; > 0 • Cl 


Let 

Then 

But 

From 2) we get, by 381, 
which is 1). 


y = iog X. 


x^eK 


dx 

dy 


— 6’ = X. 


dx X 


(2 



J36 


PlFFfcRENTlATIOV 


2 We cnn get 1) «li»ecUj as Wlows 
^ _ logCa: + &x') — log Jt _ 

“ Jt ^ 

But, by 310 and 292, 




, 


0 


0 


Hence passing to tlie limit in 3) we get 1) again 
From 1) we can prove again 


For, from 
we have 

Hence, by 1), 


tsi logy 
dx 1 


Using 381 we have 
which IS 5) 


tli 




(! 


385 1 Oritinrm In either of tbe preceding ways ot getting 
and 

we need the liioit , 

hni (I + «)• = « (1 

Some wnters only prove 1) when u runs over the sequence 

i i i 

Otliers prove 1) only for a right hand limit As however, Ar 
may have any positive or negative v^ues as it conxergea to 0, the 
limit 1> must be established without any restriction 
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2. Tf the method of 384, 2 is used to get D^loga;, we must not 
only prove 1), but we must show that 

1 I 

lim log (1 4- m)“ = log Hm (1 + w)“. 

os =0 «=0 

This is rarely done. 

3. A third method is to employ the Binomial Theorem, which 
is taken from algebra. 

The rigorous demonstration of this theorem for any case, besides 
that of integral positive exponents, is far beyond the limits of the 
ordinaiy high school or college algebra. Moreover, the demon- 
strations usually given are incorrect. The employment of the 
Binomial Theorem to find the above derivatives is therefore open 
to the most serious criticism. 


386. 1. The differentiation of the direct circular functions pre- 
sents nothing of note ; let us therefore turn at once to the inverse 
circular functions. 

We take . -- 

y = arc sin x (^1 

as an example. The notation indicates that we have taken the 
principal branch of arc sin a;, [223]. Then 


From 1) we have 
Hence 


TT TT 

N 9* 


X — sin y. 


ax n, r 

— = cos w = V 1 — ar-. 
dy 


(2 

(3 


The radical has the positive sign, as cosy is not negative for 
the values 2). 

Hence, by 381, 

^ = I?,arcsina: = — -- - - , Ixlgtl. 

= 4-00 for x = ± 1. 


2. Criticism. In many books the branch of arc sin x which is 
taken is not specified. Consequentl 3 % the sign of the radical in 
3) is not specified. For some branches the negative sign should 
be taken. 
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387 1 

Let 

'ILen 

Let 

Then 

But 

and 

Hence 


x> 0, /* arbitrary, 

y = 3* 

Mlogf=M 

y = ^ 

dz du dz 

41L— " ^ — ^ 



(1 

(2 


2 Cnticttm Some writers rest the demonstratinn on 

and are thus open to the criticism of 885 , 2 Others proceed thns 
Prom 2) we have 

logyaftlogr 

Differentiating both sides, we get 
1 dy _ It 

y5z X 

from which we get 1) at once This method rests on the assump 
tion that ~ esistsi and so is open to the criticism of 377, 2, 


EXASPUS 

388 1 y = n + J-t?=./(*) J>0 

Por *>0, we can apply 387, gettug, since here 

^= = -5- 

dz 


0 
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2. For a;<0, tlie formula of 387 is inapplicable, since it rests 
on the essential hypothesis that x>Q. We can, however, adopt a 
method applicable to any x^O. 

Set sr = %i. 

Then y — a + buK 

For all X in 91 which are # 0, u is > 0. 

Applying 387, we have 


du 3 


On the other hand, by 378, 


since 


is finite. 
Hence 


du 

dx du dx 



dy_ 2 I 
dx 3 ^ 


3. When a: = 0, even this method fails, as w must be > 0, in order 
to appl}' 387. In order to calculate the differential coefficient at 
this point, we must start from its definition. 

We have, setting A = As, 


Ay_/(A)-/(0) 

As: h ~ h ' 


Here, when Ax == 0, 


i?lim^=: + QO, lilim^: 
Ax Ax 


• 00 . 


t 


‘0 

F:o. 1. 


The graph of / (x) has thus a vertical cusp at the origin, as in 
Fig. 1. 
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PJFFERENTIATION 


4 In order to get 

JrCO). 

aome teadeia may be tempted to take the Tight and left hand 
limits of theexpTeiaionl)for*=iO In the present case we would 
get the correct result In general, i£ the expression for/'(a:) 
assumes an indeterminate lorra lor a particular value of *, say 
•t = a, the readet must avoid the temptation to conclude that 

/-(«)= 


This IS only true when /'C*) w continuous at a. 
Et 1 /(*)a*»in* * 9 t 0 

= 0 rsO 


lUn t^(0) does aoi erlsc 


Thus 

sIh does not exlit 
E« 2 


Here 

»th le for »^0, 


by 307 wbile Corz^iO, 

/(*>=. 

/<*)-*»*in* xi^O, 
= 0 *-« 
/(0)-« by368 
/ (x}=3z&iii * — cotI> 


Thos 


exUt, 


Um/ tz) 


/(*)-!» 


5 let 
We find readily that 

7Z/'(0)=Z/'(0)= 
"fhe graph is given in hig 2 
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389. 1. Let log log log a; = 

log log log X = l^x, etc. 

Since log u is defined only for u > 0, we shall suppose that x 
is taken sufficient!}’- large so that has a meaning. 

We prove now 

Tl? ! 1 /"t 


T. 7 1 1 



X IjXl^X ••• l„-iX 


fn>l. 


For, first, let 


3 ^ = ^ 2 ^=Iog log a:. 

Set 

ti = log X. 

Then 

y = log It. 

Hence 

^ _ dy djt _ 1 1 _ 
dx dxi dx u X 

Next, let 

y = l^x= log • 

Set 

11 = l^x. 

Then 

y = log 11 . 

Hence 

dy dy du 
dx dti dx' 

By 2), 

dll j. , 11 

dx X log X 

Hence 


1 


dx u X log X xljxl^x 
By induction, we now establish 1) readily. 

2. In a similar manner we establish 

hzl: 

xljXl„X l,_iXl/'X 





WFFFRE^mATlOS 


From 1), 3} we have two fomnls to be used later 

— 1-' 

nd 


i^-o-)hz 


X^fel (5 


In 4), £) we suppose f>a, such that the quantities entering 
theta are defined 

Differentials and InfiMtesimdls 

390 1 Since 

we have for each e>0, a S>0, such that in !',•(»), 

or 

or 

+ <1 

Kl<^ 

r(*)Ar 

fA« dfftrenUal of f(x), and denote it by 
dy or d/fx) 

The relation 1) shows that Ay is made up of two parts, viz 
dg and dttx 

The ratio of these two parts is 


W e call 


^(*) 





DIFFERENTIALS AND INFINITESIMALS 


As fix') is fixed, for fixed x, and c' can be made numerically 
as small as we jfiease, by taking S sufficiently small, we see that 
tlie part s' Ax is very small, compared with dy for all points x+Ax 
in T'j*. Thus, in the immediate vicinity of x, the principal part 
of Ay is dy. 

Differentials owe their importance to this fact. 

2. To make the notation homogeneous, it is customary to replace 
Ax by another symbol, dx, in the expression for dy. We have then 

dy=f(x)dx. 


391. The notion of a differential may be illustrated as follows : 
Let the graph of f(x) be that in the 
figure. , Q 


Let PR be the tangent at P; and 
PS — Ax, QS = Ay, RS = dy. 


Then 


QR = dAx. 



The reader will see, if dy^O, that as 
Q approaches P, QR becomes smaller and smaller as compared 
with P/S' = dy. This is illustrated by comparing this ratio at Q 
and at Q'. 

Wc .see dy = RR approximates more and more closely to Ay as 
Q approaches P. 


392. A variable whose limit is 0 is called an infinitesimal. 

When emifioying differentials, we suppose that the increment 
given to the independent variable Ax = dx can be taken as small, 
numerically, as we choose. It is thus an infinitesimal. Then 
both Ay and dy are also infinitesimals. 

In the limits considered in 301-30-1, 310-312, the numerators 
and denominators furnish examples of infinitesimals. 

Also the lengths of the intervals considered in 127, 2, are infini- 
tesimals. 

iMany other examples of infinitesimals are to be found in the 
preceding pages, and many more will occur in the following. 
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Tht Lmo of the Mean 

393 One of the pillars which support the modern rigorous 
development of the calculus is the Law of the Mean It rests on 
RoUet Ttuorem Let /(*) fie eanUnwiru tn ^=(a fi) and 
/(a)= y(fi) Let fie fntU or infinite within 2t Then there 

extsli a point e withm ST for which 

fic-)-0 a<e<h 

Since /(x") 13 continuous in it is limited by 350 Its ex 
tremea are therefore finite K / is not constant, one of these 
extremes is different from the end values 
To fix the ideas let Max / = ftbe different from the end values 
By 354 there la a point « wiihm % such that 

/(<)=»*. 

while for all points c + Aof?l A>0 

Ac + M ^0 Ac- h) 

Hence 



Those together require that 

/W>=o 

In case/(x) is a constant in S the theorem is obviously true 


394 1 The geometric interpre 
tation of Rolle s theorem is the 
following 

Let the graph of /(i) he a con 
tinuous curve having everjwleie 
a tangent excej t possibly at the 
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end points A, B, which are at the same height above or below the 
a:-axis. Then at some point 0 the tangent is parallel to the 2 :-axis. 

Since /'(z) may be infinite, the graph may have points of inflec- 
tion wilh vertical tangents, as at P. 

2. Let A, B be two points at the same height above tlie ai-axis. 
Tlie reader will fed the truth of Rolle’s theorem for simple cases 
if he tries to draw a continuous curve F through A, B, whose 
tangent is not parallel to the a;-axls. F should, of course, have no 
vertical cusp or angular point. We say for simple cases, because 
we cannot draw a curve with an infinite number of oscillations or 
a curve which does not have a tangent at A or B. Yet neither of 
these cases need to be excluded in Rolle’s theorem. 

395. I f /'(a;) does not exist for some point within 31, the theorem 
394 is not necessarily true, as Fig. 1 shows. (See 366.') 




If /'(a:) is not continuous in St, the theorem does not need to be 
true, as Fig. 2 shows. 

396. 1, Criticism. Many demonstrations are rendered invalid 
because they rest on the assumption ; 

1°. In passing from a to b, the function must first increase and 
then decrease, or first decrease and then increase ; 

or on the assumption : 

2°. There must be at least one point between a, b where the 
function ceases to increase and begins to decrease, or conversely. 

Either of these assumptions is true if we use functions having 
only a finite number of oscillations in 51. 

In case the function lias an infinite number of oscillations in 31. 
neither of the above assumptions need be true. 
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The function of Ex 2, 378, where 2I = fO, 1), illustrates the 
untruth of 1“ 

We shall later exhibit funetiORS which oscillate infinitely often 
in any little interval of awl yet have a derivative in 31 Such 
functions show that 2° is not always correct 

2 The demonstration given lo 393 is extremely simple It 
rests, houever, on the property that a continuous function takes 
on Its extreme values in an interval (a 6) In an elementary 
treatise this fact might be admitted without proof since it seems 
80 ohvinus 

397 1 Zat0 o/ tAe it/riTR /(*) e<?ntin«o«» «» 2I = (a. A), 
and 6« /nit* or tn^ntfe i«(Ain 31 

STitn for lomt point a<c<b 

m-/(a)=^{b-ayno} (1 

Consider the auxiliary function 

j W -A») -/<») (j _ 

Evidently 

Also at those points, at which/'(a) is finite, 

/W (2 

while at the other points of 31 is infinite Thus ff(x') is 

continuons in SI and <f’(x) u finite or infinite within SI Hence, 
for some point a < c < A, 

/(c)=0, by 393 (3 

Setting xsaem 2}, and using 3) we get 


which is 1) 


(4 
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2. The relation 1) is commonly written as follows : 

Set h—a = h-, 

then, since c lies within (a, J), 

c — a + 6h. 0 < 0 < 1. 

Thus 1) gives 

f(a + h-)=f(a)+hfia + eh'). 

3. The reader should observe that although fix) may be 
infinite within 9(, the point c in 1) is such that /'(c) is finite. 

398. The following is the geometric interpretation of the Law 
of the Mean. Let ACB be the graph of /(a:) in 51. Let the chord 
AB make the angle 6 with the a:-axis. Then 

0 — a 

Also by 397, 4), 

f (c) = tan 6. 

That is: at some point a within the 
interval (a, 6) the tangent is parallel to the chord AB. 

399. When either of the conditions that enter the Law of the 
ISIeau are violated, the point c may not exist. This is illustrated 
by the following. 


Fro. 3. 

1. /(a-) is not continuous in (a, J). Fig. 1. 

2. Tlie differential coefficient does not exist at some point within 
(a, 6). Figs. 2, 3. 
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400 We give now some elementary applications of the Law of 
the Mean 

1 Lttf{x) le eontinuou* in %=(a, J}, and let iti dertvative 
f'lx') =‘\ a eonttant, unlXin ^ Then 

/(ar) = Xr + /.. in 21 (1 

Let ar > a be a ixnnt of 21 The function /(*) satisfies the con 
ditioRS of the Law of the Mean in $) = (a, x) 

Hence, by 397, 

*»«»<*. C2 

Since b} hypothesis, 

/’(<?) 

we get 1) from 2), on setting 

Siace^ hy hypothesis, /(ar) m coaliouous, the formula 3) is also 
tme for 2 = a 

2. As a corollary of 1 tie have 

Let /(x) he eoniinuou* in 21 w (« 5) and fef if* denvatite he 0 
tctthin 2( Then f(x) i* a eonitant in 2( 

3 Let /(x^A s(x) he centinueH* «« the interval 21, and let /’fx) 
=y'(x) frtfAm 21 Then, C heinj tame contfant, 

/(x)=yfx)4-C. in a (3 

For 

*(*)=/<.*•)-?(*) 
satisfies the conditions of 2 Hence 

i(x)=c, in a 

401 Let /(*) he confmvaut in 2t = (’a, 4), icAif* /'(*) iijinite or 
injinite tcithtn S Let /"(j), tehen not 0, Ante one tijn a Then / 
if monotone increasing in 2t, if a t» y»«fiv«, monofon* deereatinff, if 
<r t« negative 

Let 
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By the Law of the Mean, 

/(*" ) =/(a-.' ) + (0 • a/ < c < a/L 

As a:" > 0, and f {c) has the sign tr, when not 0, 

/(a:") ^/(a/), if c is positive ; 

/(a^')</(^)> if o- is negative. 

402. Criticism. Some writers state that /(a:) is increasing when 
/'(a:) is positive, and conversely when /(a:) is increasing f\x) is 
positive. 

The second statement is not true, as the figure sliows. jP is a 
point of inflection, with a tangent parallel to the ar-avis. 

The erroi' in the reasoning is instructive. By detinition, if /(a:) 
is increasing, 

Ax 

is positive. It is now inferred that therefore 

lim^=/'(a:) 

is positive. All one can strictly infer is that 
f'(x)^0. 

The function 

illustrates this, at the point a: = 0. See Fig. 

403. Let fCx) he contimious in 2l=:(a, J), and f(x') finite or 
infinite ivitJiin 51. /' (a;) shall not vanish for all the points of any 
suhinterval 5S =(«, yS) of 31. When not 0, letf'(x) have always one 
sign a in 31. Thenf^x) is an increasing or a decreasing f motion 
in 31, according as a- is 2 ) 0 sitive or negative. 

To fix the ideas, let <r be positive. 

Let a <x'<x"<h. 

By the Law of the IMean, 

/(^')=f(^)+(^'-x'y>(c). s'<c<x>'. 
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As a:” — a:’>0, and^(c)>0, we hive 

» e ,f(x') IS monotone increasing in % To show it is coKl^an^/^ 
merging id SI, suppose 

Then /(x) must =/(«) for all points in S = («, since it is a 
monotone increasing fancliou 

Since /i^x) 13 a constant in ® y(x) = 0 in 23 which contradicts 
the hyjiutliesis 


401 Let f'{x) he confinnout ta the tntenal 91 
ene« ^ «nnrry<» uni/ormlj/ lof'(x) in ?1 

tor, by the Law of the Mem 


Hence 


/(x + A)-/(x)-Ay(x+W) 


Then, the differ 

o<e<i 

(i 


fiut/’(x) beiQg continuous in 9(, is uniformly continnous 
S52 Hence 


Hence by 1), 


h(ny(x + tfA)»=/’(*) uniformly 

Iiin^5=y(i) wnt/omty in SI 


by 


Dentatiies of Higher Order 

405 The first denvatiee ofy^x) is called the teeond derivative 
o/ f{r) and IS denoted by 

r'w J>,yw g- 

Evidently, 

»-• A 4,_o Ax 


this bniit being finite or iDfin.te 
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In this way we may continue to form third, fourth, ••• and 
derivatives of any order. 

Derivatives of order n are denoted by 




’ daf’’ 


406. We add the following formulae, which will be used later. 


They are easily verified ; 

Dpf = ft • II — 1 /i — Ti + 1 ‘ x>0. (1 

+ a:)'* = /i • /i — 1 • ••• /X — n + 1 • (1+a:)'*"”. l+a:>0. (2 

= e^. (3 

2);sina: = sin^^ + a:^, (4 

D; cos X = cos 4- a:^ (5 


407. Let y = Mv, where it, v have derivatives of any desired 
order. The following relation is known as Leibnitz' s formula. 

+ ^9 J it”i><"“^> + ^ It' -f ?tt)'">, (1 

where f n's _ n-n — \ • — ?i -m + 1 

\mj 1-2-m 


We prove it bj^ complete induction ; i.e. we assume it true for 
n and prove it is true for n + 1. For n = 1, 2 it is obviously true. 
Differentiating 1), we get 

+ ^g^it<"-=>a'" + ... 

+ id">a' + + - (2 
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Now, by 96, 




This la 2), gives 

+(" + >)^.V+(»+ +.. 

which 13 1), when we replace in it « by n + 1. 


1 Let us apply l<e>bnitz'a formula to find the derivatives 
y =/(*)=. tan 

have 

y'™eec**. 


Now 


y" m 2 aec^* tan * « 2 y/ . 

D:cs'yj-»'"'’»+(?)»“y+(s)»'"V'+'" 


This gives 


y"-2(y"y + y'*). 

y’*-2<y''y + 3yy'); 

y* = fiyjr + 4 y"'y' + 3 y"*), etc. 


2 Another way is the following, which will lead us to a fortnuh 
that we sliall need latei 
We have 

ycosfsssma;. 


or setting. 


«=:S1Q^ Ssscosr, 


«=J« 

Now by Leibniti’a fo™u^ 
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Also, by 406, 4), 5), 

z=: sin z<"> = cos^^ +ap^- 

Hence 1) gives 



This gives the recursion formula. 



+ tanx I — I • 

Setting X = 0 in 2), we get 

/">(0)-(^2)-^<'-=>(0)+(”)/<'-^'(0)-...:= sin^. (3 

Taylors Development In Finite Fo}'7n 

409. 1. Using derivatives of higher order, we can generalize 
the Law of the Mean as follows : 

In the interval 3( = (n, 6), let ./“(x) and its first 7i — 1 derivatives 
he continuous. Let /‘"’(x) be finite or infinite within 31. Then for 
any x in 3(, 

/(^) =/(«) + + - 

where 

a <.c<.x. 
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As in 397, we introduce an anziliary function 


-/« »>(*)- 1 


<2 


w^ere A is independent ol u This function ts obvionaly a con 
tinuous function of u in SL for any sr in S( Differentiating with 
respect to u, we get, observing terms cancel in pairs, 

(3 

for an} w intAin ^ 

Thus the derivative of^(tt) is finite within 2t 
To apply Rolls e tbeorcni to ^(u). with reference to the interval 
iS s ((f *), It 13 only necessary to determine A in 2) so that 


But obviously 


^(*)ssO 


We therefore suppose A so chosen that 

0=Ar)-/Ca)-(*-o)/V)- • 


(4 


Then by RoUe’s theorem, there is a pout b<c<*, such that 
9 '(c) = 0 

This in 3) gives 

(5 

Aa e =^: *, the first factor ui 5) u not 0 Hence the parenthesis 
IS 0, which gives 

/'•»(«)=* X 

Putting this value of A u 4), we have 1) 
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2. The formula 1) is culled Taylor's development off{x) in finite 
form. 

It may also be written as follows : 

a; = a+7/, c = a + Bh. 0 < 5 < 1. 

Then 1) becomes 

/(« + A) =/(u) + A/'(«) + + - 

+ + OK). (6 

72 — 1 ! 72 i 

(1 + in 31. 

410. 1. Let /(z) and its first 72 — 1 derivatives be continuous m 
the interval 33 = (u — « + H)> while is finite in 33- Then 

for any x in 33, 

/(^) =/(«) + + +•” 

+ (I 

72 — 1 ; n I 

=/(« + fO + ^/'(«) + f /”(«) + - 

+ + 0/2), (2 

72 — i ! 72 . 

where 

a:=a + ^, c = a + &h, 0<B<1, j72|<2?’. 

The truth of this theorem for the left hand half of 33 follows 
from the fact that the reasoning of 409 does not depend upon a 
being < 7> ; it holds when a >6, if we change x and c accordingly. 

2. When a = 0, 1) gives 

/(3=)=/(0) +fj/'(0) -f |^/"(0) + ... +|:/(")(fe). (3 

0<d<l. 

This is known as Jlfaclaurin’s development. 
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411 1 Let/(x) = ainar 
I-rom410, 3) we get 




The 8 e iemvila wte wwv tve«*‘*Mvly the 

Let _ 

0<x<-^ 

These formule show then that 


From 1) we hsTe again 


As before, we get 




From 
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we have 

See 304. 

413. 1. Let 

From 410, 3) we get 

k 

Hence, as in 310, 


lim ^ ~ ^ ^ liin a; sin 0x 

x=o ar 2 t>! r=o 

-h 


/(a:)=log(l+x). 


log (1 + a:) = g - O<0<1. 


lim 

x=o X 


2. Let 

From 410, 3) we have 


2! (l+0a:)2 
log (1 + a:) ^ ^ 

X 

f(x) = a> 0. 

a:^ ■ 


a* = l + ^log<j + |^log2a*a®'. O<0<1. 


Hence, as in 311, 


3. Let 


V 1 

lini = log a. 

rssO ^ 

/(a:) = (H-z)'‘. 


We get from 410, 3) 

1 + x)'* = 1 + /IX + ; 

Hence, as in 312, 


0+*)“=i + ;«+*’-*-^4-^(i + fc)'“’- l*l<i. o<e<i. 




lira- 

acaO X 


FUHCTIONS OF SEVERAL VARIABLES 

Partial Differentiation 

414. The definition of a partial differential coefficient and a 
partial derivative of a function of several variables is analogous 
to tlie corresponding definitions for functions of a single variable. 
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Let/C^j— r„)be defined over a domamJ), for which 'T*) 

\s a proper limiting point 

Let = (i| • I..], JF,+ A, ;^) be anj point of A different 


from X If 




A 


(1 


IS finite or infinite, it is called the (first) partial differenttal coefi 
cient off with reipeet to x, at the point x The aggregate of these 
i]'s defines a new function over a certain domain A which is 
called the (first) partial denvatite off uith rupeet to x,. 

It IS denoted variously by 

».). (2 

When A lo 1) la restricted to positiie values, tj is called a right 
hand partial differential eoeffeienU and then aggregate gives rise 
to the ri^'At AunJ partial dertvatut with retpeci to x. 

The meaniQg of the terns teji hand partial di^ercRtiaf eoe^cient 
and drnratue tcifA reipeet to x, is obvious 

They are denoted by putting the letters It and h before the 
symbols 2) 

The function /(sfj *,) has therefore in general m (first) par- 
tial derivatives, 

3r, Sxj 

The process of obtaining these partial derivatives is called 
partial differentiation 


415 FiiMn.e ^ ^ ^ 

/|[iy)=Vi*+s«. 

U tb« point z, S ts not at the OTigtn, 

z* + v*>a 

We can tberefore appl; 3*8 and 387, getting 

y, * af_. 9 

5i V^+i*’ VF'+T* 

Thus tbe partial denratiwa with respect to z and y exist at all points diSerent 
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When the point x, y is at the origin, we cannot apply this method. (Compare 
SSS.) 

We therefore proceed directly. We have 

A/ _ y/Ax^ 

Ax Ax 

This shows that 

0 ) = + 1 , 0 ) = - 1 . 

Thus the partial differential coefficient with respect to x does not exist at the 
nririii. Similarly, 

jiT,(0,0) = +i, L/,(0,0)=-i: 
and tl>o partial derivative with respect to y does not exist at the origin. 


416. In the case of two independent variables, the (fir.st) 
partial differential coefficients admit a simple geometric inter- 
pretation. 


Let the graph of 

2=/(a-, y) 

be a surface S. The plane 

?/ = constant 

intersects in a curve C. 



LetPr be the tangent to (7 at P = (x, y, z), making the angle 6 
with the a;-axis. Then 


— = tan 6. 
dx 


Compare 365, 

The partial differential coefficient 


has a similar meaning with respect to the y-axis. 


417. Let/^^(rj[ be finite for a domain A. We may now 
eason on as we did on f. Let a: be a proper limiting point of 
and a/ =(xj x^+i any point of A different 

f''om X. 
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IS finite or infinite, 17 is called the second partial differential eoffi 
eient of f mtb respect to z, at the point x, and is denoted by 

*■> 

The aggregate of these ij'a will define a new function over a cer 
tain domain which is called the second partial denvatice, 

^Tit respect to a , (Am ict(A respect to Xj 

Proceeding in this way, we may form third, fourth, partial 
differential eor^eienti and dmmtioe* 


Change t/i the Order of Differentiating 

416 1 Iq almost all cases which occur m practice, the partial 
diSerential coeEBcient has the same value, however the order 0! 
differentiation u chosen For example 


That this IS not always true is abown by the following example 

2 ^ /or points different /rom the onmn 

X* + y* 

= 0, for the ortgm 
Then if «, y is not the ongio, 

a 


dx 'la:*+y* (** + y*)*j’ 


At the origin. 


Sf_[ ^-^ 4g».v» 1 

ay l*»+y* (**+y»;»/‘ 


(2 


(3 
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From 1), 2) we have, in particular, 

/' (a;, 0) = a;, a; #= 0. (5 

Consider now the second partial derivatives. 

From 1), 2) we have, for all points different from the origin, 

8a^/ ] dV 

dzdy z^ + 1 (a^ + 1/^)^ J dt/dx 


At the origin, we have from 3), 4), 5), 




Ay’ 


0)=-l. 


Ax Ax 


■■■fl'Ao, 0) = + l. 


(6 

O 


Hence, at the origin, 

ay ay 

aa;ay ayaa; 

3. In connection with this example, we may warn the inexperi- 
enced reader to avoid certain errors he is likely to fall into. 

To get the equations 3), i.e. 

/X0,0)=0, /;(0, 0)=0, 

it is not permissible to set a: = 0, y = 0 in the relations 1), 2). In 
fact, these formulm were obtained under the express stipulation 
tliat this point a: = y = 0 be ruled out. 

To get the equation 6), i.e. 

/;X0,0) = -1, (6 

it is not permissible to differentiate 4), i.e. 

/i(0,y)=-y, (4 

with respect to y, thus getting 

and in this set y = 0, getting the required value of/i'(0, 0). 
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In fact, the relation 4) was obtimed under the express condition 
that 

SvTOilac remarl.s apply to^(0, 0) 

Junior students are so accastom<Hl to differentiate with their 
eyes shut that they often overlook the fact that formulse and 
theorems are usually not universally true, but are subject to 
more or less stringent conditions Compare also the example 
of S88, 4 


419 It is easy to see a jmort why f^(a, 8) may he different 
from fftioK) 

By definition, 




^(a,8)8> lim 


/,(a 8 + k)-/;(e.6) 


wlim U l.m t*) -/C?.^ + *) 

W * I h 

_to&+AiwM) Cl 


Let us set 

F(k, k) = + h.b + h + k) ~f(a + h, 8 ) +/(«, 8 ) 

Then 1) gives 

J)= lim lim F(_K, k) 


In a aumlar manner we find ^hat 

4) =. lim hm IXK, i) 

These formul® show that ^(a, 6) /JJ(“ h) are double iterated 
limits, taken m different Older It u therefore not astonishing 
that a change in the order of passiug to the limit may produce a 
chauge in the result Cf 322, 323 
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420. 1. We consider now certain cases when it is possible 
to change the order of differentiation in a partial differential 
coefficient. 

Let f(xy') he deji?ied in D(a, b'). Let L* be the deleted domain 
of J), IFe suppose : 

ay that /I ezists in J), 

^y that f'Jy exists in jD*, 


Then 

If moreover, 


7) that liin/ry = \. 

5) = X. 


finite or infinite. 


(1 


Zy fl exists for all points of D on the line y = b; then 

(2 

We suppose first, that all four conditions a-8 are satisfied, and 
show that then 

, fjyi<i,hy=f%ia,by. ( 2 ' 

Let 

V _ + h,b-\-k)— f (a, b + k) —fija + h, by +/(q^) 

hk ’ 


as in 419, We introduce the auxiliary functions 

^(®) b+ky —f(x, by, 

^(.y) =/C« + b, yy -f(a, yy. 

Then , , . 

hkiFx^aia + hy-aiay 

= E{b+ky-M(by. 

Setting, as usual, 

h = Ax, k — Ay, 

we have from 8), 


Ay 


-fyQc.by 


e(xy-. 


where e= e(a;) is a function of k and x, such that 


lira €= 0. 


(3 

0 

(5 

(6 


a 



■>L,6 DIFF£RENTIAT10’« 

ffW = 4/=iWC»‘)+<WI (8 

Sunilarty by a) 

niy) = fi + vcyi ! . C9 

where 17 = i 7 (y) is a function of h and y such that 

(10 

Then 5) 8 ) give 

i’-JWCa + 'i «)-/.(« <) + .(« + <)-<«( CM 

Similarly 6 ) 9) give 

*+*)-/.(■> (12 


Od the other hand nre can apply the Law of the Mean to 5) by 
virtue of a) getting 

Af — €?(«) «<e<a + A, or a+A<tf<a (13 

Differentiating 8) neget using 13) 

kF-lAich + k}-r,(eb)\ (14 

By virtue of 0 we can apply the Law of the Mem to 14) 
getting + * or ft + A<rf <8 (15 

From 11) 15) we have 

(16 

From 12) 16) we have 

r.c- ’■+n-/'.(My , 1(6+1:) 


IVe can now apply 324 to 16} 

Wby,) W,Cci,_li. 
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lime(a + A) = 0, lime(a) = 0. 

i=0 feO 


Hence, letting k first pass to the limit, and then A, 


. = lim limT^ 
»=o i=o L 


■^(<z + A, 5) — , e(c4-A) e(a!)"] 

h h A J 


»=o A 


(18 

Similarl}', 17) gives, letting first A pass to the limit, and then A, 

(19 

The equations 18), 19) prove 2'). 

2. If n-e vish to prove 1), without imposing the condition S), 
we have only to observe that 17) has been established without 
reference to S). But, as has just been shown, we can conclude 
1) from 17). 

3. It is well to note that this demonstration does not postulate 
the existeiice of /yj.; or the continuity of either of the second 
partial derivatives ; or the continuity of fl in D or D*. 

IVe observe also that x and y can obviously be interchanged in 
the statement of the above theorem. 


421. Tlie case which ordinaril}" arises is embodied in the fol- 
lowing corollary ; 

f-ry f'lry f% continiious m the domain of the point a, 6. 
Then A) exists, and is equal to f’J,/{a, A). 


422. It is easy to generalize 421 as follow's : 

Let the partial derivatives of f(xi •••Xm) ^if order he continu- 
ous in the domain of the point x. Then we can permute the indices 
I in 


•" ^m)> 


uithout changing its value. 
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Since anj permutation ot the n indices 

*• 

can be obtained from &D]r other pecmut&tion 


<1*1 *«• 

by repeated intctcbangea of successive indices, we bave only to 
show that we can interchange any two successive indices as 
in 1) without changing its value 

Let us mtrodnce the function of , 

^(*'1 


where we consider all the variables on the right as fixed, except 
the two noted in ^ 

Then, by 421, 


Differentiating 
given, we get 


now with respect to 


r:: 




in the order 


423 1 
at * = o, w 

where A is 


Totally DtfferenliahU Functions 

If the function /(t) has a finite differential coefficient 
e saw that 

A/=/'C«*)A + oA, 

an isctement of x, and a is a function of A, such that 
Inn asO 


Under certain conditions, to be given later, an analogous theorem 
holds for functions of several vanables Let A/ be tbe increment 
that /(s, - xj) receives when we pass from the point a=(aj - o„) 
to the point a + A = (oj + Aj «« + A„) 
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Here any of the h's may = 0. Let 

Af + «A h 

where the are functions of 7tj — 7i„, such that 
lira = 0, ••• lim = 0. 

fc=0 »=o 

Tlie function f is, in this case, said to be a totally differentiable 
function at a. 

We call ^7/=/;(a)^, + ...+/;„(a)7.„ (1 

the total differential of f at a. 

Thus, when f is totally differentiable at a, A/ consists of two 
parts, a iz. . ^ ^ ^ 

Here the «'s in the second part have the limit 0 when = 0. 

If we replace a by a: and set 7ij = dxy, • • • h„, — dx„, 1) becomes 

<if=f!rfx)dxi + — +fi.ffx')dx„ 


=S*i+ 


BXfj, 


424. 1. It is easy to give examples of functions which are not 
totally differentiable at every point. 

Ex. 1. 

Consider 

/(a;, y)=Vi^ = -v7a:2^2 

at the origin. 

Here 

/Ko,0) = o, /;(o,o) = o. 

Hence 

<7/=0 (1 

at the origin. 

Suppose now f were totally differentiable at the origin. Then 
the increment A/ would, on account of 1), have the form 

Af=ah + ^k, (2 

where the limits of a and are 0. 

This is not possible. 



270 


DIFFEBESTIATIOV 


For, we Lave directly 

= (3 

Fcoia 2), 3) we have 

V|«I = «A+j9* (4 

To show now that the linuta of «, are not 0, let A, = 0, 
running over the line i in the figare 
Then 

h=pcosB k^paiaff 0 eonttant 
This in 4) gives 


Ifn 


(S 


pVsin 0coa0 ^ p(ttci>s0 + 08in 0} 

Vj atn i0st acoa 0 + 0ain0 

a»0, 

the limit of the right side of $) u 0 , while the limit of the left 
side depends on 0 U'e are thus led to a contradiction 
2 Ex 2 

/(zy) » for z y not the engin. 


s 0, for the origin 
= lii 

y;(0 o)=o 




d/=0, 

at the origin If now / were totally differentiable at the ongin, 
we would have 

A/=«A + j8Jfc, 


Hence 


rcoa06ux0=r(*iCQa0 + ff%\i\0y 
cos dein d=«co3 d +>9 sid 0 
Letting now h, k:sO, this gives, m the limit, 
cos0Btn0ssO, 


which IS absurd 
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425. Lctf(xy') he defined in the domain D of the point P= (a, J). 
Ife suppose that : 

d) f'x exists in P, 

/3) fy exists at P, 

7) or fy is continuous at P. 

Then f is totally differentiable at P. 

For, 

A/'=/(a + A, i + *) -/(«, S) 

= ifip- + /t) i — f(s^i i + ^) s + 5 + ^) fiffh') j 

= Aj + Aj. (1 

By a) we can apply the Law of the Mean to Aj, getting 

Aj = hfl(c, J 4- A). a<c<a + h or a + h<c<.a. (2 


By ff) we have 

A2 = il/;(a,i)+y9}, (3 

where yS is a function of such that 

lim /8 = 0. (4 

From 1), 2), 3) we have 


Set 

Then 


A/= hfffc, h + k')+ Mfyiah-y + 
« =/i(c. h + k') -fjria, 6). 


A/= hf^^aby + kf'y(a, b} + ah + fik. 
By 7), lim « = 0. 

A.JM) 


(5 

(6 

O 


Equations 6), 4), 7) show that/" is totally differentiable at P. 


42G. 1. Under less general conditions we can generalize 425 
as follows : 

a) Letf(x^ ... xf) be defined over the domain P, of the point x; 
and have finite partial derivatives f^^ '‘'fx„ 

Let f^^ he a continuous function ef x^+i ••• a;„. 

«=!, 2 m. 

Lhenf is totally differentiable at x. 
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To fix the ideas, take j»=*3 Wefeaie, setting for bievitj, 

2-, = S’, + Aj ar, =s », + Aj, a-, = xj + Aj , 

= /(^iVs) -/(*»*»»») “ { -/( 2^iV*) I 

= A, + A, + ii3 

By virtue ol •) we tan appl> the Law of the Mean to each of 


these ^ a, getting 

^ = A^,(x, *, + X,), (2 

** + ^3*3) C 3 

Miloag use of 0 ) we may write 1). 2) 3) 

+ ^i“i- 

+ (8 


ana lor a s u, 

liffl<i{aO, limn, a 0 limaysO 

Thus 

Af~ df-ir Vi + + “s^ j 

Since the as convei^e to 0 ^la totally differentiahle at the 
point X 


2 As a corollary of 1, we have 

Lttfix^ xJ^MaUtftfthe eondaton$ m\ 0') for a Teuton R Then 
f i» totally difftrentiahU at every fomt of R 


427 1 Let the partial Jeneatne A.(*i *■>•) eontinuoui in 

the region R Then the difftrenee quotient 

in any limited perfect domain D, m R 
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For, by the Lnw of the Mean, 

- a:„). 

But being continuous in L, the function on the right con- 
verges uniformly to by 352. 

2. Let the partial derivatives of the first order 

- fi'r^ 

be continuous in the region R. Then the as in 

A/= ^/+ *1 b «mAa:m 

converge uniformlg to 0, in any limited perfect domain 2), in R. 

For, referring to the proof of 426, we have 

- ^.-v - *„.) =/4(a:i - xf) -h a,. 

Hence by 1, the «’s are uniformly evanescent. 

428. 1. Let the first partial derivatives of f(x-^ “• xf) he contin- 
uous in the region R. Then f is continuous in R. 

We have to show that 

» + ^'i — =/(^i — xf); 

or, what is tlie same, 

limAf=0. (1 

»=0 ' 

But, by 426, 2, f is totally differentiable in R ; hence 

A*^=<(/’+ V'i+ + (2 

As 

lim df=Q, lini «, = 0, — lim « = 0 ; 

*=0 AkO AsO 

passing to the limit in 2), we get 1). 

2. As corollary, we have : 

If all the partial derivatives of f(x^ ••• xf) of order n are continuous 
in the region R, then f and all its partial derivatives of order ■< n, 
are also continuous in R. 
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429 1 At eaeTt point of a region B let 

Af«5iAri+ +f,Ai«+«iAyi+ +<x*Ar,, (1 

where the q t arefunetiotu of x and the tt t are functione of x and 
Ar fet 

hm«. = 0 « = 1 2 m (2 

Thenf u totally differentuAle in R and 

. tt 

t or, let all the A* b be 0 except Hz, Then 


Pasamg to the limit, we get 3) That/ u totally differentiable 
follows now from 1) 2) 


2 £<t 
nR Then 


hor, by defimlion 


K-l 2 n 

+t—dx. 

Let all the dx a, except dx, be 0 Then 

-f-'- 


df^ 




Asrfr.^O we have 4) 


430 1 let fs=f(ui «,) a — ^») < = 12, n 

Let the image of (he region X he the region U Let f be totally 
di/VrcstiaWe in V and eachg he totally different able in X Then 
f eoniidered at a fnnoUon of the xt \* totally differentiable in X 



TOTALLY DIFFERENTIABLE FUNCTIONS 


275 


Since the /s are totally differentiable, 

A 'V' A tV A f = l, 2, •••W. 

<5** «= 1, 2, ••• wi. 

Since /(itj ••• m„) is totally differentiable, 

^/ = S + ?/3 t = 1, 2, • • • n. 
-*7 oft, 

Replacing tlie values of Aw,, given by 1), in 2), we get 


if = f ?!1. + V «3 + ... + V 5&W 

Vfl»i du^ flx'j 6u„ Sij/ ^ 

+ ^ !^^3 + ... + £!f-"W 


where 


/^0!^ 3/ 

\d>li dT„ du^ 


5a:, „ 5w„ 5a:n,y 


+ 7jAxi+ ••• +7„Aa;„; 


lim7i=0, — lim7„=0. 


Aa:j, — Ax,„ = 0. 


Then, b}' 429, 1),/, considered as a function of the a:’s, is totally 
differentiable; and 


a/ dii„ _ y 3/ du^ 

3xj 3 Hj 3a:j , 3 m„ 5Xj dii^ 3xj 


3x„ 9i<i3x„. 3 m„3x„ 4^3if„3x„’ 


Also, 
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2 We have f being considered as a function of the * s, 


or 




Thut to jind df f eonsidercd at o fwietxon of the * * we mat? Jint 
find df cone dered ai a fttnefton of the u i and in the remit replace 
the dn i hy their value* tn the x * 


3 Aa a corollary of 1 we have 
let 



df 



au.' 

d«. 

he eontinuoui t 

nU let 




1=1 2 n 

df. 


dxi 

(e ecntiniiouB t 

n X Then f centtdered at o /unction ijf fAi 


totally iifferentiahle tn X 

For b; 426 2 / considered as a function of the u a and the m s 
considered as functions of tbe xa are all totally differentiable 
Hence by 1 / considered as a function of tbe as is totally 
differentiable 


Some Properties of Differentials Higher Differentials 
431 In this section we shall suppose tbe total differentiaU 
which occur exist in a certain region R in which * = (i'| r„) 

ranges 
1 Let 

-F* effi + + eff, e a 

dF= e■^df^ + + e,df^ 


Then 

For, 


eonitantt 



2. Let 
Then 

For, 


3. Let 

Then 

For, 


PROPEHTIES OF DIFFERENTIALS 

F=fg. 

dF=fdg + gdf. 


F=-' g ^ 0 in R- 

r 
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I dF 


/1^/A 

^ dx, dx. 




g'^dx^ ‘ g^'^dx^ 

- ^ 9^f~f^9 . 

9 9“ 9“ 


432. The partial derivatives involved, being supposed continu- 
ous in n certain region R, let us form the expressions 


■ i =/=2 


5y 


dxdx.dx^ 


dxjdXjdx^i i,3,K=l,2,—m. 


They are called the second, third, ••• differentials of /(zj •••*„), 
respectively, in R. 
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-S-. iS) 

Cl 

since dx^ acts as a coostaot with respect to the symt’o^ i- 
Then 1) gives 

4f 

In the same way we find 

d‘f»d d-y 


433 1 Let «’=/(«, «,), while u^ «, are functions of 

*, x„ Let ic wlien considered as a function of the ss, be 
denoted by Let (loally all denvatives involved be 

continuous i hen 


dF = V~Ju 

^ du 


(1 


-Jif+Sgd-., 


(2 
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af 


+ v|^rfX 

^ au. 


au, an. au.+%X ^ '*’“. '*“. + S £ <*’». 
af 


af 


'■ X au a^^. • 


au.aii^au^ 

»,Jt ‘ < ‘ ‘ 

In the same way the higher differentials d^F— can be calculated. 

2. Incase 0, == 0, - 

we have ^ ^ ^ ... 


434. Let all the partial derivatives of f(x-y •••a^m) of order n be 
continuoxis in the domain B of the point x. 

Then, if x+h lies in B, 

f(x^-\- Aj - a;„ + Am) =/(a;i-a:„) ^ df(x^ - a;„) + ^ d2/(a:i - »„) 

+ ••• + + ^Aj ••• Xm + dAm); (1 


setting dx^z=h„ and 0<d<l. 


Tlie expression on the right of 1) is 
called Taylor's development of f in finite 
form. 

For simplicity we shall suppose 7/? = 2. 
The reasoning in the general case is 
precisely the same. 

To avoid writing indices, we shall call 
the variables x, y. 
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Let X, tfho zxij point oD the line L joining the points a, h and 
a 4- A, J 4- A: Then 

zsa + uil, ff = h + uk 0<u<l. 

Also let b+uk)^g(y.') 

Then, when u runs oyer the interval 2I = (0, 1), the point x^ 
tuns over the interval on L between th 6 and a + A, 6 4. ft 
By 433, 1, we have 

^'(u) = (P/(x, y), y). 

Thus y(u) and its first n derivatives are continuous functions 
of u in 9 

Applying 409, we have 

K«)=SC0) +f,y'(0)+^y'('))+ + 

o<d<i. 

Setting here u^t, and obseriing that 

y(l)=/(n4-A,A4-Ar). y(0)=/(n, A), 

/(0)= rf/(n. b). y"(0) = d*/(a. b), 

= d*/(fl + W, 6 + dftX 

we get 

/(»+*, 8 +«=/(«, s)+i<iy(«, i)+ .. 


435 In Taylor’s development of a function /(r) of a single 
variable [409], we have only assumed that /'"'(x) is Jimte within 
?1, whereas, in the coriespondii^ development of a function of 
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several variables, ve have assumed [43-13 that all the partial 
derivatives of order n are conthuwus in D(a'), in order to use 430. 

It is interesting to note that the development may not hold if 
these derivatives are not continuous. 

Consider the function 


employed in 424, 1. 
■ We have 


/' =- 


f -1 

1 ^ “ 9 


- V|^|3 
/;(:r,0) = 0, /;(0,y)=0. 


X, 


The derivatives of the first order are thus continuous, except at 
the origin. 

Let P = (x, t), Q = (x+h, x + h) be two points on the line 
y = x, which we call L. 

If now Taylor’s development were true in a domain about a, in 
which the nth partial derivatives were finite, we could write, tak- 
ing here n = 1, 

/(x+7,, x + h)^f(x, x)+h\m, I)}, (1 

where (f, f) is a point on L between P, Q. 

This formula should be valid for all x, h. But in the present 
case 

m, ?)=/;(^D=isgn ^ 

Thus 1) gives 

= ja;|-fAsgn (2 

That this result is false is easily seen. 

For example, let 

cr=-l, h=5. 

Then 2) gives 

4=1±6, 

= 1, iff=0. 



CHAPTER IS 


mptiat nmcTiojTs 


43e 1 Let 


IXt, 


be i telaUen hetweeu the nt 4- 1 vanahlea • x^u 


Let 


G 


be a aet of Talnes auch that the eqoatioa 




(2 


IS satisfied for at least one value of u . t e the equation 2) id u 
admits at least one root Let P be the aggregate of the points 
rai(zj for n-hicb I) has at least one root u Wema/con 
aider u as a function of the as, ar.) defined over 

where ^(Zi f.) lias assigsed to it at the point z, the roots v of 
1) at this point 

We say « la the /anctwn defined by 1) It 13 in general 

a many valued functiou 


L Ut 

1m defined ' 
fimctioa 


exaitFi.» 

I domain Z> I.<t f be ibe image cf D Tben 3} defines : 

*=ffCr> 


defined orer E, b; 317 Tbie aasie foDctMo mar be considered as an 
l««o.,i,*il,»db, 1-/00- 1Xt.,)-0 


2 . let/(z) = 1 forererr z in i) = ( 01 ) Uweset 


(3 

Implicit 


»=/{*) 

the fniage f o( i) u tlie single point |’~ 1 The invetse function 
* = »(») 

b defined 00I7 for r = 1 , at tbit pomt g takss so all Talnes between 0 and 1 
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3. Let jP = 0 be the relation 

x’ + y’ + s*-r» = 0, r#0. (4 

At each point of the domain D, 

the equation 4) admits one, and in general, two values of z. The equation 4) 
therefore defines s as a two-valued implicit function u of x, y. Over the domain J}. 


-f y- -f 2- = 0. (6 

In this case there is only one set of values, viz. a: = y = 2 = 0 satisfying 6). Thus 
2 is defined only for a single point, viz. x — y = 0. At this point, r = 0. 


*2 -t- y’ -h 2= -f = 0. rgtO. (6 

This equation is satisfied for no set of values of z, y, z. The equation 6), there- 
fore, does not define any function z of i, y. 


6. sin- 1 ( + cos^ ti — - = 0. (7 

P 

Tills cquatfon admits no soiuiion except for points on the fine 

y-x. 

For all points on this lino, the origin excepted, the equation 7) is satisfied for 
any value of « in 35. 


2. More generally, leh 


Ml — Wp) = 0 

Fp(Xy Mj — 7tp)=0 


as 


be a system of p relations between the 7?i +p variables x, u. Let 
D bo the aggregate of points a:==(xi — a:„), for which the system 
iS is satisfied for at least one set of values of Uj--. We may 
consider the it’s as functions of the x’s. 




— ®r,), 

where the ^’s have assigned to them at the point q;, the values of 
the roots Uj ••• it^ at this point. We say itj Up is a system of im- 
phcit functions defined by the system S. These funotions are, in 
general, many valued. 
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8 Suppose we know that % set o{ v&luee 

a:j = aj *«=«« «i=6i = 

satisfies the spstem S Ivet us call the set of values u,= 

tnittal value* 

We wish to show now that under certain conditions, the system 
S defines over a region Jl a set of p one valued eontinuou* func 
tioQs u, in the variables *i satisfying S for every point 
of Jl, and taking on the above initial values at the point xs=a 
Furthermore there 19 only one *uch system of {unctions 

The method employed is due to Goursat £ull Soe JJati Je 
Fra-nee, vol 81 (1008) p 164 It rests on 3 principle having 
many applications in analysis, known as the Method of Sueeettwe 
jipprcnmafioR 

437 1 Let us first consider only two variables T)ie method 
employed for this simple case is readily extended to the most gen 
eral case We begin by establishing the fundameotsl 

Lemma Letf(x, «) he eonUntuiut and ^ exxtt in the domein 2», 
defined hy ^ 

a, \T—a\<ef, 

S. 

Jjft f vanuh at a, h Let ff he an arbitrary poeitwe numher < 1, 
tueh that 



[/(X *)i<T(l-<>)*9<T inSl (2 

Then 

«-*=/(*«) (3 

admit* one and only one eolation 

u^d> (*)i *»* 21 

ichieh i* contmaou* at a and take* en the tnitinf value a szh at 
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The function (f> is co7ttinuous in 21, and remains in 53 v>hile x runs 
over 2L 
We set 

«i - ^ =/(a > ^ ’'i). «3 - ^ =/(*> '"2)’ •• ■ 


Then all these «’s fall in 53- 

For, by 2), t/j falls in ig. Let us admit that «r_i falls in S3, and 
show that 7fr also falls in IQ. 

In fact, by the Law of the Mean, 


«r - Wj = («r - 53 - (773 - 6 ) 

=/(*, «r-i) -/(a:, 


Hence, by 1), 




af(a:, 7(') 

dll 


<5t, 


(4 


(6 

(6 


since, by hypothesis, 7/^-1 falls in 53. 

Thi7s, from u,.— b — (xi^ — 77 j) 4 - ( 7(3 — h') and 6), we have 


But 

Hence, 


|7(,.-6j<i7ti-61 + dT. 

I«i - ^ I = \fQ^^ I < (1 — ^) by 2). 

|7(r-6(<T; 


i.e. all the 7i’s fall in 53. 

We show now that for each x in 21, 


o 


U = lim v„ — ^(x) 
is finite. To this end we show 


e> 0, 777, l7f„-«„|<e, n>m. (8 

For, in the same way that we established 5), we can show that 

i Mr - Mr-1 1 < ^*1 «r-l - (9 
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Thus, we get 


[«,-«, |<^|«g-tt,|<^>7. etc. 


Hence 


la,-«,|<ij^(l + 0+ +F'— ') 

since 0<^<1 


(10 


if m 13 tstcn sufficiently Urge 
Thus the relation 8) is established 

Furthermore, the above reasoning shows that one and the same 
m suffices wherever x is taken in $1 Thus u, evnvtrgtt unxfirmlg 
to I7tn% 

Finally, by virtue of 7) U falls in ffl 
The function U satisfies 3) in 


let fi 8 00. Since / is coDtiooous, we get in the limit 

ir-b=/(r, H) 

We show now that U =* is continuous in S F or, since u. 
converges uniformly to ^(a;) in 8, we bare 

4,(X + A) = M,(ar + A) + (e'l < 

if n is taken large enough 

But Uj, u,, are continuous funetiona of x, since/ is continuous 
Thus, for sufficiently small S, 

for |A| < 3 and * + A m 2 


I 
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Hence 




We sliow' now tliat JJ is the onl)' root of 3) which is continuous 


at 


a and takes on the initial value h at «. 

For, let T'^=i^(a') be such a solution. 

If X is taken sufficiently Jiear a, V falls in f3. 
Then from 


V-b=fix, F), 


we have, by the Law of the Mean, 




= 17 '- 


|j d/‘(r, n') 

i 5a 


byl), 


<0'-'lF-«i|. 


Hence, passing to the limit, 7i = oo, 

77= 0, for all points of SI. 


2. As corollary of 1, we have : 


Let 


f(x, h). 


die 


he contimious in the doiiiam of the point (a, 6), and vanish at that 
point. 

Then , i j?/ N 

u—h=:f{r, m) 


idmits a nnieiue solution 

V = 4>(x'), 

rrhich is continuous in the domain of x—a, and has the initial value 
u = h at X = a. 
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438 1. By means of the preceding lemma, we can now prove 
the theorem . 

Lit *e eantinwout, and ttMt tn (he domain 2?, dtpui 

SJ, 

S, («-81<r. 


A( a, b let F = 0, while ^ 0 

Let 6 he an arbitrary pottbee number < 1, tueh that 


Then the elation 




I latit/ed bp a one valued eonttnuou* /unetion 


(1 

(2 

(3 


,«a. 

having the imlitil value b at t^a, and remain* tn @ while * 
ti inSh 

Furthermore, 3) admit* no other eolubon irAieA u eimfinwow* at a, 
and has the tnibal lalue iata 
For, consider the equation 


u~b=u-b^4 




=/(*. «) 


0 


Evidently this is equivalent to 3), * e every function u which 
satisfies 3) satisfies 4), and conversely. 

Here 

8u IZia, b) 


Hence / is conlinnous, and /i exists in J>, also / vanishes 
at a, b. 
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Furthermore, from 1) 


while from 2), 


< in D. 


J)|<(l-e)T, in SI. 


Thus f and /' satisfy all the conditions of the lemma in 437, 
and the theorem follows at once. 


2. The reader should remark that the preceding theorem makes 
no assumption regarding F'. This may not even exist. 

For example, let 

xsini=0, fora:=0. 

X 

Consider _ 

F(x, u) — X sin - = 0. (5 

X 

Here F!^ does not exist at a; = 0, ?< = 0. However, the equation 
5) defines a continuous one-valued function, which takes on the 
initial value « = 0 for a; = 0 ; viz.. 


3 . 1 

M = -V^sm— 

^ X 

3. As corollary of 1 we have : 

In the domain of the point a, b, let 

F(_x, w)> m) 

he continuous. At the point a, b, let 

F=0, 

Then the equation F(x, i()= 0 admits a unique solution 

u = 4)(x), 

xrhich is continuous in the domain of the point x — a, and has the 
initial vahie u = J, at this pohit. 



296 iMmCIT FtSCTlONS 

439 We haye seen ib 4S8 that 

!'(*.«•)*» 0 ^ 
la aatiafied bj a continuona function 
u = 4>iCr') 

iQ a certain iiitcr\a\ (« — «r, a + <r)*=(A B) and ^bat ttere » 
only one such function whicb = h when * =* a In general this la 
true not only for the interval (A B) determined by the theorem 
438 but for a larger interval ( C, B), containing (A, £y for, let 
flj be a point near one of the end poiota of (A S') L^t 6 ,= ^- 1 ( 01 ) 
Let us replace 06 m the ibeorem of 438 by Sj 6 j 'then the con 
dilions of this theorem are satisfied for a certain intei-ral (A^ Bj), 
about fl] , to which corresponds a continuous function 

diiterRuned riUuiiUoo that « Jnr x ^Of 
(Ai Bi) will in general extend beyond (A B) Ih the inteml 
(AtB)«hich the two ifttervab (A S) (A j Bj) havg yi common, 
the two functions 

4’i(*t) ^i(«) 

are equal Let ns define a function 

« = in (A E), 

= 4^(x} m (Aj Bj) 

Then the equation 1) is satisfied by this fimctioq m ^A, Bj), 
and It IS uniquely detemunef by the 
fact that it is continuous in (A B{) 
and has the value u=°d for z^a 
In this way we can continue extend 
ing on the right, and on the left, the 
original interval, until we are blocked 
by certain points beyond which we 
cannot go Such points may arise 
when F{x «) ceases to be continuous, ot when F, * q 
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440. 1. We proceed now to extend the theorem of 438 to 
embrace the system S of 436. 

To this end we generalize the lemma of 437 as follows : 

Lemma. Let 


and 


K 

dn^ 


Wp) — /p(*l — — Wp)» 

t, /c = 1, 2, p. 


be continuous in the domain L defined by 


S(; \xi-a^\<<T — \x,„-a„\<(r, 

and let •••fp vanish at the point (oj ••• ••• 5^). 

Let 6 be an arbitrary positive number < 1, such that 


while 


du, ^ p 


t, K = 1, 2, ••• p, in L. 


(1 


Jp)l<'r(l-^) = ’?> t = l, 2, (2 

Then the equations 

«i-^=/i(2^i-«p) - Wp-5p=/p(ah-«p) 

admit one, and only one, set of solutions 

fZj = - a; J - Up = (j>p(ix^ - xf) 

in 31, which are continuous at a, and take on the initial values 6j ••• bp, 
at x=a. 

The functions ^ are continuous in 31, and remain in SQ, as x runs 
over 8t. 

We set I rr r j. \ 

«u - - bp) 

Wpi -bp = fptix^ ••• xJi -bp) 

«i2 - ^1 =/iCa;i - - «Pi) 

“p2 - h=fp(Px — - «pi) 

eto. 
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We show^ HOW that all these us lie iii ® 

For, by 2), «,i are in S8 Let us assume now that 
Wi f 1 ^ T~i show that «j, UfT also lie in S By 

the Law of the Mean, 




+ <«Ar 1 -Mt 


the arguments of these denvalives lying in I> Hence, by 1), 


|«,.- 


-i-hll 


Thus, as 
we have 


<8t 




P 


01 using 2), 


4-1,2, p,f-2,8, 


which was to be shown 
We show now that for each * in a, 


**«) 

is ilmte 

To this end we show that 


«> 0 , m, 

4 = 1.2, 


(4 


For, as m 3), 

by 2) and 3), 
I«a -*^,|<^, by 5), 

|Wfc« — w, etc 


These relations are analogous to the relations 10) in 437 The 
rest of the demonstration can now be conducted as lu 437 to estab* 
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lisli not only the relation 4), but the remainder of the theorem in 
hand. 


2. We can state 1 in a form less explicit, but easier to remem- 
ber, as follows ; 

Let 

fli^l «1 - «?) - fp(.H — “t — «i>)» 


and 


du^ 


t, K= 1, 2, —p. 


he continuous in the domain of the point Oj ••• aj)^ ••■ip- 
Let these -f p functions vanish at this point. 

Then the system of equations 

•••«,) ••• Up-b^=fj,(x^-uff 

admits a unique system of solutions 

U^ = (f>fx^-X„') ••• Up = (j}pQXi-X„'), 

which is continuous in the domain of the point x^ — a^ — Xn~ct-mi 
and takes o7i the initial set of values ttj = ••• Up= bp. 


and 


441. We can ziow generalize 438 as follows : 

Let 

Fi(Pi — x„Ui—Up) — Fp{xi — x„u^ — stp), 


dF. 


^ ‘, « = 1, 2, - j). (1 

be conthiuotis in the domain I) of the point 

Q-, xi = a^ — x„=a„, z/j = Jj— ?Zp= 

Let Fi---Fp vanish at Q, ivhile the derivatives 1) have the values 

at Q. 


Let 


A = 


z7„.. 

•dip 

dpi" 

■dpp 


= 0 . 
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Thtn the eyiUm of equation* 

j’,=o (5 

I* tatiifed hy a *et offuneUon* 


uihtek are one valued and eontinueu* tn a eertatn region !(i dhout the 
and at thitjioint, theie function* have the value* 

Furthermore, (he eyitem S admit* tw other te( of p funetiont, ftm* 
tmtMua at a and tahng on t%e inittal raluoa b at that point 

We replace the sjetem Sby the equmlect sjetem 

. . . . (2 
+ — *,) -F, = g^ 

Since A ^ 0, tre can solve this ejstem for the differences Ui — iu 
and get 

+ei,?»=A 

. . . (3 

- 8, = e„<?, + + e„g, =/, 

Obviously, the functions g, and hence the functions /, are con 
tinuous in I) 
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So are the derivatives 




For 


where 


du^ 




+—+e 



ajt, ■" flzt. 


*,* = 1, 2—jp. (4 

(5 


Since the g's vanish at so do the /’s. Since the derivatives 
5) vanish at Q, so do also the derivatives 4). 

Obviously, therefore, the numbers cr, t, 6 of lemma 440 exist, such 


that 


A 

Bu, 


in D. 


(/.(xj - xj )^ ... Jp) 1 < T (1 - in 21. 


We can therefore apply this lemma to the system 3), Since this 
system and the given system 8 are equivalent, the theorem is 
proved. 


442. 1. Let — ^ (1 

admit a solution u=h, at the point x — a. In D(a, 6), letf(x-^ '••x„u') 
have continuous first partial derivatives. Let ^ 0 in D. Then 
1) defines a one-valued function it, in a certain domain A, of the point 
a, whose first partial derivatives in A are given by 


A^-ik 

dx, /' ' 


t = 1, 2, ...m. 


(2 


For, let a; he a point of A. Let x receive the increment Aa;i, 
while the otlier coordinates of x remain constant. Let the corre- 
sponding increment of u be Ait. Then 


f(x^ — Xi-^-Axi — x„u -f. Alt) — /(ar^ • • • a;„,it ) =0, (3 

by virtue of 1). Applying the Law of the Mean to 3), we have, 
setting a-[ = a;, 4- 0Aa;„ it' =u+ 6Au, 

f'xfTj^—xl--x^u'')Ax, -hf'fx^ — x! — x^7t'')Au = 0 ; 
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lilPtlClT FUACnOVS 


Am fmft’') 

A*, yic^i 


Passing to the limit, we get 2) 


Multipljing by the common denoroinatot, we have 4). 


443 1 Lit iht tyttem 

r ^( r , r .,«, «,)=0 

(1 

r,(T, .,).o 

admit a toluUon ustb at the poinf t^a Let the funeUont 
have eantiHUOui Jinl partial dertcatiiee tn i>(s, &). Let 

dU} 

<r= <*= 0 , inD. 

3 ? 3 ? 

Then 1) de/n«» a lysffnt Wj m, ?f one valued /unrttone tn a cer 
tain domain A of the potrit a, lehote fint partial denvativee in A 
are ^iven hp the eystem of equatione ‘ 

?5+?5?i+ +i?l!2i_o 

fir, 5a, 5a:, 5 b^ 5r, 

(2 

5z, 5i*, flz, 5a^ 5z, ’ 

witA non vanieAin^ determinant J. 
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For, let P — be a point of D. Let Amj ••• A«p be 

the increments of corresponding to an increment Aa:,^ of x^. 

Let 0 < < 1, and 


$. = (a:j-x^ + ^,Aa;, — a:,„, Wj + ^.Amj — Wp + ^,A«p). t=l, 2, ^-p 

bf bf 

Let 4>‘ be the value of and tjr,^ be the value of — ‘ at 

03 /^ OUf 

Then, by the Law of the Mean, we have from 1), 


A -r, . . A^i, . , Am„ . , Au„ „ 

A-^i = <#>1 + ^ + ti2^‘ + - + tip = 0 


AP, = *, + t„^ + ^„^ + ... + t„^'=0. 


‘Ax, 


Thus, 


Am 


til- 

■h‘ 

“tip 

tai- 

■ 4 ‘ 2 ‘ 

"tap 

tpi- 

■ 4 >p‘ 

"tpp 


til - tip 
tsi-tsp 

tpi - tpp 


(3 


Let Ax^ 0 ; the limit of the right side exists, since the partial 
derivatives of the F's are continuous, and J=^0. Hence the 

derivatives ^ exist. Hence in the limit, the system 8) goes 

over into the system 2). 

2. The determinant J is called the Jacobian of the system 1). 
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Application of Taylor’s Deidopment tn Finite Form 

444 Tfae object of tbe present chapter is to sbou' how lo cer 
tarn cases sre may determine the kmit of expressions of the type 

^ /W" 

-which, on «placing/(s).^C») by their limits, sss-ojae tbe forme 

^ 0 ®. r, o*. «« 

These are ordinarily called tndeUrmtnaU form 


US Suppose by the aid of Tayl^’s development in finite form, 
JT Otherwise, we find that, in 
/(x)= <.(x - o)" + 


»'>m 


where ip ^ 
Then 


limited in andc, 


/(z) ti+(x~a)‘' 


Passing to the limit arso, we have 

(0, il ja>n, 
b/A if m^n, 

V 00, if »n<«. ^ = sgQ~‘ 

P 

Sumlar coosideiationa apply to the left hand limit at a 
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* 

Example. 


pt ^ />»tnx 

liin£ i — = +l. 

1=0 « — sm 2 


For, 


c*= 1 + — +— +^4.24^(2). 
11 2 ! 3 ! 


Similarly, 


e'*'”' = 1 + X + i I- + 

/(z) = <F — e'^” * = J 2 * + 2*0(2). 
g(x) = 2 — sin 2 = i a? + 2^(2). 


The functions 
'Thus, 


0, 0 are limited in D(0). 

/(X) _ i -f X0(2) 
g(x) i + 2^(2) 


whose limit for 2 = 0 is 1. 


446. To find the limit of 

^ _ f(x)-g{x\ (1 

■when f and g are infinite in the limit, we may sometimes find a 
development of /(x), g(x) in the form 


*t-m 

(x — «)'■* 


, «-m+l 

{x-a)”'-' 


A f- rtfl + — ff) -1 1- (a; — 


valid in i)(a) or IiD{a'), the function being limited here. 

This method of finding the limit of 1) is best illustrated by 
an example. 

lim — cosec 2 1=0. 

1=0 \2 / 


■We have 


cosec 2 = - 


1 

2{I -220(2)}’ 


0(x)=i 


Hence 


1 


J , 2'=0(2) 

2 - 0 ( 2 ) 1 - 220 ( 2 ) 


-f 2V(x)i 




cosee 2 =i {1 -f 2^(2)}. 
i — cosec 2 = — 20'(2) = 0. 


’Therefore 
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447 When the independest TBmble ^ = + eo, we may get 


1 



which converts the limit into by 290. 




For. 


y = a>a 

bm|r = ]oea. 

«•*=«• = »-M« ^ I -f B log a + uVC*b 
♦(») » I log**. 

r e |og4 -f »#(■} 

■ log*. 


448 When the preceding methods are not conrement, ve may 
often apply with success one of the following theorems These 
rest on 


Caueky't theorem Let fV*). he contmuaui in 3lBa(a, i) 
IFJtAin %, Ut /■(*) he /ntte or sn/mte «nd jfnite end ^0 
Then 

g(6) -^(d> ^ 


We note first that g{i’y-*^g{a) Fox, jf 5 ( 6 )=»p(a) ^ can 
apply RoUe’s theorem to which ehowa that g'(_sy must vanish 
within 2 C, which is contrary to the hypothesis 
To proi e 1), we intrndnce the auxiliary fanction 


i W -/W -/(.) --^ 4 ^ IK.) - K.)! 

Obviously IS coQtinuons in SI Also for points within SI, 
for which /'(*) IS finite. 


A'(x) =/(*)_ 


/C&) -/(«) 




%yhile for the other points within SI, &'(») is definitely infinite 
Finally, we observe that A(i) = 0 We can thus apply 

Rolle’a theorem, to A(*), which gives 1) at once 
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449. 1. Let f(x'),f(x') -/'"-"(a;), gix), g'^x) - g^^-^x) ie 
contmnous in 31 =(«,« + S), and vanish for x = a. Letf^fx) be 
finite or infinite within 31. Let f"\x') be finite and ^0 within 31. 
Let gfx), fix') ••• g^''~^\x)^Q within St. T?ien 


fja + h) fKc) 
gia + h) g^'‘\c) 

For, by 448, 

fja + h) 

gia + h) g’icfi)' 


a < c < a + 7t. 


fl<Cj< a + h’. 


(1 


ficd_ f"ic^) 
fief) fief)' 


a Cf^ olc. 


2. We note that the denominator ^(a + /i) in 1) is ^5:0. For 
otherwise, fix) would vanish somewhere within 81. 


The Form ^ 

450. 1. Let fix), gix) be continuous in R — RLia), and vanish 
at a. Let g' (a:) be finite,’ and ^ 0 within R. Let f (a;) be finite 
or infinite within R. Let 


fi^^ 


finite or infinite. 


where x runs over only those values for tohich f Qc) is finite. 


Tiien 

For, by 449, 


R lim 


fjrf 

gi^) 


X. 


ffi^) fiO 


aK^Cx. 


The limit of the right side, as x = a, is X. 

Hence the limit of the left side is X, for x= a. 


(1 


(2 


* slioviTd be ar in mind that a limit is a general limit, unless the contrary 

Is statciT Thus Itniy.'i'nnnr over all” values 'withir JS as it = a ; while in 1) it ranges 
only over a specified part ol U. ' 
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2 Ltt /(x"), tartuh at X— a nhih vxthn RD{a) 

Let/’{a) exiit finite or in/ntU Let ^ ja) tn»t and, le ^0 Then 


For, 


i21iin^ = 4^ 

/(»)-/(a) 


/(g)_ i-a /•(«> 

9{*) ai*) y(a) 


3 AVe can generali*e 2 im followa 

Let /(*) nnrffActr ^ret n — 2 <fertfaf»wt 8g wnfwuou* m 

RsHiXa'i i\ithni It M '’(g) be jintte'or triUnite 
ifmic and V, g* c'* **Cl Xcf/ g nni /rif n-1 rf wta 
ranitA at <mf« o r tnfint te, uhilt s ’Ca") ii 

ani ^ 


For, bj ^9, 


/.. 0(g) ,/<« Dfa) 

/'■ V) . ~~~c.r7- - - 
^(*) ^ ‘■■“(^) g* ‘^(«)-g* *'(a) 


But as g = a, so docs c = a Hence, passing to tbe Umit z=sa, 

we get 2) 

Eiantpta I *t lorntioOKlx. 

— 0 {or uralional z. 


Let g(»)-»ui*. 

Here /'(x) does not exist except at x = 0 where It = 0 Hence, by 2, 

^ p(x) p (0) 1 ^ 

a result which b obrioas Irom other cons iletationx. 

4 In 1, we assume the existence of X = ^ bm and then 

show that y (*) 

Slim4^ = X. 


0 
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That the limit on the left side of 1) can exist when \ does 
not is sho’svTi by the example in 3. It is also illustrated by the 
following : 


Let 



/(a) =552 6111^ 


for x^O. 


= 0, for a := 0. 


Let 

Tlien, for x^O, 

while 

Hence 


£r(i) = X. 


f'(x) = 2asin-— cosi; 

X x’ 


g'(x) = ]. 


. /'(*) 


: S lim ■ .. . 


does not exist. On the other hand. 


limM: 

1=0 9{X) 


: 0 . 


tVe observe that this result also follows from 2. 


451. Suppose: 

I”. f(x')i ff(x) are continuous in i?(+ oo); 
2°. fix) is finite or infinite in D; 

3°. (x) is finite and =/=0 in D; 

4°. /(+oo)=^(+cc)=0. 


Let 


lim r 7 -x-= X finite or infimte 

g'ix') •> 


where x runs over only those values for tvhicli f (x) is finite. 


Then * 

lim 


»=+<» 

We set 

1 


JL. 


Then D goes over into R— 


• C{. footnote, page 301. 
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Tie functions ^ not being defined for « == 0, we set 

«f(0) = t(0) = 0 (1 

Since f g »n continuous in i> ^ continuous in R, ij 

virtue of 1) and 

For points of D at witch/ (*) is finite, 

■*'<“> — •'■I*’ 

Hence at the correspoodiog points w in R. ^'(u) is finite. 

From tie reUtion 

Ax Au' 

we see that when /'(x) is definttel> infinite in D, ^'(u) is also 
mfioite at tie corresponding « point in R> 

Thus fp'(u) finite or infinite in R, while finite and 

^0 there 
Then by 460, 1, jf 

R lim = X, X finite or infinite 

u runniag over only those points for which u finite. 



(2 
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The, Form ^ 


oo 


452. Let f(a + 0), g(a + 0) he infinite. 
In R = RD(ji) suppose that 


Let 


1°. fQx), g(x') are eontinuoiis; 

2°. f'(x') is finite or infinite; 

3°. g'ipe) is finite a7id =^0. 

f'(x) 

R lim - - = X., X finite or infinite. 


X ranging over only those values for which ffx) is finite. 
Then * 


R\hn^^ = X. 
gix) 

Let a<a:<6<a + S. Then, by 448, 


ail] 
■ l - l -H — f; 


a z ^ 


b aT-S 


Thus 

whence 


mnm-im x<^<b 

/(^r) =/(6) -K^)|, 


Ar)__fCh} f'Q) 
g{x) g(.^) g'i^) 


1 - 


g(^) 


a 


Here h is any fixed point in R. 

Tliere are two cases according- as X is finite or infinite. 

Suppose X is finite. Let o- > 0 be small at pleasure ; we can take 
5 so small that 

f(D. 


ff'Q) 


■■ X -f <r^. 


[o-'[<<r. 


Let T>0 be small at pleasure. We can choose a + g<h, such 
that 

g(x) ’ g(^x^ 

are numerically < t, if a: <« + ?/< 5. 


• Cf. footnote, page 501. 
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Then for nil x in (a*, a + 17 ), we have by 1), 

^.v+o+oa-T") (2 

if 0 - and T are taken sufficiently small 

Suppott X u mfimtt tap \ = + <» Let SI>0 be large at 
pleasure ^Ve can choose j so small that 

^>0 

Choosing 17 as before we ha%e for erery x in (o* a +• > 7 ), 

If we suppose t< } and Jf sufficiently large, 

where & is as large as we please 

453 Let /(+<©) y(+ao) 6« tnjtjwfe 
In i)(+05), Ut 

1* /(*) p(i) ^e conti-^uout, 

2* /'(*) btfinOt «r tfijlmte, 

3® g'(x') he fitute and ^0 

— X, X_^nif« w 

Then 

hm 

-»• 3(*y 

We deduce this theorem from 452 in the same way as 451 was 
derived from 450 
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lh.e Forms O-oo, co — oo, 0®, 1", oo® 

454. 1. Let /(a:) = 0, ff(x') =±co. Then fQc)g(x') is of the 
lorin 0 ■ oo. 

f 0 

Setting = this form is reduced to g- 

2. Let /(t) ^ ± 00 , g^x) = ± oo, the infinities having same signs. 
Then /(a') — ^(a-) is of the form oo — oo. 

Setting 


f-ff- 


1_1 

f 

'' ' 
fff 


this form is reduced to ~ 

3. Let /= 0, ^ = 0. Then is of the form 0®. 

Let 3/ /(a:)>0. 

Then 


log ^ = <7 log/ = 


g 


is of the form 


log/ 


If log5r = X, 

then liin g — lim = e^. 

The other forms 1", oo® are treated in a similar manner. 


EXAJHPLES 


!• x>*log(l — cosx), ;i, *>0. (1 

t>as the form 0 . oo for * = 0. tVc may ynite it 


log(l — cosx) 

’ 

which has me foroi 2, xhe conditions of 452 being satisfied, we diSerentiate 
numerator and denominator, getting as new quotient 


sinx 
1— cosx 


1 xJ+'‘ 
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This has the form 5, for z = 0 Appiying «e, 1, we get, diflerentullng oi 


£limz‘log(I — *o»z)=0 


RlitDz* togz}* = 0 a, (i>0 


this CTprestioa a 0 If*>l wediffereDUaie 
S. At Snt ii^t one might ttuok that 


s a 1 This it boveter, oot trae IB ge&enL 


Hence the limit 3) u here e sod pot I 
Agaio, let 

TbCB 

/I") 


455 1 The treatment of iDdeterminate forma la many text- 

books IS deplorable 

We consider some of the objectionable points in detail. 

When fix), gix) ramsli at x=a, the function 


IS not defined at « 


0 



CRITICISMS 


309 


Some authors admit division by 0. 

From this standpoint the value of at a is hjd^ n bac a u se_j> 
takes on the indeterminate form The true value, as such 

authors say, may o ften be foun d b y a simple transformation, or 
by the method o f limits. 

For example, if 

f(f)~3?-a\ g(x)=x-a, 


the trite value of ™ay be found by removing the common factor 
a: — a in 


X — 
X 


—a ^ x—a 
^(a)= 2 a. 


Thus 


As al ready rema r ked, division by 0 is rule d out in modern 
analysis. 

Firs ^ because it is nowhere necessary ; and secondly, becaus e 
o f tlic difficult ie s and am biguiti es it gives rise to. 

The expression 1) has then no value assigned to it for x — a. 
We may therefore, if we choose, agree that in all such cases tj} 
shall have the value 


lim 

c=a 




when this is fini te. Some authors do this; in t h is case <f> has a 
t rue value at a. H owever, we shall make no such convention in 
this work. 


2. In this connection let us give an example of the so-called 

paradoxes which ar ise from division by 0. 

Let a; = 1 ; then „ ^ ' 

X“—l =x— 1. 

Dividing both sides by x — 1, we get 

x-f 1 = 1, 

whicb gives, since x= 1, „ - 


It is easy to see where the trouble arises. 
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When 0, we can always conclude from 
ae=he 


If, howevM, e 0 w® cannot always contlnde 3) from 2) 
In fact, take a ^ 4, if c *= 0, we still have 


456 1 To find lim^Car) some wntera proceed thus F rom 


^(b+A): 


they conclude that 


?(«»”+ A) g(B + 4)-g(B7 


Iim 


r(«> 


This la correct if fia\ if (.a) exists and the latteg is 0 
If both are 0, they say 

/<«) 

?'(«) 

la atill ir dpr^rmir^^tp Applying the p 
follows that its true value is that of 


This last st ep would be permissible, provided the first step 
showed tnat “ . 

lim A = lim ^7^ 


(3 


Bat it does not it shows only that 1) is true, and even here 
we must assume that ^(a)^0 

In order to take this second step correctly, we have proved 
Cauchy’ s theorem, 448 Cf 449. 450, 
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3H 


2. In this connection we note that we cannot always say tha t 

»i,d 

<7W J/'W 

have tlie same limit for x=a, when fCa) = ff(^a') = 0. 

For example, let 

/(a:) = ar sin g(x') =x. a = 0. 


Then 


while 


r =0 //(-r) 


— = 2 a; sin cos - a; > 0. 

g'{x} X X 


has no limit for a- = 0. Cf. 450. 


457. Some writers, using the relation of Cauchy, 


conclude now that 




This is true if f (a) , g' (a) are continuous at a, and g' (a) ^ 0. 


458. Some writers, in order to evaluate lim tfi, develop f(x), 
^f(a) into infinite powen series. The possibility of such a develop- 
ment is established only for a few simple cases in many text-books. 
For example, such books do not show that 

sec a, tan a, c®'"-' 

cnn_bc_ ^evcloped into power series; 3 mt they gi ve examples of 
irul eUrmiiia'te forms involving these functio ns. 

T here is, however, no necessity of using infinite series ; all that 
is needed for such cases is T aylor’s development in Uni te form. 
See 445, 446. 
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459 To evaluate the form ^ some writers proceed thus . 


Hence 


A/-*-! 

/(*> 


iS^ 

lim ^ C*) = lim = hm 


Dmding by lim ^C*)> they get 

ls*)imf(7)' 


/(*) 

/(») 




7 (^) 


T his method a^aurae* the existence of limdt'a rl. that tSi the 
existence of the very thing we are seeking is put in quesDon 
Suppose by thu method we find that 




for example, what right have we to say that therefore 


«« 


None whatever, until by some subsidiary investigation, the 
existence of Iim 4 > is established See 377, 3 


Scale of Infimtenmals and Injimties 

460 Consider the functions 

/(*)=Iog*x o,/S>0 

Both increase indefinitely as * = + oo We may ast which 
increases faster 
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The quotient 


Q = 


g(s>0 


is of the form 2S. The conditions of 453 being satisfied, we 
consider 

^ V’ip) ^ ^ 

I 

IfO<a<l, Qi=0; hence § = 0. 

If « > 1, we consider 


(O /''(a-) _ «• « — 1 log^-'a; 


Tluib if 0 < n < 2, ^2 = 0; hence § = 0. 

If «>2, we may continue this process. As the exponent a is 
diminished by unity each time, log x must have finally a negative 
or zero exponent. Thus in every case $ = 0. 


461. 1. Let/(3-), y(a:) become infinite for a: = a, a being finite 
or infinite. If 

lim4^ is finite and ^ 0, 

g(^) 

we say/ and ^ are of the same order infinite. If 

linr^ = 0, 

we say/ is of lower order infinite than g. If 
lim is infinite, 

we say/ is of higher order infinite than g. 

These three cases are denoted respectively by 

f(x')<g(^x'), f(x')>g(x). 

c may also sa}' more briefly, that /(a:) is infinitarilg equal, less 
than, greater than gix). 
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2 Similar definitions hold when 


If, for example, 


/(*)*= 0, ^(») = 0. 




we say /(z) is tnfmtelff tmatt rtlaltce to gCx"), or an injimtetima} 
of hj^er order tAan ff(xy We may also say /(*) w tnfiniCanly 
$maller than g(x) In symbols, 

/(*) <9i*) 


S Turning to the result of 4C0, «e have 

log«*<a:* «, /9>0. ar= 4-00. 

Aoicccer large « ii and Aowtier tinaff 0 


462 Let ua consider now functions of the type 
l^X 

Forx>i, we have 


0<logr<z 

For sufficiently large z. 

f,Z. IfZ, l^z 

are >0 We have, then, 

x>l^>l^ >1^ 

The values of these itera/td loganthms decrease very rapidly 
For example, let 


Z=r 1,000,000,000 =10» 


Then 

fjz = 20 723, = 3 031 /,*■ = 1 108. l,x =0 103 • 

{jX = a negative number. 

Hence l^x does not exist 


463 1 ITAcn i = + to. im have, »/ n, o,, o, >0, 

z* > l^x > > l^’X (S 

The sequence S may be called the togarithmie teale 
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To prove S, let 

Then « = -p oo with x. We have 

Ihu = lim =0, w = 1, 2, .. 

zi=4-® «3=4 -co 

by 461, 3. 

2. If «J, « 2 , ••• > 1, a: = +00 ; 

> l^xl^xl^Hx > ••• 

This follows at once from 1. 


464. Let a- = + CO, while «, Kj, ••• > 0. Then 


The sequence T may be called the exponential scale, 

I-'Ct /ex') 

Ax) = x% g{x) = e-^^, 


We apply 453. 


/'(a:) 
g\x) " 


If non' 0 < « < 1, ^ = 0. 

If«>l, f'{x) «(« - 

g"{x')~ a^e'^i^ 


If 1<«<2, this shows that ^ = 0, and so on. 
Hence 


To show 
let Us set 


u — e^. 


(1 


Then 


lim = Inn :r-rt- 
»=■+<« «=+« 


0 , 


as just shown. This proves 1). The rest of the theorem foUows 
now in the same way. 
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Order oj Jr^mtesunafs and Infimtitt 


465 1 Let z = Q , then x is %b infiaitesicaal ,3?,^ ue also 
infinites tmals 


Taking x as a standard, we maj say x* is an infinitesimal of 
order n, n being a positive integer, and, in general, if x>0, x* is 
an infinitesimal of order n, where ft is any positive number. 

Then, if 


IS finite and !#;0 we say that /(z) t* aatnjfniteiHmtf 0 / order 
hot ever} infiniteaimal, honever, has an order 
For example, by 464, there is 00 number ft, such that 


7?lmi ~ 

u not <3 Hence « * ha* no order 

2. On the other hand, an mfimteamnl /(z) may not have an 
order ^ because 

either does not exist, or when it does it is infinite or aero 
Thus 

xsin - 
«Iini 1 

-» tr 

does not exist Hence ^ 


IS an infinitesimal without an order 

8 Obviously, aimilat Tenarks hold for infinities 



CHAPTER XI 
MAXIMA AND MINIMA 


ONE VARIABLE 

Definition. Geometric Orientation 

466. Let/( 2 ;) be defined in 91 = (a, J). Let c be an inner point 
” A/=/(a:)-/(r)>0ini)*(c), (1 

/ has a mint’miun at c. If 

^f=fix) -f(d) < 0 in (2 

/ lias a maanmnm at c. 

In words, we may sa}': / has a maximum at e when /(c) is 
greater than any other value of / in 
the domain of c; it has a minimum 
at c when /(c) is less than any other 
value of f in the domain of c. Accord- 
ing to this definition, /(a;), whose graph 
is given in the figure, has a maximum 
at Cy and a minimum at Cj, Cj. 

The reader should not confuse the terms f(x) has a maximum 
or a minimum at a point c, with the terms 

Min/(3:), Max/(a;), in 21. 

A function maj' nave an infinite number of extremes, that is, 
maxima or minima, in 21. 

Example. 

/(x) = x-^1 + sin- 1 j , for s ^ 0, 

= 0. for X = 0. 

S17 
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KIAXIMA AND JflNISfA 


TbU function oscillates between the two parabolM 
y — s? 

At (be orgin /has a mmimuiD aad in any rlc nity of the oiigin /hasulo 
On te number of maxima and minima. 


467 e consider now how the paints at which /(*) has an 
extreme may be determined Cansulting the Fig in 466 the 
reader wdl observe that at the points of extreme the tangent is 
parallel to tl e axis of x that is at these points /'(*) = 0 

However /(jr) does not need to have an extreme at all the 
points et which / 

For example 


This IS an increasing function whose derivative vanishes at 
x^O In fact at this point the graph has a , 

point of inflection wub a tangent parallel to 
the X axis See I ig I 
On the other hand not all tie foints of ex 
treme are given by the roots of /'(»)« 0 / j 

Example 


This function has a minimum at the origan 0 
which 18 a cuspidal point nilL vertical tangent 
See hig 2 

At this point y has no differential caefllcient> 
i?/C0) =+«> i/(0) = -oo 



Cnlena for ore "Extreme 

468 1 In I5(o) he confinwous oni/' (a)^0 Xet 

/ C «)=/’ C «)= =/'-"(«)=0 

Then f ha> no extreme at a f n m odd If n ts even, if hat a 
tmnnum t//’ta)>0 a Rrazamum tf/’"(a)<0 
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For, under these conditions, we have 
A/ =/(« + JO 


Since is continuous at a. 


If n is odd, 


sgn/‘"'(a + 07<)= sgn/'"’(a) = <r. 
sgn A/ = cr sgu Ji. 


As h can take on positive and negative values, A/ does not pre- 
serve one sign in D*(a'). Hence, f lias no extreme at a. If n is 
even, 

sgn A/'= a. 


Thus in jD*, 


A/>0, if /“■>(«)> 0, 


<0, if /‘■■'(n)<0. 


2. I n 31 = fa , h'), let f'(x') exis t, finite or injinit e. TJie points 
wit hin SI at w Jiich f{x)_^}ia^an extreme, li e amoncj the zeros of 

/fr)- 

For, suppose /(a*) has a maximum at c. Then for /t> 0, 


Thus, 


/(c + JO -/ff) < 0, /(c — JO —fCc) < 0. 

h — a 


(1 


But when Ji = 0, 

liin R = lim L =/' (c). (^2 

On the other hand, 1) shows that 

lim ii ^ 0, lim i ^ 0 ; 
which with 2) shows that /'(c) = 0. 


3. The reasoning in 2 also shows : 

Xf f(pO has an extreme at x=a. tfirn /'(<!)= 0, (f/'(a) exists 
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469 Let fix) he »« I>i*£) Let fix) he finite w 

2>*(«) Let 

= X/'(a)=-<rco. <r = ±l 


Then f hat a minima!** at «, »f <r=4-l» and 
a = -l 

To fix the ideas, let ^ = + 1 


maximum, \f 


Thus there exists a S>0 such that 

/Ca + A)-/(a)>0, |A|<:S 

in 2>/(a) Hence / has a roinimuiu at a 


470 Let fix) be eenimuatu tn Lia) In I>*ia), Utfix) he 
finite er xnfinite and never vanttk tAraa^Aauf any interval <tf it In 
JtL'ia), let fix) he poutive tthen not tero, tn let fix) 

be negative uhen not trra Then fir) hat a minimum at a If 
thete tiffni are reverted f hat a maximum 

For, using 403, ive se^ that fix) is an increasing function in 
RDia), and a decreasing fuQCtiOD in LI>ia) Hence f has a 
mimroum at a 

tXAUPlXS 


4tl 

In S88 w« tew 


A*> = « + *< 


Hence b; 499 fbtt » Dlaitpiua ii 0, a molt Kbieb mtj b« eeea directl}' 


472. /(s)=Sjzl,torx^O, 

e- + l 

sO forssa 
This fanctloQ wtx coneldered ia 969. 

Applying 470, we see tbsi /baa % aualmam at the ongin a result tbst msy be 
seentSiiertly 
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473. /(x) = e for * 0, 

= 0, for * = 0. 

This function is Cauchy’s function. We see directly that it has a minimum at 
the origin. Tlie same result is obtained by 470. 


Criticism 

474. Some writers confound the terras the function has a 
maximum or minimum at a point, with the terms maximum or 
minimum of a function in an interval. These two terms may or 
may not mean the same thing. 

For example, let 

f(x) = sin X, 91 = (0, 2 tt). 

Then / has a maximum at and a minimum at These 

£4 Ji 

are aiso the majcirnum and mfniniura of fin gf. On the other hand, 
if we take 99 = ^0, as one interval, / has neither a maximum 

nor a minimum at any point in S ; yet its maximum in 93 is 1, and 
its minimum in 93 is 0. 


475. The following example also illustrates this point. 

Find the greatest and least distance S between a fixed point A 
within a circle and any point P on the circle. 

Let the circle be 

a? 4- 

and the coordinates of .4 be «, 0 ; a > 0. 

Then ^ 

S = V(x — a)^ + y* = Va* + f^—2aa;, 



and 


dx 


— a 

V + 7" — 2 ax 


< 0 . 


Hence S is a decreasing function in 9I = (— r, r), and has no 
maximum or minimum at any point in 91. It has, however, a 
maximum and a minimum in 91, viz. 
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SEVERll. rARUBLES 

Defimte and Indejimle Forms 

476 1 Let /(ij *.) be dcfiacd orer a region, of which a « 
u point 

/ has & Rnmmnm at a If 

A/<0, mD*ia), 

f has 3 RKZjimuffi at a 

The theorem of 468 may be generabted thus 
htt tkt parfioi dematjvet cff(.s^ *■«) t>f order n4-l he eon 
((RU»U4 tn i3(a) Lit the partial of order <n vanu^ot 

fl irAde tAe /erivative* of order » do not all vanitA at a Then \f 
tt U odd / hat no trireme at a 

Letnbeeten ^ <f*/(a)>0 m f hat a minimum , \f xl 

It < 0, it hat <t maximum at a If d'/(a') hat ioCh tigna in I>*(fl)\ 
f hot no extreme at a 
Let itj-f Aj + Then 

s+Tf 

bj 434 

I,et iji Vm be the direction cosines f244 4] of the hue L join 
ing a and x Then 

Aj=.n 7 , 

where . _ , 

rt=-vhf+ +h^ Vi+ +’?»*=*! 

Tien 4/= r-^C,) + 

since d'f d'*lf are homotteneoas m 
Since the derivatives of cider tt+ 1 are continuous in jDj(a), 
there exists a positive nemhei such that 


IK\<Q-, in 


(1 
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If now' <?"/(«) >0 in 5" is >0 on the sphere 



to which 7] is restricted. 

Then, by 355, 2, there exists a X>0, such that 

s:>\. 




Then, by virtue of 1), we can choose S' < 3 so small that 
A/>0, inil^.’^Ca). 

Hence f has a inininiuin at a. 

Similar reasoning shows that if d"f{a) < 0, / has a maximum. 
Consider now the case that dlfi^a) has both signs in 
Suppose tliat it is positive at « + A and nega- 
tive at a k. 

Let X, M be the lines joining these points 

with a. Let k be their direction cosines. 

Lot „ , , „ 

11 ( 1 } ) = H, .d. > 0. 

E(k')=^B, X<0. 



Let rt -b fA, 0 < ( < 1, be a point on L between a and a + h, 
Dist (a, a -b A) = r ; then Dist (a, a -b tK) = tr. 
Thus A/ = /(n -b tli) — /(a) = | H -b trEJ J . 


Let fj he such that 


t^rG-<A. 


Then, by 1), A/>0 for all points on L between a and n-b#o^^ 
excluded. Similar reasoning shows that Af< 0 for all points on 
M sufficientlj’ near a, the point a excluded. 

Thus in any domain of a, however small, A/ has opposite signs. 
Henoe in this case f has no extreme at a. 

Let n be odd. Then E being homogeneous, 


Hence d’'f(a) has opposite signs in every domain of a. Hence 
when n is odd, f has no extreme at a. 
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2 Lti f(x^ haxt farti/d denvatwt of tht frtt order, 
or rnjimtt, »7i the region It 

The pointt of R, at whieh f hat aft extreme, laUtfg the tgttm of 

.V_.o 

Atj dx^ 

The demonatratiOD 13 analogous to that of 468, 2 


477 1 We hare just seen that the sign of d'/(d) plajs a 
decisive r6Ie in questions of maxtiua and nuoitna But as already 
observed, d"f is a homogeneous integral rational function of A^, 
A, A* of degree n Such funcUons are subjects of study in 
algebra and, the theory of numbers, where they ate often calkd 
form* 

A form x«,> which has always one sign, except at the 

ongin where it necessarily vanishes, is called definite 
Such a form is 

a,V+ (1 

the a's being not all 0 

If the sign of a definite form is positive, it i* called a poiitwe 
Jefinile/orm, \i negiUvt, it it a negative definite /om. Thus 1) 
IS a positive definite form, while 

-a,V- -a-V,* 

IS an example of a negative definite form 
If ^ can take on both eigus, it is cidled indefinite. 

Thus 

i,*+ +*«• 

is an indefinite form. 

There is a class of forios which vanish at points besides the 
origin and yet, when not 0, have always one sign. They are 
called eemid^fiite forms 
Such a form is, for example, 

(<*^x+ +«•*■)*, 

which IS positne when not 0 
Conaid«t tte (ttu4c>Us torta 

^*^+s&r+<y. 
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If A Tfc 0, wo can write it 

F= 2 { (^ 2 : + S!/r + (AC- J . 

II the determinant 

I> = AC-S^ 

is >0, Ndocs not vanisli except at tlie origin, and is therefore a positive definite 
form it A > 0, and a negative definite form it A < 0. 

If Z> <0, Nis an indefinite form. 



Hence F vanishes on the line 

Ai + Hjt = 0, 

hut has otherwise one sign. Thus, in this case, F is semidefinite. 

2. The tlieofein of 476 may now be stated as follows ; Jf d"f(a') 
h an indefinite form, ,f has 710 extreme at a. If it t‘s a positive definit e 
Jorm, f has a mi n imum; if it is a negativ e definite form, f has a 
tnaximutn at a. 


478. When 7t = 2, i.e. when not all partial derivatives of the 
second order are 0 at a, d"/(a) becomes a quadratic form. 


where 

and hence 
The determinant 


<Pf(a) = 2ajiji , 5 t, K = 1, 2, ••• m. 


a 


A„ = 


“im 

^m2 *** ^mm 


is called the determinant of the form 1). 

Let be obtained by deleting the last row and column in A „, ; 
let A „_2 be obtained by deleting the last two rows and columns in 
A, etc.; finally, let A 5 = 1. 

In algebra the following theorem is proved : 

In order that the form 

(2 

be a positive definite form, it is necessary and sufficient that the 
signs of 
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ire all positive tor 2) to be s definite negative form it is neces- 
sarj and sufficient that the signs m 3) are alternatelj positive and 
negative 

Appljing this result to the theorem in 47G. ne have 
Let the partial deneotme* of the third order be eontinuoui in 
l)(_a), and let tho$e of the teeond order not all tantth at a Let aU 
the frtt denvativei eentsA et a Lei 

O. 



If the txgm »n the tequenet 

\ A| A. 

are all potuiee,/ hae a mintmum If the ttpn* tn thte tequenee are 
alternately potiUee and negative, / hae a manmum at a 


Semid^mte Forma 


479 Up to the present, the 'ase that d*/(a) is a BeiDideflute 
form hM not been treated It is, however, easy to show that la 
this case f may or may not have an extreme at it 




a =(0 0 ) 

/'.(«') = <* A(®) = o. 


yXO)** /”»(») = 0 , rvw^o 


ir/pi) = A* 

We bare here a (emideflnlts taevi 
That / haa not an eitreme st the ongm u 
Obnoua. 

Tor if P I* the parabola 

*= 2 r*. 

and Q the psnboU 

*=*»•, 


we *ee that /<0 between tbrse panbidas, and 

*>0 In the rest oi the pUoa oointa oa the parabolae excepted, 



/>o 

ae in tbe figure 
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Cx« 2* 

f(xy) = -f- -f a:* 

=(.+f)’+i«-- 0 

a = (0, 0). 

Obviously, from 1), f has a minimum at the origin. 

Here 

/i(0) = 0. /;(o) = o. 

/i;(0) = 0, /"(0)=0, /»(0)=2. 

Hence, 

(P/CO) = k". 

We have here a semidefinite form. 

480. It is beyond the scope of this work to do more than shotv 
that the semidefinite case is ambiguous and requires further 
investigation. We refer the reader for a detailed treatment of 
this case to Stolz, Grundzilge, Vol. 1, p. 211 seq.', Jordan, Oours-, 
Vol. 1, p. 380 seq.\ Seheeffer, Math. Ann., Vol. 35, p. 541; 
V. Dantsclier, Math. Ann., Vol. 42, p. 89. 


Criticism 


481. The partial derivatives of order n being continuous in 
i?(a), we have seen that 

^/= ^ dy(«) + ... + -1 -i.&h)=T^ + T., + -+ T„. 

The terms T^, jT,, are polynomials in iij, Ag, •■■h,^ of 1°, 2°, ••• 
degree, whose coefficients, except the last, are constant. Letting 
hn, be infinitesimals of the 1° order, T^ii ¥=0 is thus an in- 
finitesimal of rth order. The assumption is now made by many 
authors that if r<s, then T, is infinitely small compared with T^. 
When there is only one variable h, this is indeed true ; it is not, 
however, always true when there are two or more variables 
/q, fij, ••• 

As an example, consider the form 


h^ - 6 hfi^^ + 8h*=T. + T^ + T^. 
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Let the incrementa A, be related bj the eqaation 

V-J„ (1 

1 1 let the point (hj, h^) apprcrtdj the ongin along the parabola 1) 

T,^h* r,=.-6v 


which-showa that Tg, loatead of being infinitely small compared 
with Tf are in fact numencally 6 and 8 times larger than Tg 


482 Let ns see now how thia erroneous assninption regarding 
infiniteaimals, when applied to the semidefinite case, leads to a 
false result * hor simplicity ne take only two variables z, y 

= i|yi*' + 2£« + Ci>i + 
w r, + T, + 

Let the deteminant AC^B^^O Then u a semidefinite 
form To fix the ideas let then 

T,-^iA&+£ki'. bjm.i 

Thus Af has the sign of A, except for the points (A, £) on the 
line L, 

As + By « 0 (L 

For points on Jj, d/ becomes 

r,+ r,+ 

For points on the lineAms opposite aides of the origin, Tj takes 
on opposite signs. As the sign of A/ at these points depends on 
the sign of Tg (making use of the shore erroneous assumption) 
It IS thus necessary that 2J=tO for points on X if / is to haie 
an extreme at a, b If 0 for these points, 

A/=7;+ 


TodliiuWr 2>iy«r«?inal Caieiilu* I>E«m*ne< CourtfAMltl* 
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for these points. If now 0 on i,/ has an extreme * at (a, 6), 
if T^ has the same sign as A, for points of L, the origin excluded. 
That this result is wrong may be shown by applying it to 

which we considered in 479, Ex. 1. 

Here 

= = r4 = 8A:S A = 2. 

The line L is, in this case, the y-axis. For points on i, Jg = 0 ; 
while !Z'^>0, the origin excepted. Thus has the same sign as 
A. We should have therefore an extreme at the origin, if the 
above reasoning were correct. But as we already saw in 479, f 
has no extreme at the origin. 


483. Another error which is sometimes made is the following. 
It is assumed that the function /(x, y) has an extreme at the point 
R when and only when f ha s an extreme along every right line 
t hrough Jt ., . 

"T^hat this view is incorrect is seen by the function 

/(a;y) = (a:-2y2)( 

given in 479, Ex. 1. 

As the figure shows, a point S 
moving along any line L toward the 
origin J?, finally remains in a region 
for which A/>0, the origin of 
course excluded. If, therefore, this 
view were correct, f would have a 
minimum at ii, which we know is 
not true. 


®-4y^), 

1 


\ a /< o \ a /> 


w 

Jy 


Jy 


A/>o 


Relative Extremes 



484. 1. Let us consider the problem of finding the points of 
maxima and minima of a function 


«'=/(2-j ... Mj ... «j,); 

According to the above erroneous hypothesis. 


(1 
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^vJiere the variables tt, are one valued functions of x^ 
defined over a regton Jt and satisfying the system 

«,)“0 


(2 


Such points of maxima and minima are called points of reliittre 
extrtme to dislingmsh them from the case when the variables 
Xj x. Uj are all indepeodent 

Let the point (Xi «,) mn over the region T when (Xj x*) 
runs over H Let have continuous first partial denv 

atives with respect to z, it, in T and let the us have contina 
ous first partial derivatives with respect to X| x^ lo B 
Let w considered as a function of be denoted hy 

w « F(z, x<,) 

The pouts of extreme of te in H satisfy the system 


9Zf 


0 




0, 


(8 


by 476 2 Let S denote the set of points determined by 3) 
Lagrange has given a method for forming the system S), which 
is often serviceable It rests oo the introduction of certain undr 
termirud multipheri fij In fact, differentiating 1) 2) we 

g«t 

dw = |^dxi+ +~ix„ + +~du,, 
oz ‘ 5x» ~ d», ‘ da, ' 

<f'^l = ^dx,+ +|^<fx. + “*<fBj+ +|^da,= 0, 

‘ oXi cx„ oWj ‘ du, ' 

+3^<fx,+ ^du,+ +|&d«,=0 

oXj ox„ oUi ' da ' 

hlultiply the 2d, 3d, equations respectively, 

and add the results to the first equation 
We get 
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a«j ’ dup ^ " diip 


Let US now, if possible, determine the /I's so that 

■ + X'‘r' 

1 ^ ' 

Then 4) gives 


Then, by 429, 2, 


Sa:, ’ 5rr„ dx„ ^ < 


'3a;„ 


dx^ Sx^ 

These are the left hand members of the equations 3) 
Hence, bj' 3), 




a<^r 


5/ 




(5 


(6 


O 


Thus the points of S are determined b}"^ 2), 5), 7). 

2. Let us introduce the function 

S —f + 4 1- (^p<l>p- 

"We observe that, considering ■•• iip as independent variables. 


^•' 7-0 ^-0 M . 

8x^ ’ dx„ ' 8u^ 

are precisely the equations 5), 7). 


= 0 , 


M. 


= 0 


(8 


485. To determine vhether a point of /S' is a point of extreme, 
it is often necessary to consider the second and even higher differ- 
entials of x„'). Here it is sometimes convenient to make 

use of the fact that 

d^F=cr-g-, 

tvhere the differential on the right is calculated supposing 

«i — Mp 

to be independent variables. 
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For, let us denote g considered a« a composite function of x b; 
r*). Then 

since the ^’s Tanish now by 484, 2 
Hence 

«?>•= d*a 

But, by 433, 2), 

s= dV, by 464, 8) 


486 SianpU Let 
to tb« ;Uoe 

L*t 


DS tM the tbortett dutance froni the penot P s ifixainf), 
f m d|Z| + bfXt 4 6»t« 4 6» s 0 (1 

U e <* a £(t, — «,)* i at, 2,8 


37®2(*.-«)4j>6.*0 


From the four eq;[uCiotia 1), 2), w« flod 


a Old, 4 0 , 6 , 4 «# 6 , 4 6 e 

SPTWv — 

Hence U this pdot z s (, 

(«i 6 t 4 at»i 4 git* 4 b-t)* n 

6i’ + 6,« + 6,* ‘ 

To iiSceTtaui U { is » point o{ ffimnsaia, coniideTtbe Tstoe cd 8*10 at this point. 
t7o haTe 

dj = Zt2(z.-«j4a*J'tl., 1 = 1,2, 3. 

<{>jr»SZdz;* 

As this is positirs, t is s point of rafoimtUD Tbns the least distance Jg from « 
to 4 13 determined W S) tVegel 

X *iih +, e*d* + sA + 61 , 

V6i»46i*46s» 
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INTEGRATION 
Geometric Orientation 

487. 1. As the reader is probably aware, the integral calculus 
arose from attempts to find the length of curves, the area of sur- 
faces, and the volume of solids. 

Before taking up the general theor)'' of integration, let us see 
how tlie problem of finding the area of a simple figure leads to an 
integral. 

2. In the interval 31 = (a, 6) let y—fix) be an increasing con- 
tinuous function whose graph P is given in the adjoining figure. 

We seek tlie area A of the figure 
abtt^=F. The upper boundary of 
F is the curve P. 

To find the area of a circle in 
elementary geometry, we form a 
sequence of inscribed and circum- 
scribed polygons. Each inscribed 
polygon is contained in the circle; 
each circumscribed polygon contains the circle. We saj' the area 
of the circle is therefore less than any of the outer polj'^gons, and 
greater than any of the inner polj'gons. We then show that the 
areas of these two s 3 "stems of polygons have a common limit as 
the number of the sides increases indefinitely. This limit is then, 
by definition, the area of the circle. 

We shall adopt a similar procedure here, reserving for later a 
more thorough discussion in connection with other fundamental 
geometric notions. 

Let us divide (a, J) into n equal intervals by introducing the 
points ■■■ 




IKTEGRATKMJ 


aad 

Let 


Over each interval (a„ have two rectangles 

».*r,+r,+ +r,_„ 

<3‘, = -^ + -Ri+ 

Then iS, contains F, while is contained in F> 

Let us now divide each at the tniecvala 

(a, a,), («,, a^. (a. , B) 

into two equal parts We get two new sotos Ij, and >5^ In this 
waj we may continue without end Let us now give n the values 
1 . 2 . 4 . 

We get two limited univatiant sequences 

Si>Sf>S,>S^ >»j 

Each sequence has a limit by 109 These limits are, moreorer, 
the same For jS*, -> e. is obviously tbe area of the shaded region 
in the figure 

Evidently 

lim (i^, — 1,)»0 

Hence 

Lni<^s=Iini «, 

As in tbe case of the circle, the common Unut is, by definition, 
the area of F 


r.~—AO 


Hence 



Al^ALTTICAL DEFINITION OF AN INTEGRAL 


335 


and therefore, setting for uniformitj', = a, 

n-1 


n=sa t!3\ **' 


(2 


n=sa rt=o 

But as the reader knows, the expression on the right of 2) is 
the integral 


/(x^dx. 


488. Example. Let us find the limit A of 487, 2) for the function 

f(x) = c*. c > 0. 

_ = 6, 

a„ = a + mJ, m = 0, 1, ••• n — 1. 
Sb = 5 • c"*! 1 + c* + + ••• + c("-t)4} 


Sot 

then 

and 

Hence 




Now 

Also, hy 311, 

From 1), 2) wo hare 


1 -e« 


c«-l 


lim 5 = 0. 

tvsx 


lim— 2_=_i-. 
J=0 c5 — 1 log C 

c‘ — tf* 


(1 


(2 


A = lim s„ = ■ 


logo 


Analytical Definition of an Integral 

489. 1. Let f(x) he a limited function, defined over the inter- 
val S[= (a, 6), a <6. 


a ’ — 0 — Q — ' — ^ 

Let us divide 3( into n sub-intervals ' ’ * 

K = m = 1, 2, - » 

by interpolating at pleasure the points 

Oj, Oj, — a„_i. 

For uniformity of notation, we set 

a = (Tg, 5 = a,. 


a-»i 6 


(1 
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This set of points 
denote by 


2) = !>(«,, 4 


& division of ?f, which i 

<*. t). 


Since no confusion can arise, let 3* denote also tne length of 
the interval S, The greatest of these lengths we call the norm 
of D and denote it by 8 

Id each 8^ let us take a point at pleasure, and build the sum 


In passing, let us note that the sums S, «. of 487 are special 
cases of 2) 

Let tioiy 8»Q If J*) converges to a UnsitJ', which is independ 
ent of the ehoice of the points a«, we write 

J- Im 2/(f.)8. -_)[■/(»)* 

We say /(a) it inlt^raWe from a toh and call J tSe integral tf 
/(*) from a to 6 /(*) is called the tntr^rrand, a, b are respec 
tively the lotetr and upper fimttt of xMe^utioiu We also write 

The symbol^ is a long S, the first letter of the word turn 

2 To fix the ideas, we have taken a < 8 

Then in 2), the numbers 


, = 
are positive 

If we had taken a > 8, the 8 a would be all negative 
whether a is greater or less than b, tf 


Evideatl 3 


exwts, then 


Jfix'idx 

^(ar)d;e 


(3 


exists and 3), 4) have the same DUmerical value, but are of op 
posite sign 
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Without loss of generality, we may therefore, in our discussion, 
take a <b so that the 6’s are > 0. 

3. Obviously the symbol 

Jj{x)dx 


has no sense when a = 6. In this case we shall assign to it the 
value 0. 

4. LetfCjc) be integrable in SI = (a, 6), and 
1 /( 2 :) i ^-3/. 

Then 

\^jfdx\<M{b-a). (5 


For, 

Hence 




or, 


- ilf(6 - a) < Jj < Mib - a). 


Passing to the limit, S = 0, 

-M(b- a) <J/dx < ]if(_b - a), 

which is 5). 

Upper and Lower Integrals 

490. Before deducing criteria for the integrability of /(a:), we 
define upper and loiver integrals. 

Lctf 

Max/(a;), m,= Min/(a:), in 

W 0 shall show immediately that the limits 
<S'=lim<S'^ S=\imS], 

<■=0 4=0 

exist and are finite. They are called respectively the upper and 
lower integrals of /(a;) for the interval 31, and are denoted by 

Cfdx, Cfdx. 

v'a 
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491 ^/(*) ** hmiUd i« SCv <S« upper and lower tniegrcdi «rwt 
and are f.mte 

Lftt as consider the upper integral sitniUr reasoning is apph 
cable to the lower integral 

Corresponding to each dinsion D there la a Let ns lay 
off these Talues on an axis We get a limited point aggregate 

/► ^ s. 

* ^ j- 1 

For, since /(*) is limited there exists a number if>0, such 
that 

- V</(i:)< V 

Hence 

Z.K'S.Mt., 

or — — o) 

Hence, the are limited 
Let 

We ahow now that 

B bm Sg 

that IS, for each c > 0 there exists a 3, such that 

Sp~S,<€ (1 

for any dfnsion J? of norm 8<Jo 

Since Sg IS a znimmnin there exists a dmsion of S of norm 
1) such that 

5,<S^<S,+ * (2 

Let i;j nr *S. be the intervals of A Let 

« K K 

be the intervals of D lying wholly ui ^ i = 1 2 v , let 

«. at 


be the other intervals of i> 
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We take now Sg so small that 

for all 5< Sg. This is evidentlj’- possible, since A has only v inter- 
vals, V being fixed. 

Let 

ilf„ = Max/, in 
M[ = Max/, in B[. 

Then 

<Xil/.8„ + iTf2S[ 

< + ilfxs; - (XiX,. - Xii/s..) 

<S^ + M^si -f- ~ 

+ by 3). (4 

Hence, from 2), 4), 

or, 

Sj, — Sg<€, ^<^0- Q.E-D 


492. Ex. 1. 


Then 


?f = (0,l). 

fCx) = 1 for rational points in 2, 
= 0 for irrational points in 2. 
= Sd = 0. 

S-.1, S = 0. 
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EtZ 




Let/I[z) lie on Uie elrcomtereiice of die eirde for rtliosal 
while It lies ea the tige (bo insetiboa sqoire ior 


irrational x, 

Tbeo MldeirtlJ 


^ sre»o(MBueiTele, 



J* JUt = T* area of half the inserihed sqnafb. 


Cniena for IntegrahUity 

493 for tfit Umiteii funetiort ffr't (a he tnlftrahU *n the tnfer val 

g If u meeuarv awrf th/it 




It t< fu^oteflf For, l«t 2> be any division ot norn» S* 

Then 

Hence 

Summing, «e get 
By hypothesis, 

liinSnsshni 5as:X', sar 

*-• i -» ~ ' 

Hence 


H XI xiteettary For, since the lategml J exists, 

«> o , 3 „> 0 , K - s / CU « l<f ^ 

4 

for any division D of oom S<^ 

Let be any other point in the snbmlerval 8, belonging to the 
division J) just mentioned 
We have also, as lu 1), 

K - 2 / eo 2 .)<} 


(.2 
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Subtracting 1), 2), we have 


(3 


for any division of norm S<Sq. 

On the other hand, in each S* there are points such that 






4(6 - a) 

Multiplying these inequalities by and adding, we have 


Hence 




- & < 2/(?.)S. - 2/(7? + 1. 


This gives, using 3), 
Hence 


S—S<e-, hence S= S. 


494. We can state the theorem of 493 a little differently by 
introducing the following definitions. The difference between 
the maxiimnn and minimum of a function /(a:) in an interval 31, 
is called the o!:cUlation of f in 31. It cannot ever be negative. 
Let D be any division of 31 into subintervals S,, of length 8^. Let 
CO, be the oscillation of / in 8^. The sum 

2co.8, = X2 b/= ^f 

is called the oscillatory s^m of/ for the division D. 

We have 

0,f= 2 (.If. - m.) 8. = 21f.8. - Sm A 

~ Sj) — 


(1 
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495 Jn oriet that the hmtei funetim /(x) he tnUgralle »n 8 « 
if neeeiiary and tu^aent that 


For, bj 494 1) 




By 493 f(_x) is intcgraWe when and only when 


hni Si, = lioi 

or when and only when 


which IS 1) 




0 


496 2/ /'(x) if xnl/^hle tn % it it inte^rahle in any partial 
interval IB qf SI 

Let 8 t=(« i) B — • ff J 

Sioce 

tor any systen of diruioos whose Dom ^ s> 0, let os consider only 
such divisions involviug the points a, 0 Let be the division 
of ffl prodaced by D Then 

0<2<».J <2«..5. (2 

Bince the first stun contains only a part of the intervals d, and o. is 
>0 

Passing to the bmit la 2) we have by 1), 

InnSoi 5, SB 0 

•-» » 

Hence /(x) is integrable in S 


497 In order that the limited /unetion /(x) he tntegralU in “I it 
If neeettary and tuffiaent that for each c > 0 there extstt at leatt one 
tfinfiiwi tr^wA 


That this condition is RfccffOTy follows at once from 495 


CRITERIA FOR INTEGRABILITY 
It is mifficient. For, b}- 494, for the di^^sion D 
Sd~ Sb 

But then, as the figure shows, 

Sq ^0 ^ ’ 

or, by 491, 
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1 — r- 

JSO 


^ 

-«Q 


But then, by 87, 6, 


Jfdx=ffdx. 


'r -zsi 

Therefore, by 493, /(x) is integrable. 


498. I}i order that the limited fimction f(x) he integrable in 91, it 
is necessary and sufficient that for any pair of positive numbers a, 
a, there exists a division D of 91, such that the sum of the subinter- 
vals* of D in which the oscillation of f(x') is >a, is <.cr. 

It is necessary. For, by 497, there exists a division D for which 
£lj)f is as small as v. e please, and therefore 

2©,?^ < tBo-. (1 


Let the intervals of D for which the oscillation of / is >«, 
denoted by i)„ those for which the oscillation is < w, by d^. 


be 


This, with 1), gives 
Hence 


aa > © 21 ?^. 
'ZD^<.cr. 


It is stifficient. For, ha-\dng taken e>0 small at pleasure, take 


where 


e e 

‘^”2(6 -a)’ 

M = Max f m = Min /, in 21. 


(2 


For brerity, instead of mm of the lengths of the mhintervaU. 
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Then, by hypothesis, there exists a division J> for which 
This, ivith 2), gives 

< (df — ni)Xi). + 

< (31— »)ff + a»(i — a) = 5+ * = f. 

There is, therefore, at least one tlinsion D for which 

Then, by 497, } is integrable «n H 

Ciisses c/ Lvmtltd Inte/jrahk Functwna 

499 If S(x') u C9nttnuou4 tn tie tnCerval S. it it iTtttffrahU xn SL 
tor, aince / is coatinuous m 9. it is umronaly continuous 

Hence, by 853, ne can divide 9 into eubintervals of length 2>I7, 
such that the oscillation of / m each interval w <«, an athitratily 
BcnaU positive number There is thus no aubinterval m which 
the osciUatioQ 

1 hetefore, by 498, f is integrable in 2J 

500 JTf tiTwiif J m th$ xnterval %^(a 5) and h at only a 

finttt nvmf ^ vf point* of daeonUnutt^ a,. a„ ^ tl i* xntenrahU 

Let b) <r be any pair of positive Rumbeni On either side of the 
poults a, mark the points «= 1, 2, 

#, as in the figure , but such that the ^ j 

total length of these little intervals is <«-. ' 

Since / IS continuous in (a, a{), we can divide it into submter- 
vals such that the oscillation off in each of them is <<■> 

The same is true of the intervals aj)» oJ), 

But this set of subinterrals in 9 gives a division of 9 for which 
the sum of the intervals in which the oscillation is >a> is <ir 
Hence, by 498, / is integrable m 9 
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501. 1. Ill 263 we saw there were point aggregates having 
derivatives (not 0 of course) of every order. This leads us to 
divide point aggregates into two classes or species. The first 
embraces all point aggregates whose derivatives after some order 
vanish. The second embraces aggregates having non-zero deriva- 
tives of every order. 

2. Let f(x) be limi ted in the in terval If its points of disco n- 
t inuity_ fo rm an aggregate A nf the first species, f is integrable in 

We note that the aggregate A in 600 is of order 0. 

We prove the above theorem by complete induction. Let us 
assume therefore that /is integrable when A is of order n — 1, and 
show / is integrable when A is of order n. 

Since A is of order ?i, A"’^ embraces onlj’’ a finite number of 
points, by 265. Call these 

As in 500, we can inclose them in little intervals (ff{, a|') ••• 

The points of discontinuity in the intervals 

5l,= (a, ai), 312= (a'/, Os), 

form an aggregate of order n — 1. Hence, by hypothesis, /(a;) is 
integrable in Slj, S(„, — 

Then each interval 31^ can be divided into subintervals by 498, 
so that the sum of the intervals in which the oscillation of / is >co 
is ns small as we please. As in 600, the totalitj'^ of these little sub- 
intervals furnishes a division of 31 for which the sum of the inter- 
vals in which the oscillation is >&> is <cr, an arbitrarily small 
number. Then, by 498, f(x') is integrable in 31. 

502. Let f(x') be limited a nd monotone in SI ; then f(x) is inte- 

grahle in 3 1. ^ 

If /(a-) is constant, the theorem is obvious. We may therefore 
exclude this case. We show that for each e>0 there exists a 
division D for which 

^af <c. 

Then, by 497, / is integrable. 
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To fix the ideas, suppose /(*) *s increasing Let ns divide S 
into eq^nal intervals of length 


Then 




(1 


= «//(«)-/(«)! 


<e, hy 1 ) 

503. £xavpU 

Tor 


Ut 


tet 


= i «=eh8 8.- 

/COJaO 



BtN/ti ioet>oua« laerewngscKl tiBi (*4 laUic lauml S s(0 1) UUthec^ 
fon uiegnble la It Ic bu sq IwSoiU oumber ot poisits ot ducoDtumcj, viz, the 



Properties of InteqrahU Fumtums 

504 fiix) are limited and mteyrable tn the intertill^ 

Then P(.*y = tyfi + + e * eonttanti, 

x» iTtUffrahle in 9, and 

For, 

SFCfJS. = + .,E/,(e.)S. 

Passing to the limit we get ]) 

505 Xf/(jr'}, sex') are limited and tnttgrahle in 21, 


I* xntegrable »n 21 
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1. Suppose first that /(a:), g(x') are >0 and <M in 21. Let I) 
be any division of 21. Let be one of the subintervals. Let 

^ 

be the oscillations of h(x), /(®)» in K- 
Let 

F, /, 

O; g, 

be the maximum and minimum of f(x') and g(F) respectively in 
Then 

0, ^ Fa -fg = Fia-g-)+ gCF-f} 


Hence 


= FO„+gO^<MO^ + MOg. 


£ljyli ^ jl/2 -p ilfS Ogh^ ~ -p ^^^ng* 

Since for 3 = 0, 
we have 


limX2^/=0, limO£)^=0, 
lira 0^7t= 0. 

Hence, by 495, li{x) is integrable in 21. 


2. If /(x), p(x) are not positive, we can add the positive num- 
bers «, y3 to them so that 

/i(a:) =/(») + «, giiF) = gix) + /3 

are positive, and by 504, integrable. 

Then 

=/(®)£'(2:) + «?(«) + fi/Qx) + afi. 

Hence 

fix)g{x) -=fiix')gi(x) - c^(a:) - ^f(^x) - a^. (3 

Each term on the right side of 1) is integrable by what precedes 
Hence f(x')g(x') is. 
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S06 Jn tht %nttrval S\ lei 


A<f(x)<£, 


tehere A B art 
xnU^able in 1R 


ItlA pontiee or both neffattve numlert 




To fix the ide&3, suppose A B ere positive Using the notation 
of 505, 


0 , 


1 1 F~f .F-f 0, 

f F /F A* ~'jP 


Hence 


(1 


As /(x} 13 lategrable 

Hence ^(z) is also integrahle. 1) and 495 
30? ff /(z) « «n<f »n S, *o M 

i'(*)= (/(»)| 

For, using the notation of 505 

0 ,< 0 , 

obviously Therefore 

0<n»s<«nf 

ff(x) is mtegrable by 495 


308 Id SOI 503 we hare met with integrable functions which 
have an infinite number of discontmnities in % There is, how 
ever, a limit to the discontinmtj of a function beyond which it 
ceases to be integrable, viz 
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If the limited function fCx) is integrabU in the interval 31, there 
arc an infinity of points in any partial interval 33 of SI, at which f 
is contmuous. 

Let o)j>ea3>-" be positive and =0. By 498 there exists ii 
division such that the sura of the intervals in which the oscilla- 
tion of f is >(Bj is <0-. Thus, if <r be taken less than 33, there is 
at least one subinterval within S, call it ©j, in which the oscillation 
is <6)j. Similarly, there is an interval SQ 2 within 33j, in wliich the 
oscillation of / is <0)3. Continuing this way, we can get a sequence 
of intervals 

S, 332, - (1 

each contained within the preceding, whose lengths = 0. Then, 
by 127, 2, the sequence 1) defines a point c within 33, such that for 
every point x in 2)(c), 

|/(x) — /(c) j < w. D) arbitrarily small. 

Thus 18 contains at least one point c, at which /(x) is continuous. 
It therefore contains an infinity of such points. 

Functions with Limited Variation 

509. An importiint class of limited integrable functions is 
formed by functions with limited variation, which we now consider. 

Lct/(a:) be defined over the interval 31 = (n, 6). 

Let 2) be a division of 31 of norm S; let Sj, 63, ••• be the sub- 
intervals of 31 corresponding to this division. 

Let denote the oscillation olf(x') in 5^. Let us form the sum 

- xr 
® = Max 

is finite for all possible divisions i), we say/(®) is a function with 
limited variation, or that /(*) has a limited variation in 31. 

e call 5 the variation of fCx) in 31. If S is infinite, we say 
f(fi) has rinlimtted variation in 31. If /(a;) is unlimited in SI, it 
cannot be a function with limited variation in SI. 
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510 LctJ) = (fl,a, > be a division of 2 Let us form a nen 
clivtsion A b) inteipolating a point * between a o, 

1 ben 8. falls into two inlervaU in A 

Let iK «: K' 

be the maiimum of / m 8., 8", 

and let ♦",*« jb*** 

be the minitnum of / m these interiaU 
Then the term 

». = — m. 

in is replaced by 

«: + «('>/:- «') + ( a/i' - »»:') 

in Now at least one of the jr, er^uals ST, , and at least 
one of the tn[ , equals m, To tix the ideas, let 

Then 

“(«J + » A/'* — oi’ 5® 



511 1 Let /(x) be a hmtted monet«ne finetxon tn SI M hat 
hmited tanalimx in 3 

To fix the ideas. let it be monotone increasing Then 

«»e= + + !/(6) 

=/(8) “/(<«) 


Thus, whatever divisiwi D is employed, »/. has the eame value 
Hence 

»==/(*)-/(«) 


% Xet 

L etf(x') he monotone and hvnUd in taeh inferpal 3.. Then/ ha t 
hmiUdvanation tn S I 

For, we get the maximum value of when J> embraces all the 
end points of the intervals SL In fact, let i> be a division which 
does not include one of thee end points, say a, which lies in the 
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interval S,. Let A be a division formed by adding « to D. Then, 

by 510, 1), ^ 

“a > “n- 

If, on the other hand, i) is a division including all the end 
points of Stj, SIj, we cannot increase £»/> by adding other points 
to D, as we saw in 1. Thus the variation of /(a:) in is the sum 
of tlie variations in each 31,. As these latter are finite by 1, f is 
of limited variation in 3(. 


512. 1. It is easy to construct functions having an infinite 
number of oscillations in 3(, which are of limited or unlimited 
variation. 

Let 5 > 1, and in 31 = (0, 5) take the 
aggregate 1 i i i 

5’ S' "• 

Let the line OL make the angle 45° 
with the a:-axis. Between each pair of o i ^ 

points ^ ^ 

m rni + 1 

take a point a„. 

Let/(a;) have the graph formed of the heavy lines in the figure. 
Let 

= «n-i' — — «i> l)- 

\n n — 1 / 



Then 




As we shall see later, the limit of the expression on the right is 
infinite. 

Hence /(a;) is of unlimited variation. 

2. To form a function having limited 


variation, take the parabola, 

instead of the right line OL in the 
last example. ^ 



/(=)-o 
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Ihen /It 1\ 

“^ = 2(1 + ^+^+ +^) 

But as we shall see, the limit of the fight side is here finite. 
Hence /(*) is of limited Tanation 

3 Similar considerations show that 

yaiarsmi, r=#;0, yssOfor^asO 

has unli mited variation in (0, 5) , while 

y=3**8in y #= 0 for aresO 

has btmted vanation u> (0, 6) 


513 hat ImtUd eonahon m it u inf«yro5fe tn 

V>e apply the criterion of 498 Let then, v, v be an arbitrary 
pair of positive numbers Let .D be s dnision of norm S Let 
V be the number of subuitervals tn which the oscillation of/(s) 
u >u Then, for any division whatever, 


where S is the total vanation of/in %, 
Let ^ 

p«=?. 

then *’ 


*'<P 

Let us take 8<- Then the sum of the intervals 
P 

osciUalion of / is > » is 

<v8<p5<w 


which the 


Content of PoitU Aggregates 

514 1 Let A be a point nggregite l^ang in the interval 3 
For eiample, A may be the interval 3 itself Or it may consist 
of a certain number of partud intervals of 3 Or it may embrace 
an infinity of subintervals with or withont their end points after 
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the manner of Ex. 7, 8 in 271. Or it may consist of a mixed 
system of intervals and points not forming intervals. 

Let us effect a division I? of 21 into subintervals 

83 , — S„ 

as heretofore. 

Let S'l, S'i, — (1 

be those intervals of D in which points of A fall. Let 

sr, Si', - (2 

be those intervals of D, all of whose points lie in A. 

Then _ 

A = lim2Si, A = lim2Si' 

exist and are finite. 

In fact, let us introduce an auxiliary function /(a;) whose value 
is 0 in 21, except at the points of A, where its value is 1. 

Then evidently, using the notation and results of 490, 491, 

since iLT* =: 1 if is in 1 ), but is otherwise 0 . 

2S'' = 2rnA = &, 

since m* = 1 if is in 2 ), but is otherwise 0 . 

Hence _ _ 

A = /S', A = S. 

2. The numbers A, A are called the upper and lower content of A. 
When A = A, 

their common value is called the content of A. We denote it by 

Cont A, 

or when no confusion can arise, by A. 

The upper and lower contents may be denoted by 

A = Cont A, A = Cont A. 

A limited point aggregate having content is said to be measurahle. 
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515 L«t 58 a partial aqgregtAa cf S Lit G = ?l — a J# 

compUmentarp aggregate L/% fn?a#wraJZ«, io tt E, and 

Cent G s= Cent 81 — ■ Cont © (1 

For, let Z) be a dinsjon of nono i Let 5 be the frontier of ^ 
Let SxH ©0 Gi« ^ the earn of the intervals of D contaiuicg 
points of 81, ©, G 3. respeotively Let ?lj> ©^ G^ be the snm of 
the intervals which he wholly in Sf. S, G, respectively 

Then ^ _ 

«i»<«i>+<Sa^«n+8». <2 

since some of the intervals of Z) may contain both points of 8 
and G, and are therefore counted twice on the middle member of 8) 
Similarly, 

9#52»+5o>?a-8fl C3 

Passing to the Unut, S a 0, m 2), 3), we get 

2>S+G52 

But li «■ 9 ai Coat Sf, BaSvCont© 

Hence 

, , Gs»G«»Cont8l — Coat©, 

which gives 1) 

516 1 By the aid of the suxiliarr function /(*) introduced in 
514, 1, the criteria for integrability which we deduced m 495, 491 
give at cnee criteria that & have a content Thus 49o giies 

Tn order that ^ have content tt te necettarp and tuptaent that the 
sum of thote intervale eontaintn^ 6otk points of A and potnlt not tn 
A, converge to zero as the norm S ijf D conreryet to aero 

2 From 49T we have 

Tn order that A content tt u nevetearp and euffinent that for 
each poeUive number e there entU a dmeton D of % tuch that the 
sum of the inferrali in tckieh heth jmntt of A and not of A occur, 
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EXAMPLES 


517. 1. A = rational numbers in 5t = (a, 6). 

A = 6 — a, A = 0. 


2 . 


Let t> 0 be arbitrariiy small. 

Let us define the division D as follows. 


i.i-i 1 1.1 


A = 0, 1, i, J, — 

O i 1 . 

Inclose each of the pcteta 


within intervals of length 
where 



1 

3’ 




r 


The remaining points of A fall in the interval 


( 


0 , 


7 . + *)’ 


s 


f 



Tlien the sum of the intervals containing both points in A and not in A is <e. 
Hence, by 61C, 2, A has a content. 

As obviously a — n 


wo have 


Cont A = 0. 


If E is the complement of A in HI, 


by 615. 


Cont E = Cont St = (b — a). 


518. 1. A point aggregate of content zero is called discrete. 
Suck an aggregate is given in 517, Ex. 2. 

Every limited pohit aggregate of the first species is discrete. 

The reasoning is perfectly analogous to that of 501. 

2. Let /(£) he Ivnited in the mterval 21. If the points of discon 
tinuity of f(_x) form a discrete aggregate, f(_x) is integrahle in 21- 
This follows at once from 497. 


3. Let y ^fQc) he vnivariant in 21. Let 


Ay 




if AT<d. 
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Ltt A a duertU aggrtgaU *» 8 Tht xmagt E of u alto 
duereU 

Let BS effect a division oi 8 of norm 6 < d 
Let 5j, S,, be the snbmtervals conlaininp points of A Let 
i]y tiY be the corresponding inlerrala on the y axis. Then, by 
hypotoi^ 


Thus 


(1 


Bat A being discrete, we can taVe S so small that the right sida 
of 1) is <« 

Hence E is discrete 


Gflierofuecf Defimtion of an Jnttgral 

519 Up to the present we have supposeil that the integrand /(*) 
18 defined for ad the points of the interval 8 b (j, b) By emplov 
ing the results of the last articles, we can generalize as follows 
Let S le a meisurthlc aggregate in 8, and let /(*:) be afiinitsd 
function defined over 9 IM us effect a division 

I>(a,. Of ) 

of 8 of norm o 

Those intenals y , y , yi 

all of whose points be in ®, form a system which we denote by L^ 
The lengths of the interisls 1) we denote by , while 

Si Ss are points tahen at pleasure, one in each interval of 1} 
tret us build the sum 

If 33 S » 0, J, converge to one and the same value, however the 
divisions i> and the fs be chosen, we call this common limit the 
integral of /(x) over ©, and denote it by 

We say m this case thatyj^x) is integrable with respect to 0- 
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520. Let f(x) he a limited function defined over a limited point 
aggrei/ate © of content zero. Then f(x) is integrahle over S3, and 

j'^f(x)dx=0. 

have the same meaning as in 519. 

Since f is limited, let 

Then 

Since S3 is of content zero, 

lim 2S' = 0. 

1=0 

Hence 

lim — 0, 

which proves the theorem. 


521. 1. Let fCx) he a limited integrahle function defined over the 
measurable aggregate S3. Let the interval 31 = (a, 5) contain S3- 
Let 

gQcy^fix), in S3-, 

= 0, for points of 31 not in 
Then gix) is integrahle in (a, 6), and 

£ g(_x}dx = f^fix:)dx. (1 

Let us effect the division i) of 31 as in 519. 

As before, let Dj be the system of intervals lying in S3. Let I)^ 
be the system of intervals containing no point of 19. Let A be the 
system of intervals containing both points of S3 and points not in S3. 
We build now the sum 

with reference to the in'erval 31. 
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Sioce 
^^e have 


Z>»Z),+ Z>, + A, 

+ f5(f .)8^ 

Since g{x) =s 0 iii Dj the second aum jn 2) is 0 Since 
/(*)=?(*) 

Now, by hypothesis, / is integrable in 0. and 

h«iS/(f.)8,=^/ai 


in 2>j, we have now 


On the other hand, 
by 516 and 520 

Hence, passing to the limit. 5 s 0, la 3), we have 1) 


(2 


(3 


2 The reasoning m 1 gives as corollary 

If f(x') u limited in 0 and ^<x) w iRrejra4?< in tt, then /(*) u 
\ntfgvaile tn 0. And 

j^gC^yds ^J^/(x}dx 

This 18 at once evident, on passing to the limit in 3) 

S let /(*) 4e finjiterf »n t) £et A 6* a discrete aggrt 

gate in H Xet 0 «= SI — A Let /(») be tnfe^roil? in 0 Then 
f{z) u tnUgraile in 2, and 

Xv*=//* 


The demonstration is sinnlar to 1, omitting the system J>j 


522 1 Xff /(x") be a limtfed tntegrable function mth retpect to 
the meaturahle aggregate ^^lyutg t» tR« interval 2 = (a, 4) let 
D^ya^ flj, a,_,) 6e a diwsion 6f% of norm B Let 
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be resulting intervals formed of one or several contiguous intervals of 
JD, lying in SQ. Then 

f fdx = lim 2) C^'fdx. (1 

4=0 sc^JaK 

Let us introduce the auxiliary function gCx) of 521. Then, by 
521, 

) fdx= j gdx. 

Now the division D breaks 51 up into the intervals 

(u, Uj), ^3^' **’ C^n— 1' 

Letting i>j, Dj, A have the same meaning as in 521, we have 

X = IX?*'*'* = IX,’"'*'* + IX?*'"* + |X, ”■*'*'*■ 


sf'v— 2r*'-''*=sr/<i»i 

5 ; r ‘ V ^= o , 

n, %/ a. 


since y = 0 in the intervals of J)^. 
Thus, 


Now, if 


£gdx = 


wo have, by 489, 4, 




r '^'^gdx <iU’]E(a.+i— «.)=ilfA. 

A *^0. 


But since IB is measurable. 


lim A = 0. 

8=0 


Hence the second term on the right of 2) has the limit 0. 
Hence, passing to the limit in 2), we get 1). 



INTtGKATIOJf 


2 The preceding ceasoatng gives the corollsvy 

If fix) i» Xxmxtei tn ® and xnUgrable in each of tht initnak 
(“.« /S.) an I ** *®"‘'V**** «* i = 0, thin 

~ s J " 

This IS evident on passing to the iimil in 2) 

3 Lit fix) hi limited, tn SI =« Ca 4) hei ^he a iixcreU aygn 


gale IB SI Let ® 

= SI— A Tien 


^fix = im SX*-^*** 

provided the limit < 

m the right u (taiU 

For by 2, 


But, by 421 8 





CHAPTER XIII 

PROPER INTEGRALS 

First Properties 

523. In the last chapter the integrand /(a;), as well as th e 
in terval of integration 9(, were limitej d. Integrals for ^Yhich this 
is the case are called proper integrals, in c ontradistinction to those 
in which either f( x) or ill is_ unlimited . These latter are called 
improper integrals. 

In tliis chapter we consider only proper integrals. We wish to 
establish their more elementary properties. 

In 31 = (a, J), we shall take ft <6, unless the contrary is stated. 
All the functions employed as integrands are supposed to be limited 
and integrable in 31. 

524. For the sake of completeness, we begin by stating the three 
following properties already established respectively in 489, 2; 
489, 4 ; 604, viz. ; 

J^f(x')dx==- a^d. (1 

I — aj, a ^6, (2 

1/(=*^)1 keing <il/in the interval (a, 6). 

X — + = — a^6. (3 

525. het a, 6 , c, 5c three points in any order. Then 


sai 


(1 
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Suppose first that a*ic<b Since 

Lin2/(f.)«. 


IS the same, whatever system of division i> ue choose, let ns con 
Sider only aaeh diwsionsm which ^eaters Ihe pointaof J) wiici 
fall in (a, «), let us call Zlj» falLug in (c, 5), call 


Now fCz) being mtegnble in S( u integrable jn 0*' e) and 
(e. i), hy 496 

Hence, passing to the limit m 2) we get 1) 

The theorem is now readilj established for anj other order of 


$26 1 Jni^Ca $-) M 

»</Cr)<.V 


Thfn 

Tor, 

Hence 


ffl (J _ a ) S - a) . 

2mS.S2/(f,)«. 


or w(b — — o) 

Passing to the limit, J = 0 negetl) 

2 7rt SI /«< /(ic)>g(*) Then 

For, 

A(a')=/(*)— ^(r)5 0, mtl 

Hence, by 1), 


(I 


(2 


winch gi%es 2) 
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627. 1. We saw in 508 tliat, if f(x) is integrable in 21, it must 
have points of continuity c, in any subinterval of 2t. This fact 
leads us to state the following theotenr; 

Lctf(x)^ 0 in 2t. If f is continuous at c, andf(o)>0, then 

j^dx>Q. 


To fix the ideas, suppose c is an inner point. Then by 351, 2, 
there exists an interval (c^ c"') about c, in which/(a:)>p>0. 
Hence by 526, 


But 


fdx 5 5 p(f — c' ) = O'! > 0* 


2. As corollary we have : 


Let fix') > (/(a;) in 21. 
f(c)>g(c), then 


If at a point c of continuity of f and g. 



3. By means of the preceding inequalities, we can often estimate 
approximately the value of an integral with little labor, as the 
following examples show. 


Ex. 1. 

.6<f- — ^ — <.6230, n>2. 

JO Vl - a?* 

Por, it0<*<l, 

VI — a" VI — X- 

Hence • 

JO VI — z» VI — z- 

which gives 1). 

Ex. 2. 

xe-^ < e-«'du < arctg z, k > 0. 

For by 4lS, 2, 



e' = l + s+^e0», 0<e<l. 


• In order to iUnstrate these and a few immediately followinf; theorems we assume the 
elementary propeitics of indefinite integrals, which are treated in 536 seg. 



B«i>ea 

Thns 


PAQPER DtTCGRALS 


If 0<«<*. 


e*>l + i *>0 

Ilmce 3 b«i&g » eobsUiiti 
irbiefa ^TnS) 

528 I Letf(x') b* limiUd and tntejrahle tn S} iben (/(*)) ii 
tnteffrabU tn 2 and 

In tbe first place, |/i u tntegrable bj 507 
On the other band 

The relation 1) follows now 526 

2 The reader should guard ag amat the erro r of asstt uimg that 
/(*) IS necessarily ifitegnble in ?( if \/(x){ js integrable in 3 
i' or example let 

/(*) s 1 for rational * in 3 

e — 1 for irrational * in 3 

l/(x)i*sl fote\eryBin2 

and w tl erefore integmble in 2 Uul/Q*) is obTiousIy not inte 
grable m 3 

529 1 2n 3 = (a 5), fet 

When not zero, let /(*) he pontne Then 

For multiplying 1) by /(») we have 
We luTe now 2) by 626 


(2 
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2. In 31 let /(3r)>0. Let mKgCx^-^M. At a point c of con- 
tinuilg of f(x), gix), let 

fic) >0, m<g{c')<M. 

We have only to apply 527, 1 to the functions 
QI-9')f and ig-ni)f. 


Ex. 1. 

R'liere 

For, 

Hence 


arc sin x < 


p dx 


Vl — X- • 1 — xz^ Vl — X 
0<A<1, 0<x<l. 


(3 


I< . -- <- ^ 


r-As^<r 

Jo Vl _ Jo 


Vl — Ai- Vl — X 
dx 


< 


vrrr^vi-xa;- Vl -x-'® vT 


1 p dx 

TTiJo Vl 


(4 


1 <e»’<e. 


which givc.s 8). 

.833 < < .907. 

For, if 0<x<l, 

Hence 

x-dx < ' x-p’^'dx <e j^^x^dx, 

which gives •!). 


530 1. Let f(T') — g(r') in 31. except for the points of a discrete 

d:,geegate A ; then /, g being limited and intcgrahle., 




(1 


For, set 


•'Sf -'a*' 

1 li(*n h = 0, e.vcept for the points of A. 

Let Z) he a division of 51. Let 2)j embrace those intervals con- 
taining no points of A. Let Z?, embrace the other intervals of I). 
Then 

SKOS. = t+S=S. 

^ J>, D. 
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het DOW Sss 0 T^e limit of tbe left side is 


Since A is discrete, the limit of the nght side is 0 bj 620 Hence 

which proves 1) 


2 As a corollary we have 


In the tnte^al 




we fnay changt at pleatvra the value of f(x) at the point* of an 
arJitrary inerete aggregate mthoui ehangxng the talue of J pro- 
the new inteyrand te alto Imtttd in S( 


First Thtortm of the Mean 

631 Let f(j^ , g(x') he Rcti ei and inUgrahle to 1 
Tf'hen W ij let f j s) oe ^ei'ti'pe 
Then 

£fgde^Gj/dx, a$6. 


lit.*) 


where <7= 'leany(*), in SI 

For, by definition, 263, 4, 

where »» and if are respectively the minimnm and maximirm of 
p([*) in S Also, by S23, 


m^fdx<^Jgdr<Mf^dT 


«< 8 , 


whi'h gives 1) m this case The case of a>J follows now at 
once 

The above is called the fret theorem of the mean. We give now 
some special cases of it. 
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532. 

Then 


Lctf(x') he integrahle in 2t = (a, 5). 

5D? = Mean/(a;), 

J^/(a:)c7a: = 2}i(5-a). 


Let 
in 91. 
a^b. 


Proved, b}’’ taking one of the functions in 531, equal to 1. 


533. In the interval 91 = (a, 6), let f(x) he limited., integrahle, 
and non negative. Let gCx) he eontmuons. Then 

( Sgdx^g(X) a<^<h. (1 

c/51 *-^21 


For, by 531, setting (r = Mean g(x), 



But g(x) being continuous, takes on every value between its 
extremes including end values, while x runs over 91, by 357. Hence 
for some f in 91, 


wliich proves 1). 




534. In the interval 91 = («, b) let fix') he limited, integrahle and 
non negative. Let g(^x^ he continuous. At some point of continuity 
of fix') let 

m < gCx) < 31, 


where in = i\Iin^(a;), M= Maxy(^T), in 91. 
Then 


a<^<b. 


For, by 527, 2, 


Hence, 


m Cfdx< Cfgdx<MCfdx. 
Jfr J51 


Jfgdx= G-Jfdx, m<a<M. 
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Now g(x') being continuous takes on its mintmum n at some 
point a, and ita maximum at aoine point >8 in St by 857 !More 
over at some point 5 in the interval (b j0) g^x) must take on the 
value (r As g(^x) baa the values m and M at the end points oi 
this interval | must he wthm this lutervaL Hence 

a<(<h 

535 Ltifix) he eontimum* tn 31 ss (a S) Then 


This IS a corollary of 534 one of the functions being 1 provided 
/(«) IS not a constant %vben the theorem 
u obviously true 

This theorem admits a simple geo 
metric interpretation U states that 
there is a point f <i<{<5 such that y ^ 
the area of the rectangle ABC If is the 
same as tliat of the figure ABCB determined by tbe graph olf{x) 


The Integral considered as a Function oftt s Upper Lmit 
538 he hmtted and mtegrahle i« 31 « (a, b) Then 


tt a one valued eimtinuoue function ofs 

Since /(i) IS integrable lu 31 1* has < 
every * 

WillsJir 

We have 


■P'(») —J^Six^dx B, z m 31 

and only one value for 


Ai’= + — P(t)=^ fix')dx ~ J^f{x')dx^ fi.x'jix. 

{ API ^ Jf I h\ by 624, 2) 
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Thus if we take ^ 

for every 7i, such that x+h falls in 21, and 
Hence F^x') is continuous in 21. 

537. 1. LetfQc) be limited and integrahle in 21 = (a, J). Let 

J-(x) = X f{x)dx^ a, X in 21. 

If f is continuous at x, , ^ 

o 

dx 

To fix the ideas, let 

a<n<x<x + h<b. 

AJ = Jix + ;0 - Jfx-) = fj*' -£"=£ 

= /m, by 532, 

where 3Jf = IMean /(x) in (z, z+ h). 

But since /(a;) is continuous at x. 


»x+A 


for any h < some S. 
Hence 


Tl=f(z)+g, hl<«, 
AJ" 


A* 




Passing to the limit, we get 1). 

‘2, .As a corollary we have : 

Letf{z') be limited and integrahle in 21= (a, 5). Then 


1 

linii I fip^^dx—fCx)^ z m 21, 

jfc=o 

<// is continuous at the point x. 


(2 
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538 1 Jn the interval %, A*) ^ limited xnUgrdhXe Junetm 

Let F(x) le a one valued Jun^en wTioie dertiative Then 

b,/3>«si. (1 

i or let D =s (Oj «, {> be * dimioa o! tbe interval («, §) 

Then by the Law of the \fean. 

Adding the eqastions 2}, we get, since terms on the left cancel 
mpain fOT-r(.)= W{.)8. P 

Smce/(*) IS lategrable 

Passing therefore to the limit in 3), we get 1). 


B; diSwtatuiloB we 

D 1 

* I - X» r+X»un^‘ 

^(S«+l)»/2 Hence bfSSS 1 

* o<«<h:. 




The Integrand u not defined for z = r/2 let na therefore suign It the raloe 0 
The mtegnl on the left la contiooona bj 530 Hence 

jj" = £, * I, hm ^-_X«rote^CXUnz) _ 

(■''* £ _l_ (4 

l+X*t»n*» SJ-M 2 1 + 1X| 

Aa we hare dertred thia (ormola »« hum been obliged W laaiae JX’, ^ t U 
la howerer ral d eeen when {X| s ] For 

rnpfe=r“'"-B-^;-«r-r 

which agreea with 4) when |XI s 1 
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639. Oritimm. A common form of demonstration of tte pre- 
ceding theorem is the following. Since 

A°o n 

we have 

6>0, S>0, + le'l<e, 

for 17tj<S. The equations 2) of 538 are now written 

J’(ai) — jP(a) =/(«);ij -f ejAj, 

J’(/3) - =/(u„-i)/t„ + e„ V 

Adding, we get 

J’(y9)-J’(«) = S/(a07^. + 26A. (1 

If 6 is numerically the greatest of the e^, 

lSe/i^l<el^^ = e(/3 — a), 0>a. 

It is now assumed that e = 0 with 5. Hence passing to the limit, 
8 = 0, 1) gives 538, 1). 

The objection to this demonstration lies in the tacit assumption 
that the difference quotient converges uniformly to the derivative. 
Cf. 404. In other words, that it is possible to divide the interval 
(ft, /S) into subintervals /ij, ••• h„ such that ej, ej, ••• e„ are all 
< tr, a positive number, small at pleasure. As elementary text - 
books say nothing of uniform convergence, t he above reasoning is 
incomplete. 

Change of Variahle C 

540. 1. Let f(x') he limited and intcgrahle in 21 = (a, J), a^h. 
Let 

u = ^(x) (1 

he a nnivariant fimction in 21 having a contimious derivative 
Let 23 = (ft, be the image of 21 afforded by 1). Let 

X = -^(ti) 
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ST2 

be the inverte function of ^ The»y »/ •* mtegrahU 

Dy 358, the correspondence between the two intervals 21, -S is 
uniform 

Let il(Uj Uj. ) be a dtttaioa of ®, of nona S 
Let Ax, m 2( correspond to An, ni ® 

By the Law of the Mean, 

Ar, = ^(i 7 ,)An„ 17 , fyin^ t/i A«, 

Let f. in 31 correspond to 9 . m SJ Then 

S/(f.>Ar.-i/C'H’l.)3'^'(’f.)A«. (8 

/(»). /(•#■(«)]<■'(») 

are Inuited, and intcgraWe by bjj>otboMS. vve have 2 ) by passing 
to the limit in 8 ) 

2 If the conditions of i are not s itislied in the mtenals 21 it 
miy be possible to divide them up into subintervals, m each of 
which these condiiioiig hold 


S41 I Let 

TVe set 
Then 


eesivute 

ptnfliiiJiJto 
J* t 4^ ^ 

*slan»*f(«) or ■ - arc un* = 


a-(0 1) S»(0 e/») 


The condition* o< SKI are ntnionsl; aatibfitd Hence 


/ - +•*“ *)i“ 

Let ns matte a netr tnn>Ionnstkn> 


0 


«=,/4-0 

lUone of 540 being again satbfled 

•r = J^’^tog 1 1 + taa J I d» 


The condi 
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But 

.tv \ 1 — tan V 


Hence 

J-_p/’log _,og2r;'*da-,r. 

L 1 4 tan 0 


or 

2 = log 2 j 2. 


Thus 

.r=ir/81og2. 

(2 

2. That 

we should not affect a change of variable in 

a definite 

integral, w 

ithout due precivution, is illustrated by the following 

example. 



Let 

I. -'<■)* -L, -i 

(3 

Let us change the variable, setting 



® = |; = !*'(«)• 


Then 

<i=— 1, b = l; a = — 1, j3 = l. 


Also 


(4 


The two integrals 3), 4) are not equal. The reason for this is that the function 

u = ^(i)=i 

X 


of wo (iocs not have a continuous derivative in 2 =(— 1, 1). Indeed, it is not 
even defined throughout ?(. 

542. Let a- = ->|r(«) have a continuovs derivative hi ® = («, ;3), 
«^/3. Let he the image of Let f{x) he limited and inte- 
grahlc in 5L and let he integrahle in 53- Then 

a = 6 = -i/e(^). (1 

1. Let us note first the difference between this theorem and that 
of 540. In 540 is univariant, and ?f, fg are in uniform 

correspondence. 

In the present theorem, i/r may have an)' number of oscillations 
in S). Furthermore, the intervals 21 and (a, 5) may not be the 
same- 
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Einmpii Let a = ®=(0 V») Then the Stoige t>! ® » the 

intemlS— (— I 1) On the other bud di = iinOsO & = sia\*rs| Thui 
(a 6) = (0 }) is different from SJ 

Let /(*)-* Then 

rinueoevd'tss } 

Tboe the tero iDte^nUj are equal as the theorem requires, 

2 To prove the formula 1), consider 

-£s(ti)iu. mu) w 

NVe shall show that F(u) is a constant in © As it is 0 at «, 
i* •i 0 ihroughoul S 

To this end we show ^ ^ 

i*(#)s.O, in© 

Then, b/ 400 2 f(«) is a constaut in © md therefore 0 

At any point « of © we have 

There are two cases 

1* V'^(«) >7^ 0 Then, by 403 ^(«) is univanant in FCw) 
We can thus apply 540 Hence 

AFx=o, in n:«), 
and therefore _ 

-T = 0, at u 

2* Let ns a^ly the theorem of the mean 533 to 

each integral in 2) Then 

AF=.4>A^-T'Ak 

where - 

= Nfean /(,e) 'V = Mean ff(u) 
in A^^, Au respective!) Thns 
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Now 

Also 

since /[■^OO] 


lim 0. 

A« 

liin = 0, 
is limited in St, and 

lini = '^'00 = 0, 


ifr' being continuous. Hence jP'(m)= 0, also in this case. 


543. Let /(r) be limited in St = (fl, 6), a^b. Let u = ^(.r') have 
a coiitinuous derivative (x) ^ 0 in St. Let 53 = («, /S) be the intake 
(>/%•, u=:(f)(^a), ,8 = 1^(5). Let a;=y}r(ii) be the inverse funcliou 
of 0. 27ic?i _ _ 

J^/<ij:=J^jf(-«|r(?0)i/r'(7()dw, (1 

(2 

Let us prove 1); the demonstration of 2) is similar. Since tf> 
is univariant, the intervals St and S stand in uniform correspond- 
ence by 358. To fix the ideas let ^ be an increasing function. 

Then by 381, ^'(u) >0, and continuous. Let L= (n^, •••) 

be a division of 53 "f norm 8 into subintervals A7i^, to which cor- 
responds a division J? = (a:j, —) of St of norm cZ into intervals 


21, = Max /(a:), in Ax,. 

= hli\xf(y(r(u')'), in Art,, 

ilf, = M ax Cuf in Att,. 

A, = i\[in ifr'Cii), /X, = Max in Att,. 

F= Max l/j, in St. 

We have to show that 

S[) = SZ,Ax,, Se = 2i)2,Aif, 


nave the same limits. 
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Since and aie contmnou^ they aie uniformly con- 

tinuous Hence d and S converge to 0 simultaneously. For this 
reason for any S < some ij, 

— I. nniformly in « 

By the Law of the Slean, 


Hence 


At, = V, in A«. 

0 = Sg- = 


But, obviously, 

Max/Min^ <Max/yf^ i Max/ Mix 

if Max/> 0 , while the signs are reversed if it is <0 
Thus m either case if. lies between L.\. and Lji, Also, 
between these same bounds Hence 


\K - < L.i^. - 

ita» s<«. 

244 Ztt x^^(_u') hate a emttnuoue dertvatne in ff), 

tf 5;S Let yjr' vanieh ater a ditcrefe a/jr«gat« A iut otherwise let 
It nave one tign Let 2) he the tmaje of 53, acat^(a') 

i= ^(yg) If one of the tntegraU 

X.pJs^X. 

extitg the other doet, and both are then equal 

To fix the ideas let U exist Bj 40S the correspondence between 
21 , 58 IS uniform 

Let us effect a division, of norm ® of 58 Let the norm of the 
corresponding division of 21 be 17 T et be those intervals con 
taming no points of A while fflj=S— Si >s the comx'leraent of S, 
Let 21, 21* correspond to fflj respectively 
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sn 


No^Y 



But, by 543, 

while, since A is discrete. 



Hence 1) gives 



= /,, b,-522,S. 


A similar reasoning holds, if we assume that X exists. 


(1 


Second Theorem of the Mean 

645. Let fir) he limited and integrahle in ?t = (a, 6). 

Let f/(a;) he limited and monotone in ?(. Then 

j^gdx = g(a + 0)jjfdx + g(b - a<^<h. (1 

Since g is limited and monotone, it is integrahle in 2[ by 502. 
Hence fg is integrahle, by 505. 

g(^a + 0), g{b — 0) exist. 

If /?(« + 0) = ;7(6 — 0), the relation 1) is obviously true. We 
therefore assume that these limits are different. 

To fix the ideas, let ^(r) he monotone increasing. 

We begin by effecting a division of'21, 

of norm S. We also set 

a = Oq, b = a„. 
iTT, = Max/, = Min/, 


in the interval 



3T8 
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From 
we have 
and also 


Let f, be any point in 5, 

k.‘S(v. -“.IS. 


From 2), 3) t 


(2 

(3 


a 


Multiply 4) b} ^Cf,) > And letuni^ « = 1, 2. n. let us sum the 
n resulting equHtinns We get 


Now 

or more briefly, 


=X.-X 


Hence letting e » 1, 2, n. we gel 

9(f,)X-»(E.>X'’«'>X 


9(E,)X=9(E,)X”i'(E.)X 

‘'(f- ‘^X .'’«-^X-. 

9(1.) X -9(E-)X . 

Adding, we have, 

Sjee-iX/* ■'9«,)X/* + i; {s«.) - } X/* <® 
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Since g is monotone increasing, 

Let 3)2 be the maximum of the integral jf /(fa:, and m its minimum 
as X ranges over 31. Then 

< (5r(D-^(?^0 

and adding, 

Thus 7) gives 


a 

(8 

(9 


m<©<2)2. 

Thus 5), 6), 8) give 

In this equation let 8 = 0. The limit of the left side is 

Jjgdx, 

^ff(i^i') = g(.a + 0); limg(^„) = g(6-0). 

IK=^)l<r; 

12<rXI.)!<r2(r,. 

by 494. 
lim n/= 0 ; 


Also 
Let 
then 
But 

As / is integrable, 


hence the last term of 10) has the limit 0. 

Thus all the terms of 10), besides that in 0, have finite limits. 
Hence the limit of © exists. Call it 0. 

Hence 

m<d<SD2. 



FROPEB INTEGRALS 


Hut F being s continuous function of x, it ta^es 
for s>ome point f in SI by 357 
Hence 




the value 6 


Passing now to the limit in 10), we have 
J^fgdx » 5(o + 0)j[/^+ - 0)-ii(a + 0) I Cll 

Itut since r-r-r. 

we get 1) at once from 11) 


346 If gCx) IS not monotone the formula 1) of 645 may not 
be true as the following eianiple shone 


z*c««zilt>0 by 627 1, 


■ Dce the integrsnd is neeer Befatlee and I* id (entrsJ posiiiTe Oo the other hand, 
y (a + 0) = ene - »/2 - 0 j(b - 0) s cos ./2 b t) 

Hence the rifbt sde of 1) MS ie zero Tbe formula 1) is thus untrue In this 
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Pmmtiie FuMtwna 


547 1 
integrals 


The theorem of 538 w of great importance in evaluating 



/(x) being limited and integnble m 81 = (a, x), we have only to 
seek a function F(x') which is one valued in SI and has /(*) as 
derivative Then, as we saw. 




(2 
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38i 


Let (?(a:) Le any other function which is one-valued in SI and 
has /(a:) as derivative. Then 

-(?(«). (3 


Comparing 2), 3), we have 
where O is a constant. 

The functions FCx), Q-(x) are cfiXied. primitive functions off(x). 
Thej'- are denoted by 

jfCxydx, 

no limits of integratio n a ppearing i n the symbol. Primitiv e 
functions are also called integrals. In contradistinction, 

inte grals of the type 1) are calle d definite integ rals, 

2. Every formula of differentiation, as, 

D^x-) ^fix-), 

/(a;) being limited and integrable in an interval SI, gives rise to a- 
formula of integration, 

Jfixydx^ Fix'). 

For reference, we add a short table of indefinite integrals.* 

We observe, once for all, that in all formulre involving indefinite 
integrals, we shall suppose that the integrands are one-valued, 
limited, and integrable in a certain interval SIi while the functions 
outside the integral sign are one-valued in SI- 


648. 



— 1 . 



•An ejceUent taWo of integrals is "A Short Table of Integrals” by B. O. Pei^c^ 
Ginn & Co. Boston. i 



PBOPEB IITTEOKALS 


a‘_ 

Xoga 


s- 

a*+^ « « 

/ dx _ X 

J"sin xdx=x ~coax 
^C03 * dx =» sio af 
J*tan *<fx «= — Ic^ jcos x\. 
J‘ C0tx<fxs loglsiDxj 
J* taa xsecxdx^aeex. 
J'eec'^xtfxe tan* 


a>0. 
a^O. 
a^0> 


549 I^ot ererj limited integraU^ fooctiOD la tl a (a, 5) liaa a 
pnmiCue, aa we now show 

Let/(x) "be continuous tn a, let 


Then, by 637, 


T(xy=^ fdx, a<x<h> 


Let us define a limited function in 3 as follows* it shall 
=/(*) except at points of a discrete aggregate in A, at which 
points /(3:)^^(x) Then, by 530, 

j]frdr=F(*) (1 

Suppose now six') had a pnnutiTe G(»^ in a Then, by 638, 



METHODS OF INTEGRATION 


383 


Comparing 1), 2), we get 

a(x)=F(ix)-{-C, 


Hence 


or 

which is a contradiction. 


d&_iiF 
dx dx 

fiF)=g(x'), 


0 a constant. 
in 21; 
in 2i, 


Methods of Iniegratio n 

550. In order to find the primitive of a function f(x') we may 
proceed as follows : We first consult a table of indefinite integrals. 
If the integral we are seeking is not there, we try to transform it 
into one or more integrals which are in the table. 

The principal ti’ansformations employed are : 

1°. Decomposition of the integrand into a sum. 

2°. Integration by parts. 

3“. Change of variable. 

We treat these now separately. 


551. Decomposition of the integrand into a sum. This method, 
ns its name implies, consists in breaking f(x') up into a sum of 
simpler functions. Thus, if 


then 
Ez. 1. 

As 


f(F) =/i(*) + — -f ffx), 
ffdx =ffjdx + ... + J/, dx. 



COS-X£?X. 


cos-a; = 


1+ co.s2z 
2 ’ 


«r = jJ'*: + ^J'cos2x(Zx 


= la:+ Jsin2a^ 



PEOPER INTLeRAI^ 


pj p 3a + pz 




Integration hy Paris 

S52 Tn the lot^rval ^ let u{x) v(z) be one valued fonctione 
having liiaUed lutegtahle deiivatives fben 


J’ut^Jxsauv 


The application of 1) to evalue 


Then 1) ehowa that _ /• 

J^uo— \ wax 

The determinatioa ot iT » thus made to depend upon 
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Then 

Hence 



Jiriii-logs— l^zdx 
= t(iosx~i). 


554. E.V.2. 

=J'c“'' sin 5z(?a;, a, 6^0. 

Sot 

u = sin bx. v' = c"*. 

Then 

u' = 6 cos bx, c = i c"*. 

a 

Hence 

y=ilc“sin 62 — - r«"cos6xdx. 
a aJ 

To find 

JT = J'e" cos bx dx. 

set 

u = cos bx, V' — e“. 

Then 

k' = — 6 sin 6x, n = - e“. 

a 

Hence 

/T = i e“ cos 6x + - fc**^ sin bx dx 
a aJ 


= -e<" cos 6a: + - 1 /', 
a a 

This placed in 1) gives ^ ^ e"Ia sin 6x - 6 cos 6 a:I . 

a- 5- 

The same method gives 

fc“ cos bx dx= 

J a" + b^ 


a 


(2 

(3 


Change of Variable 


555. Let /(x) he co7itbnions in the interval 51. Let 7i = have 
a coiitinnous de^nvative <}>'(x')=t^0 in 51. Let 18 he the wiage of 51, 
and x=:-\^(ji) he the inverse ftmction of cp. Then if 


= <3^(u), valid in SB ; 
ffix)dx=^ (?W(a:)], 

_ dGr(;ii) du 
dx du dx 


tve have 
For, 


valid m SI. 


0 
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B lo^ a s log leg z. 

J-C- ' - - 

* zVj n» ^o* 

a=Vf«r^ 

jMsC-^S^atuttgt 
/«»+«• « tt 


J-=Jfi=log. 


tn inMgnI erihuted In Es. 8. 


^=af-^=^=. 
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IHTEGRALS DEPEHDING ON A PARAMETER 

560. Let the rectangle bounded b}' the lines x = a, x—b, y = a, 
M=r ^ be denoted by 

JR = (a, b, a, /9). 

Let?r=(a, 6), = (a, /S). 

Let /(a;, y) be defined over JR. If we give to y an arbitrary but 
fixed value in 18, /(a;, y') is a function 
of X defined over 21. But since its 
value also depends on the particular 
value assigned to y., we say / is a func- 
tion of X which depends upon the param- 
eter y. If for each value of y in 18, 
f(x, y') is a limited integrable function 
of z in 21, we shall say it is regular in 
B, When /(sc, y") is regular in .ffi, 

defines a one-valued function of a/, over the interval 18. 

In performing the integration indicated in 1), we consider y as 
constant and integrate with respect to x. 

In the present section we propose to study the function J(^y') 
with respect to continuity, differentiation., and integration. 

= (0, n-), S3 any interval 

Ei. 2. 

Jty) = log (1 — 2 y cos a: y-)3z. 

St = (0, t), S any interval not including y =:± 1. 

For, log « is continuous when w > 0. Here 

« = 1 — 2 y cos a: + y'^ = (y — cos x)- + sin-x ^ 0, 
and hence u = 0 only for the points whose coordinates are 

(3 



X = »nx, Jr = (—!)”". 
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Contmvity 

56L Let 17 be an arbitraiy but fixed value of y in S = (o, 
Let us denote the line y s= 17 by -ff 
Let «^(x) be defined over 6 ) 

IC for each e> 0 , there exists a £> 0 , such that 


+ (1 

for each 0<|A|<S, and every * fi — 1 

in SI, we saj /(», y) eoniwryes 

um/orinXy to alonff the line ff, 

or with rttpeet to the but H _ . 

We denote this by 

lim/(*, y) = <fC*% ttm/ormfy , 


■s 


/(x, y) » ^(z). untformlt/ atong S 


If m the relation 1). only positue values of A are considered, we 
say /(x, y) converges on t?i« nyAt unifotnsly, etc 

If only negative values of A are considered, /(xy) converges en 
the Itft uniformly, etc 

]f/(xy) converges uniformly to f(x, ij) with respect to the line 
iT, n e shall say /(xy) is s vmjorniiy eontinwui /unction <if y wifA 
reiyecf (0 the (ins ff, or alony (Ae line ff 

If/(*y) IS a uniformly continuous function of y with respect to 
each line y = J 7 in 59 =t (aiff), we shall 6ay/(xy) »» a ««i/ornjfy con 
tinuoue function of y in ^ 


562 i Let f{x, y') it regular tn any It = (ah'^^'), 

ujii/orTidy afwy tAe line y = a 
Let <^(x) he limited and xntegmHe m 9 

It iim jr/(iy)dx Iiin/(xy)rfz = J (1 
For, let 

A«jV(x, a + A)(fz-J^^(:r)«fe=^/(*, o + A)-^(z){dx (2 
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We have to show that 

£>0, S>0, lAj<e, 0<7i<S. (3 


But by hypothesis, for each e > 0, there exists a S > 0, such that 

\f(x, a + A) - ^(a;) I < (4 

for each 0 < 7i < S, and aiij- x in 91. 

Hence 3) follows from 2), 4), and 524, 2). 


2. That the relation 1) nia}^ not hold when f(x, y') does not 
converge uniformly to </)(.'r), is shown by the following example : 


Let 

Here 

Hence 

On the other hand, 
Hence 


/(“i y) = ■ for K ijt 0 ; 

X- + y- 

= 0, for 2 = 0. 

iElim/(2, y) = 0 ( 2 ) = 0. 

y=0 

j^^(x)dx =0. 

= = y>0. 

y=0 2 


(6 


(6 


As 6), 0) have different values, the relation 1) does not hold here. Obviously 
/( 2 , y) does not converge uniformly to 0 in any interval containing the origin. 


563. 1. As Corollaries of 562 we have : 

Let f(x, y') be regular in It = (^aha^^. Let it be uniformly con- 
tinuous in y, along the line y-g- Then 

is a conthiuous function of y at g. 

2. Let f(x, y') he regular in It = (^ahKfi'). Let it be a uniformly 
continuous function of y in 18. Then is continuous in SQ. 
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3 If/(x y) conUnitoM tn J{(aha^), JCj/} u eoiUinuotu tn 

S = («.;e) 

This follows at once from 352 
Eiample In & 3 S we proved the relsliim 

1 + r+lM 

for all Talnes of X. It required heweetr a eeparate integration to establifh il for 
X = ± 1 Bj the ^d of S we may prMe the eorteetneu of 1 > (or three %e]uee 
w thouc an; ealculat oe Cons der to bi the (dees, X I S nee the integrand of 
I) IS obnonsly aeontinsnus fanction of < X in tlie band K ■'(0 r/i \ — I 1 -f 
the Integral is a eonijniions fanction oi X at 1 tleoce 1 ) holds for X = I 

584 The results of 562 563 may be generalized as follows 
Let ^ be a discrete point aggregate in a '\ e can divide a into 
two s> stems of intervals, C and such that G contains no point 
of A and the total length d of the interv ils X> >s as small as we 
please 

U e shall 8ay/(r y> converges uniformlv to 4>(,x) along the line 
tzeept at the pomlt A nbeo, for each oO and any G there 
exists a 2>0, such that 

!/(x,9 + «)-^(*)|<e 
for each 0<jh] <6 and eveiy * in G 
The terms /(* y) converges on tftenyAt or on(ft« fe^ unt/ormfy, 
except for the pcinte A need no special explanation 

\loo the meaning of the lermyf^ y) is tmiformfy eonlinuaue 
along the line y=3 17 except far the petnle A is obvious 

565 Let f(_x, y) 5« regular in the redangle R(a, 8 c, <9) Let 
/ converge umformly to along the line y = «7 except for the 

porntt of a diiereU oyyreyat# A Let ^(*) 6e hmited arid inlegrahle 
= Then 

Iim y)di—j] lim/fa^ y)d*a=J^<^(;r)!iir, a 


■<V<0 
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We must show that 

e>0, S>0, li)l<e, 0<1^|<S. (1 

Since / is limited in H, and ^ in 91, 

[/(a:, y)l<-M; in J2. 

Choosing e>0 small at pleasure, and then fixing it, we choose 
the system ® such that its length 


d< 


Then 


4iif 


D=Jjf(x, + 7i) — I dT +JjfC^' V + ^)— <f>(.^')idx. 


Hence 

But 


l-OlsIXI + iXI- 

l/J<f 


C2 


On the other hand, by hypothesis, 

for each 0 < 1 7i| < S, and every x in S. Hence 



Hence 2) gives 
which proves 1). 


Pl<| + 


2 


566. As corollary we have ; 

Let f(x^ y') he regular hi the rectangle JR= (a, 5, «, /9). Let it 
he uniformly continuous in y along the line y = T], except for the 
points of a discrete aggregate A. Then 

'T'O/) = 

is continuous at y, « < ^7 < 0- 
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56T 1 1® y), jf) rfffuJar tn 

2“ Letf^ be vniformlj/ eontiHUou* ik u along the line g = ex 
cept for the pointi oj a dieeeete aggregate 
Let 

*^(y) v')it 

,)* (1 

For, 

AJ J(i; + A) "J(n) _ A> ?) Jj. (2 

A 17 A ♦'« " A ~ ” ' 

But by the Law o/ the Mean. 

/(X'n + A)-/<x,ii> 

where H bea between «) and ij + A and depends on z and A But 
by 2 ®, 

9)+«r. 

lun * 0, tfin/emty except for A. 

Thus & r /•* r* 

^ + J. 

which gives 1), on passing to the bmit, A =3 0 _ __ 

2 As corollary we have 

Letf(x, y) be conttnuoux i« the rectangle (abaQ^ Then 

/■" 

3 CWfi«*jn Slany text books give the foUowii^ incorrect 

demonstration of 1 From 2) we have, changing slightly the 
notation, ~ 

• — dJ . \I . r‘Af 

_ = bm- = bmj - 


(4 
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It is now assumed, without further restriction, that 


4) and 6) give 


Ja Ja 

% 

n-id.. 

dy By 


But we have already seen in 562, 2, that an interchange of the 
symbols 

Hm, J 

is not always permissible. 


4, Example. 

Hcre,/(s, y) and 


J = — 2 2 / cos X + 1 /’)(£ 6 . 


i_2vcosx + t/ 


arc continuotts in the rectangle (0, r, k, p) if (k, /3) does not contain the points 
y = ±l. Cf. 6C0, Ex.2. Hence 


(y-cosx)dx |„|^1 
cfy ~ Jo l-2.vcosx + P=’ 


. 5. The following is an example where the conditions of theorem 
1 are not satisfied, and where differentiation under the integral 
sign leads to a wrong result. 


F(x,p) = -4L^, 
vx- + y- 


except at origin ; 


at origin. 


I>iF(z, jf) =r : except at origin ; 

(*- + y-)- 

= 0, at origin. 

i 2?,F(xy}dx = - - - , y arbitrary. 

VI + y- 
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Let 


— J* eiceptatorigia, 

(*•+»*)» 


nes 


On the other bud. 
Hence 


si, U origin. 

J'(0)sl 

ztibltnrf 


(S 


{» 


rhe eqoatlone S) 9) ihow thei in (hie caae diSerrotletioB under the integral 
■ign le not pennittible In iact, we obeerre here tbu 




»«v» 

(**+»•)*’ 


except it ori^ , 


w® stongtn 


ud U tbereiore not liiaieed ibout tbe ongia. Thus, cond tioo 1* of tbeoRa 1 li 
not fulfilled. 


Jnfejrattoji 

5€fi 1 I.et/(;ry) b« continuous ID tbe rectangle (a, i, a, /9) 
Since 

fjdx a^x<b (1 

IS a conUnaatu {aaction. of jr b; 563, 2, it is integcable m (e, /S) 
Therefore 

£dyf/dx (2 

is convergent for each «<y<>? 

The integral 2) is ohtainetl from 1) by tnfeyrnfi»7 tetth retpeet 
to the parameter y It is celled a dsii6(« iferared integral, or more 
shortly, when no ansbigiuty can anae, a double integral 

2 Xef /'(«, y) 5e «vn(intt«if »n ief 

^i^y)~£dgf^/dz, x,ymlt 

tnJ2 


Then 


(3 
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For, by 637, 




On the other hand, by 567, 2, 

«=r''4X/* 


Hence, by 537, 


= by 537. 
F%=fiTy-). 


The relation 3) follows now from 4), 5). 


(4 


(5 


Inversion of the Order of Integration 

569. The integral of 568, viz. 

(1 

is obtained oy integrating first with respect to x, and then with 
respect to y. 

But we might have integrated in the inverse order, getting 

£dx£fdy. (2 

It frequentl}^ happens that tlie integrals 1), 2) are equal, and 
this fact is of greatest importance in transforming such integrals. 
When these two integrals are the same, we say that we can invert 
the order of integration, or the integral 2) admits inversion. We 
give now a simple case when this inversion is possible. Later we 
shall give a broader criterion. 

570. 1. Let fQry') he limited in the rectangle R = (abafi'). Let 
it he continnous in R, except possibly along a finite number of lines 
parallel to the x or y axes, along which, hoivever, f is integrable. 
Then 

£dy£f(xy')dx = JjxjyCxy-^dy. 


(1 
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Cate 1 Let f be contiatioas in R mtliout exception 
We saw in 568 that 




m(> y) y-) 

9s 9y 


t or the same reason, 


= F{h ff)-F{h a)~F(a «) (2 

Similarlj, r»-. d F(r/S) _ afCjtf) 

J.-' 9x 9x 

From 2) 8) we get 1) 

Caie 2 I et/ be continuous m R, except for points nn the line 


B/ 1 we hive a<i <5. 

Moreover by 663, 3, 

beiDff a continuous function of x in (a, b) except possibl) at b, and 
binited in (a, 5}, 

Now, by 536, ^ 

lim dzj^dy =X‘*®X^’^^ 



<5 
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On tlie other hand, 

But since / is limited, let 

|/j <ilf, iniJ. 

Then , 

\jjdx <M(h - vy 

Hence the right side of 4) gives 

£dyjjdx = £dy£fdx - £dy£fdx. 


Thus 


\£dx£fdy -£dy£fdx^<M(i^ - <t)(h - 6'). 


Letting h' = h and using 5), we get 1). 

Evidently the same reasoning applies when / is continuous in 
iZ, except on one of the sides of R parallel to a:-axis. 


Case 3. Let / be continuous in R except on the two lines, 
x-h, y = /3. 


Let Then, by Case 2, 

We can reason with this equation in the 
same manner as we did with 4). This 
proves the theorem also for this case. 


p 

o’ 

L.. 




p 

a 







1 

1 


1 “ ' 

i 


Case 4. If/( 2 ;y) is discontinuous within — 

R, we have only to divide R into four 

rectangles 91, as in the figure. 

Then each of the rectangles 91 falls 

under Case 3. By breaking up the given 

integrals into these rectangles 91, we prove 1) readily. 
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Caie 6 General Cate By brealcing R into smaller rectangles 
bounded by the lines on which the points of discontinuity lie, 
we reduce this case to Case 4 
2 We have shown \n 1 that inversion is permissible when 
IS continuous, except at points Ijmg on a finite number of lines 
parallel to the x and y axes It will be shown in Chapter XVI 
that inversion is pernnssihle under much wider circmastances 
The points of discontinuity may lie on an infinite number of 
lines, moreover these lines do not need to be parallel to the axes 
they do not even need to be right lines 


* by 638 8. cb 

^ r+P 


+ I>>un9s 8 l + i*'! 

As tbe uts^ranit is limiud (n (he rteuo^e ^4 J 01 j eod Is discoDtboons only 
ebenaBv/S «s csninverc theordervf iote^iion Hence 

=ra o 


Thus t), 3) pve 
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IMPROPER INTEGRALS. INTEGRAND INFINITE 


Preliminary Definitions 

571. 1. Up to the present, we have considered only integrals 

J^f(x)dx, 


in which the integrand is limited, as well as the interval of inte- 
gration 31 = (a, 6). 

It is desirable to extend the definition of an integral to embrace 
integrands and intervals of integration which are not limited . 
Such integrals, w e said, ar e called improper integrals. 

In this chapter we consider improper integrals for which 21 is 
limited, and/Cx') is unlimited in 31- 


j= T— , Ar= r 

*/ 0 Q " */0 


dx 


VI 


are examples of such integrals. 

2. The reader will observe that the integrand of J" is not defined 
at a:= 0, and the integrand of JT at a:= 1. When convenient, we 
may assign to the integrand at such points any value at pleasure. 
Cf. 598. 


572. Let /(a:) have a finite number of points of infinite discon- 
tinuity in 31, 347, 

Cj, — c„. 

We shall call these singular pomts, a nd say fCx) is in general 
limited in 31 ; or that it is limited except at these mints. Let us 
inclose each point c* mthvTa little inten^al S* containing no other 

399 
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singular points Let S be what la left after removing the inter- 
vals C. from SI On varying the intervals C„ S will vary If for 
each choice of 18, /(r) is integrable in ®, w e say /(a) is regular 
tn SI except at the points e*, or we say /(i) is i« general 
regular trt 81 

573 1, Let/(*) bo regular in St = (« S) except at J If 

-\xm£f{x)ix, a<$<h (1 

u finite I we say Jlge) k tntegrahle tn S( and define the symbol 

to be this limit 

Similarly, i!/(*) is regular in St except at a and 

lim o<c<i, (2 

IS finite, we say /(.x) i* integrable in ^ and define J to be this 
limit 

Finally, if/(a:) w leguUt in St except at a, t, and 

lnnJ*j^t)<fr a<«</S<6, (3 

13 finite , we say /(*) «» integrable in S and define J to be this 
limit 

When these limits 1), 2), 3) are fin te we say J is /nite nr can 
vergent When these limits are infinite, we say J is infinite If 
these limits do not exist, finite or infinite, we say J doe* not exut 



we have taien a<h Precisely similar definitions would apply li 
a>b 

Obviously, ^ 

(4 
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For, to fix the ideas, suppose /(a:) regular except at a, and let 
the integral on the right be convergent. Then, if a < a < 6, 

Jjdx = -f/dx, by 524, 1). 

Passing to the limit, vre get 4). 


574. 1. Let /(a:) be regular in 91 = (a, J), except at h. 

For /(a;) to be integrable in 91, according to the definition just 
given, it is necessary and sufficient that 

e>0, S>0, jj^jfifa: -J^^ifa:]<e 


for any pair of numbers /3, yS' within (b — S, 5), by 284. 
Since 

Ja Ja ’ 


it is necessary and sufficient that 


Tlie integral 


|j^>(a:)(fa:|<6 

^^f(x)dx, 6 - S < y3, ^ < 6, 


(1 

(2 


is called the left-hand sing%dar integral of norm Bfor the point i. 
Similarly, 

J^/da:, a < a, «' < ff + S, 


is called the right-hand singular integral of norm Bfor the pomt a. 
"We have thus this result : 

Let /(a-) be regular in 91 = (a, 5) except at an end point, say b. 
For f(_x) to be integrable in 91, it is necessary and sufficient that the 
singular integral at b have the limit 0 ; i.e. 

lim Cy{x')dx =0, a < 6 — S < /3, /S' < 5. 

2. When a singular integral such as 2) converges to zero as its 
norm 8=0, we shall say the singular integral is evanescent. 
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3. Ijtt /(®) ie regular tnSls(a, i ) ereept at the eTidpointe a, 1 
Tor j 

j^Jy(^)dz 

to le convergent, 
integral* 

It It ti*ee>*ary and tuffietent that the ttngular 

/>. 

J^fdz, <!<«'<«", 6'<6"<i 

6e evanetctnt 


It IS necessary 

For, when J is convergent, 

«>0, S>0, 

a<a<a + S, 5-5<^<J 

AUo 

K - X ’ l-'r '‘<«’<«+8 

Addifif, 


Thus the aiofular integral at a is evaaesceDt The same ts true 
for 9 

It IS suScieat. For (he singular integrals being evanescent, 
we hare 

■>«. »>»• iri<r 

Hence 

ix;-x‘i5irwri<- 

Hence 

Xvs^^fdx, o<a</3<^ 

13 finite, and hence hy defimtion J w convergent. 

575 EiL 


Koir, forO<e<J, 

F(,zy=^*--~===*.vs*\stp 



PRELIMINARY DEFINITIONS 


403 


As 

The singular integral at 1 is 


lim arc sin ^ = IT /2, 
p=i 


f, 


p dx 
'P VI - X- 


= arc sill p' — arc sin /5. 


As 


lim arc sin x = v /2, 

X=1 


the difference on the riglit of 1) is numerically <€ in Fj(l). for a sufficiently small S. 


Ex. 2. 

Here, for 0<a<l. 
But 



If lim log rt = — CO. 
02=0 


Hence J is infinite, viz. tTr: + co. 
The singular integral at 0 is 


But 


does not exist, by 321. 






lim iog — 
j=o a' 


0<a'<a"<8. 


Ex. 3. 

Now, if 0<«<1, 
But 


Hence 


X>0. 

Jo X 

limb:i^^ = l, by 290, 2. 

\ \ 


576. LetfQx) he integraUe in 9t= (a, 6), and regular except at 
a, h. Let c be any point within 2(. Then 

j=£fdx=£fdx+ffdx. (1 

For, since J'is convergent, 


e>0, S>0, 


<|, a<a<a + S; h-B<^<h. (2 
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By 574, 3, the integrals 

/> 

are convergent We can therefore take S such that also 

ix-ri<f Lf‘-ri<3 

Adding these last inequalities gives 

Adding 2), S) gives 

K-(r-x‘)i<- 

From this follows I) 

577 1 2>tfinition We can now generalize as follows. Let 
/(x) be tegular in H except at the singular points 
a ^ e, < c, < < e, 5 5 

I(/(x) is mtegrable in 

(a, f,). (c, c,), (c„, 6), 

we say/(i) is mteffrabU m SI and set 

J^/dr=J]/Jx+ +^/dx. 

2 We can therefore say 

X<{/(z) he regular in Sl= (a, 5), except at certain potnU Cj c, c„ 
For /(x} to be vitegrable in SI j{ >s i»ece»»ary and tujfieient that the 
vnguiar inUgrah at c,, <j 5e eeaiWiceKt 

3 From tins follows at once 

If {(x) t« tn general regular and u xntegrahle tn 21, xt le xnfegnible 
in any partial interval of^ 
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4. To avoid confusion and errors of reasoning, the reader should 
remember that, when /(a-) is not limited in 31 but yet integrahle 
in 3(. tliere are only a finite number of singular points in 31 ; and 
f is limited and integrahle in an}’- partial interval of 31, not em- 
bracing one of the singular points. 


Criteria for Convergence 


578. 1. The integral 

ifixfdx 


is called the adjoint integral of 


We write 


J = J^/(a-)da:. 
K^AdjJ. 


Letf(^x) he in general regular in 31. If the adjoint of 
in convergent, J is convergent. 

Let e be a singular point of fix). We wish to show that the 
singular integrals at this point are evanescent. To fix the ideas 
let us consider the left-hand singular integral. By 528, 

c— S<7<7'<c. 

By hypothesis, the integral on the right vanishes in the limit 
8 = 0. Hence the integral on the left, which is the left-hand 
singular integral at c, is evanescent. 

When AdjJ\^ convergent in 31, Jis said to be absolutely conver- 
gent in H and/(a-) is absolutely integrahle in 31. 

2. Zrf/(r) be absohitely integrahle in 31, a7id m geno'al, limited. 
Thenf is absolutely integrahle in any partial interval o/3(. 

The demonstration is obvious. 


3. The reader should note that f(xj may be integrahle in 31 
and yet not absolutely integrahle, as the following example shows. 
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Letosdmdathelnlerral*— (0 I) inlo [ttrual Inlarrals by inserting the po nU, 
^ lAhe Interral JU- ^ » = • 2 let ns erect » rectangle P, of area 

* liet these recunj,les i t sltenuitetj sfcoee and below tbc i-aiu In the tntereal 
a, eicluSmg tbe Sett-band end penM Set /[i> — !« ght ol B, ubtn pos tWtS J or 
negaueely accord ngly as B, is abore Or below Its axis. Jbeo f{z) baa a siQgoIar 

j^Bfcr - Ijm J'/i* =| «ii»( .Vas "^ (* ~ 2 + J ~ 

Also 

As tbe reader probably bnon or as win be shown later the fint 1 nut U finite, 
the aecond Infinite Tboa/is otegrable bnt notabaolntely mtegrsble le K. 


4 Th« read«T should oote Ihts diffctence betweea proper &&d 
improper integrals, 

If J 18 an mproptT integral «e hare just seen that J is conrer 
gent if ^ 

w convergent 

But if «r IS a proper integral, we saw jn 628 2, that we could 
not conclude the existence of J from that of K 

On the other hand if tPts a proper integral, the existence of K 
follows from that of J, by 507 while if (P is an improper mtegral 
le cannot conclude the comergence of K from that eXJ by 3 


579 I Thefiteit Zel fix) ie r^nlar vi^ = (a h') egeept at a 
Fur tome 0 < ^ < 1 and 7/ > 0 let there exut aV*(p') tuch that 

m r» 

Then f(x) la ahtotutelp tntejraUe in 21 
C onsider the singular integral at a Me have 

os/; .), 

es in the limit bj 209 2 


which Tinisl 
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2. As Ji corollary we have: 

Let f(x) be regular in SI = (a, V) except at a. 
For some 0<;i<l, let 


be finite. Then f(x') is absolutely integrable in SI. 


Ex. 1. 

is convergent. 

For, by 4&4, Ex 2, 

Ex. 2. 

is convergent. 

For, 


j^'iosxdx 

J?lima:^llogx| = 0, ^^>0. 

s=0 


Si 


X * sini dx 


Rlimi^ . arisini =0, 

1=0 X 


l^>\. 


580. Let f(x') be regular in SI = (a, b') except at a. 
In F*(a) let f(x) have one sig7i a, while 


(x — a)<Tf(^x) > ilf > 0. 


Then 

fdx=: a-oo. 

For, let 

a<a<c<a + S. 

Then 



= + 00 , when a = a. 

Hence 

= tr • 00 . 

Example. 

.r-r <^.=+co. 

Jo 1 — x" 

For, 

(l-a:y(x)=-4->l, 


for X near 1. 
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581 Let f(x) he regular tn a = (a. >). exce-pt at a 
X = lini(*-a)/(i) 

exist If f(x) II xntegrahle, X must he 0 

Let u3 prove tbe theorem by shoeing that the contrary leads to 
a contradictioD 

To fix the ideas sttppose X >0 Then, tor each ^ such that 
0</KiX 

there exists a Vi*(a) such that 

(»—«)/(»)>/*• in r,*. 

Then the singular integral, 

J^/djsa + oo, by 680 

Hence / is not integrable m 51 

58S The cntena ol 610, 680 admit a eimpie georoeltic inter 
pietation 

Coneuler the family of curves 

IT, (x — ayy ea ]H !il>0, n>0, 
m the vicinity IiV*(a) 

The curve ff, is a hyperbola. 

If ;t<l, lies below /T, while 
i! fj,>l, U, lies above i?, hutther 
more, if ZI, lies above 

The curves all cut e»ch other at 
the point * = a + 1 As we are only 
interested in these curves wi the 
immediate vicinity of the pcuat *=s« 
tlie point a 4- 1 lies beyond the range 
of the figuie 

The fi tests may now be stated as follows 

If in some V*{a') |/(»)| remains below some which lies 
below /(z) IS integiabJe If, on the other hand fix) has one 
sign in F*(a), and \/(x)\ remains above the corresponding 
integral is infinite 
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583. Ex. 1. 




1 dx 


v/iTTiS 

TJie only singular point is i = 1. Let us apply the /i test at this point. Since 

111 




Vl — Vl—x Vl + X 


■we see that 


Zlim(l -x')^fCx)=~ 

.=1 y /2 

■Wo may therefore take g = 1, and J is convergent. 


584. Ex. 2. 




dx 


Vx‘^-1-1 - i^x^ 


0<K<1. 


The singular points are 1, -• 

K 

Consider the point a: = 1. 


Vic- — 1.1 — = Vic — 1 Vx + 1.1 — 

Uence i i 

^}im (ps - l )i/yx)=r — 4 . 

V2(l - K=) 

In the V- test wo can therefore take = 

Consider the point x = - . 

As 


L Um f(z) = 


V2(l - 


we c.an t.ake ^ = 1 at this point. 
Tims J is convergent. 


585. Ex. 3. 

The singular point is x = 
Wc saw 

Hence 

whore 

Thus 

•and 

But 


0 . 


J = f *log sin X dx, 
Jo 

X 

sinx = xp(i), 
iim p(i) = I. 

r=0 

log sin X = log X + log g(x), 


0 < X < IT. 


a+logsinx = x'‘logx + x'*logp(x), /i>0. 

Iim xs log X = 0, lim x** log g(x) = 0. 

1=0 *=o 


Hence 

iim x“ logsinx = 0. 

Thus in the f» test, we can take for m any positive number < 1. Hence J is 
convergent. 
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“>« 

The Bingnlar point of the Integrsnd /(i) n « = 0 In its Tlcmlty r*(0), /(z) 
bee one sign ^ 1 

Then by S"9, Jis eonTergent for |i<l «B«I, by 580, it U dirergent for n ^ 1. 



wesee, by S70, th&t yiseonrergentlf si<S, xnit.by 680, thatit udiTergeBt.if 

388 ia^antAmto f««<i ht rtgviAT tn 21 b (a, 6), ex«j)t 

at a For tome 3f>0, X> 1, A tet there exxit a I’fia), tueh that 
tn tf 

I. (I 

Then/ it aholuttly integrahU in 5( 

By 889, 6), for ®>ti siiffictenlly near a, and 2, -• 



Integrating, we have, for o<«'<<^' <a + 8, 



<e* for S sufBeiently small 
Thus the Singular integral of At a js e%aDescent5 for 
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689. Let fix) he regular in 91 = (a, 6) except at a. 
Letf(x) have one sign cr in F*(a), lohere 


Then 


(x — a')l,— I , — ^ — ■ a-f(^x')>M>0. 

‘'x—a x — a 

<7= ^ fdx = <r • 00 . 

From 389, 4), for s = 1, 2, and x>a sufficiently near a, 
1 -1 




® ^ Z,- 


X’—a x — a 


Integrating, 


r 


dx 


x—a x—a 


I 


c a 
a — a 


n<a<c<a+S. 


Hence 


Hence 


If/dx 

li/o ^ a — a 


= + 00 , when a = a. 
J=cr ’ tx>. 


590. The logarithmic tests 588, 589 admit a simple geometric 
interpretation. 

Consider the family of curves 


Q • 

and 

A; 


y = 


y= 


(x-ay^-^.-l) — 
' ‘x — a x—a 

L 

(2:_a)Z,-i_....Z,-i- 
‘x—a x—a 


X>1; 


in jRF*(a). 

It is shown readily that any G curve finally lies constantly below 
nnv 2) curve. 



412 IMPKOPER INTEGRALS INTEGRAND INFINITE 


For a given X, the Q carves rise as 
curves sink as in the figure 

The logarithniic teats may now be 
stated as follows 

If \f{x)\ fioally temams below some 
G curve /(*) is intcgrable On the 
other liand, if /(*> preserves one sign 
near a and remains above some 

D curve, the cotrespontling integral is 
infinite 


j increases, while the 2) 



Properfjos of Improper Integrah 

1191 In the followiag, es heretofore in this chapter, we shall 
suppose that the integraads have but a finite number of siogular 
points ID the intervals considered 
IVhen f(x) has more than one singular point in SI s (it, we 
can break SI into partial intervals, such that /(z) has a singular 
point only at one end of each such interval 
For example, if the points « «, c, are the singular points of 
/(*) m SI, we have, by 516 57T. / being integrable, 

where a,, are points lying between i ^ i — 

the singular points ' 

On account of this property we may simplify the form of our 
demonstration often, by mppositig % to have but one sinmilar 
point, which for convenieace vre shall take at the lower end of the 
interval 

592 f,{x) hf tnteffnAle in {a, h) 

+<'»/.)‘Ze=V|j[/,dr+ +c^£/,'ix (1 


Suppose /, Lroited except at a 
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TJien, if a<a<h, 

Passing to the limit, we have 1). 

593. Let fCx) he integrahle hi (a, 5). Then 

Jj(ix)dx=fjdx + J'^fdx, a<c<b. 

If c is <a singular point of /, the above relation is a matter of 
definition b)' 577. 

If c is not a singular point, the demonstration follows at once 
from 576, 577. 


594. In SI = (a, 5) let fix') he integrahle, and 

Kx)SM. 

— a), a<h. 


Then 


(3 


For, suppose a is the only singular point in SI. 

Then, if a<a<b, 

J" fdx > MQb — It), by 526, 1. 


Passing to the limit a — a, we have 1). 


595- Let f(x), g(r) be iniegrahle in (a, b). 

Except possibly at the singular points, let f{a:)>g(x). Then 




o 


Suppose f, g are limited except at a. 
If a<«<5. 


J^/da;>^5rda;, 


by 526, 2. 


Passing to the limit « = a, we have 1). 
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596 Let f(s), g(x) he xnttffraUe *» (a 5) 

Except poenblp at the emgular potni* let f(r)>^C®) 

At a paint of eoHUnvitp e of ihet* fitnetioM Ui/{ey>g(c') Then 

(1 


Suppose / g are limited e»cept at a 
Leta<a<e<fc Then by 527, 2 


by 595, 

Adding we hs^e 1) 


jy'dx>j'^gdx. 


397 Let /(*) he aheolutety tntegrahU m <tf, 5) TIuitf(s) ii 
tnte^rade «n (a, 3) ond 

U/HsiW)!* P 

In 678 we «aw th»t/(iE) »s integrabU m ( 4 , 5) 
bnppo«e/(ir) IS limited except at a 
Let 4 <4 <5 Then by 528 

Passing to the limit, we hare 1) 

Supposi e, Cj e, are the singular points Then, if e,<4.<e,*„ 

+x' 

Hence 

ij>isuixrx 


’ ^7 2), 
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598. Letf(x) he integrahle in SI =(a, h'). 
Let 


TFc may change the values of fix') over any discrete point aggre- 
gate tic mthcicct altering ike vahie ef <7, presided tke neie values 
of f are limited. 

Suppose / limited except at a. Let a< «< 6. Then, by 530, 2, 


I fdx— I gdx, 

%Ja •Jol 


where g is the new function. 

Let now « = a. The integral on the left converges to J. Hence 


Urn 

a=<i 


i^6 pb 


X 


= J. 


599. 1. Let fCjc), g(x') he ahsohitely integrahle in SI = («, J), 
having none of their singular points in eommon. Then h=fg is 
absolutely integrahle in SI. 

To fix the ideas, let c be a singular point of /, but not of g ; 
a<c<h. Then g is limited and integrahle in Vfc'). 

Consider one of the singular integrals of l/j(a:)| at c; say the 
right-hand one, 

c<'/<Y'<c + S. 


Let 0 be a mean value of in F(c). Then, by 531, 

n = ejf\f\dx. 

But |/(a;) 1 being integrahle, 


Hence 


lim n j/|<?a:= 0. 
lim li=0. 


as 0 is less than some positive number J5f. 
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2 Jn ?l = (a 6) }ft /(*) bt vntegrahle and gix^ Imitei and 
monolane Then fj u integrabte tn ?I 

For simplicity, suppose / la limited except at b IVe must 
show tli%t 

^>0, S>0, b-S<e, <?<8 

Now, by the Second Theorem of the Mean, 645, 

- 0 ) Jpy », .,<(<1 

But / being integrable in SI, the integrals on the right are 
numerically aa small as \%e choose if S u cboaen sufficiently small 

600 If /(x) g(x) have a singular point in eommoa, /p may not 
be lotegrable, as the following example ebons 




I 


««(0 i> 


Vi «J 

Ben, by (S3, /and ; an abeclauly integnbU inB On ibe oiberbasd, 

A./y-j-U 

Kenee, by (SO 3 
and A la not latcgtable la (0 t) 

601 6e aSioftttefy intf^raMe in ?li=(a 6) Zelpfryii 

wteprable tn and Thenfg i» tiiteprahle in 21, and 

a 

For, p(x') being limited and integrable, |y(*)| is also integrable, 
by 507 Hence i/p\ is integrable in St, by 6S9 For simplicity, 
suppose that b is the only singolar point of /(r) Let a<ff<b. 
Then, by 528, , „ , 

<a-J*\f\ds, by 529. 

Passing to the limit /3 = 5, we get 1). 
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602. 1. Let f(x') he non-negative and integrahle m 31 = (a, 6). 
Let g(x) he mtegrahle, and 

m-^gCxy-^M. 

Then nr r 

m I fdx< I fgdx<31 1 fdx-, (1 


or 


f fgdx = (t f fdx, Ch = 3fean gCx) . (2 

J'Hl J 91 


For, as in 601,^ is integrahle. If, to fix the ideas, we suppose 
h is tlie only singular point of/, we have, by 529, 


mj^ ^fdx < J' fgdx < 31^^ fdx, a<,^<.h. 


which gives 1) on passing to the limit ^ = h. 

Equation 2) is obviously only another form of 1). 

2. As a corollary we have : 

Let f(x) he non-negative and integrahle in (a, J); while g(x) is 
continuous. 

jjgdx = g{$') Jjdx, a<^<h. 

3. By repeating the reasoning of 534 and using 596, we have : 

Let fix') he integrahle and non-negative ; while gix) is continuous 
in SI. Let c he a point of continuity affix'), and 

Min ^(a;) < g(^e) < Max g(x), in 31. 

Then 

J^fgdx=gQ)J^fdx, a<^<h. 

603. 1. Letf(x) he integrahle in 31 = (a, h). Then 

J(x) = J^fdx, a, X in Sf, 

is a continuous function of x in 3f. 

To fix the ideas, let a < 

X x+A 

fdx. 


Then 
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If/(ar) 13 limited m 

hmAJ'if’O (1 

by 536 If z IS a singular point, 1) etiU bolds by 574, since/ is 
integrable in ?I 

2 Aa coioUaij we Have 

Letf(^z) he integraUe tn (« 5) Then 

!iia^/(a)dz = jr/(z)d*, a < * < 5 

604 1 Xet/(*) he inte^rahle tn Ua=(a5) If fix) ti mntinu 

cut at X, , 

j- »/(z) «6v z in 2L 


Tofiztheideag ]eta^a<z<5 Since/is coatiDuous&t z, this 
is not a singular point of/ Let « be chosen so that K<e<z, 
while (e, z) contains no singular point Then setting 


=r- ^-X'' 


we hare J m C+ K But, by 537, 


»/(*) 


Hence, since (7u a constant. 


Ax 




.jx 

ix 


2 ljttf(x)beintegr<AU%n%^{a 5) If f \» ccntmuou* at x, 

liro| ^.na 

This IS a cotoUacy of 1 


605 In Sf = (a 5) let f(x) be tntegrahle Let tt be coritinuaut 
except at certain point* Cj vhere /(z) may be v.nlvmxted 
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Jf F(jt) is a onc-valucd continuous fimction vi 21, having f(jc) as 
derivative, except at the points c. 


jyixyx = F(h')-F(ji). 


ouppose/(a:) is continuous except at a. 
Let a<a<h. Then, by 638, 


£fdx=F(h')-F(a). (2 

Since F is continuous, 

lim F(^a) = F(a). 

a=a 

Passing to the limit in 2), we get 1). 

Suppose now a and c are points at which f is discontinuous. To 

fix the ideas, let ^ ^ ^ j. 

a<a<.c<o. 

Then ^6 /^a nc /»6 

X = ja ■‘‘X . 

Now as just shown, 

£^Fic')-F(a'), 

£^FQ>)-Ficy 
Adding, we have 1) from 3). 

Ex. 1. fir 1 

( = Tare sm xl = 

-I 


is ijitegrable in St =(— 1, 1). Its points of discontinuity in St are x = ± 1, 

J’(i) = arc sin i 

is one-valued and continuous in ?I, and has/(i) as derivative. 


S'M-llr-- 


riiis result is obviously false, since the integrand is positive. The integrand is 
not an integrable function in (- 1, 1), by 6S0. 
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Change of Variable 

606 1 Let f{x) he in general regular tn {a, V) Let 

U = 4>(x) 

have a continuou* dtniaUvt in S I^t S = (a, Be the 

image ofiL and let 

le the inveru/unetion ef <f> Jf either 

u convergent the other i* and J^sbJ^ 

Bj* hypothesis the points of SL 9 stand m 1 to 1 correspondeoce 
To fix the ideas, let / l>e regular except at a Let e, >y be corre' 
spending points in 9 9 Then by fifS. 

J'/Cr}di» (I 

since /(x) IS liisited and mtegrable in (e, B) If notr e^a, '/tae, 
and eonrersely Thus if either integral <7, or is convei^ent, 
the relauoR 1) shows that the other is, and both are et^ual 

2 i>iS=(a,B) “>A fr< x='^(«) Aare (f twariniWKrdrnrfftiw 
tehieh may raniih over a dwrete aggregate hvt othermee ha* one 
tign Let 9 = (o B) Be the image of *9 Let f(f) be in general 
regular in's. Jf either 

>7,=J^/(x)dx, or J',=^/[^C«)]V^Cw)^« 

i* convergent the other i* andJ^=J, 

tVe employ the reasoning of 1, with the aid of 541 



x = sm«=^(a) 

Here f ' ia poeiQTS 111 S =(0, r/S) except U r/1. 
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Also 



Obviously Ju is convergent. Hence, by 600, 2, 


a result already obtained. 


= rr/2. 


Ex. 2. 



x2<I 


J,= \ . 

^(1 -a:2)(l -xV) 

Let 

X = sin «. 


Then 

Ju= (" ' 

J" vr 

dll 

- K’sin-u 



But tbe integrand of Ju is continuous in (0, ir/2)=0. Hence iTu is finite. 
Therefore is. 

Roth tliese examples illustrate how, by a change of variable, an 
iaij)roper integral may be transformed into a proper integral. 


Second Theorem of the Mean 

608. Let fir') he iategrahle in $! = («, h). Let gix') be limited 
and monotone in S(. Then 


J" = fgdx = gia + 0)J'^[fdx + gib-0)j' fdx, (1 


where 




Wo assume that gia + 0), </(6 — 0) arc different, as otherwise 1) 
is ohviousl}’’ true. 

Let us supjwsc first, that / is regular in 91 except at a. Then, by 
045,11), 

a <n<b 

f^f{/d.r = g(n+0')j'ydx + siK) ■ \g,b-0')—g « + 0)i, (2 

whore dfa) is a mean value of 

j'^fdx, ei<r<h. (3 
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In 2) let a=a We haye 

lim g{a + 0)s:g(a + 0), 

=® 

As all the terms in 2) cieept #(«) have a finite limit, it follows 
that »{a) must have a finite limit « Hence 

j^/!/dje=g(.a + + «\g(J> ~ 0; - p'C® + 0) j (4 

Reasoning now as we did at the cl(»8 of 545, we arrive at 
equation I) 

tttxl, that f IS regular in ?I cicept at «, J Then if 
4<0<6. 

X’/Ji*- J<« + 0)X'/*+ "iWlSCJS - 0)-s(«+ 0)1, 

M we have just seen m 3) 

Fa«siDg to the limit, we have, as before, 

/giz tMg(a + - 0) - ^(a + 0) J . 

This may be transformed as before, giving 1) also for this case 
Zel U4 tuppoti finally, that the eiDgulat points of / ate 



If a or 5 are singular points, the first or last integral may be 
discarded 
By the preceding, 

^'‘=p(a + 0)J^<2r+^(ej— 0)J* '/dx 

=j(a+o)(x--x'}+j(..-o,jx;-X)- 
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Similarly, 

• « • • • • • 

x‘=.(o.+o)(x‘-x>K*-«)X;- 

Adding all these equations, we get, setting = a, = 6 : 

J=ff(a + 0)jr' + ^ {^(c, + 0) - 0) } jT' 

IC=il 

+2 ;{k«.«-o)-k<^*+o) }jr' 

=^(a + 0)J' +iS+ F. 


(5 


Now m, 2)1 denoting the extremes of the integral 3), 

+ 0) - ff(c^ -0)j<S< a)12l5r(c, + 0) - 0)} 

«4 i -0)-^(c, + 0)j<ir<2JlSj _ 0) - 5r(c, + 0) 5 . • 

Which added give 

m(ff(d -0)-ff(a + 0))<Sr+ F<W(ff(d - 0 ) - ffCa + 0 )> 

Thus 5) gives 

J‘=^(fl4.0)jr +'S(^(6 — 0) — ^(a+0')'). 

This is an equation of the same form as 4). Thus reasoning as 
a-e did on 4), we get 1). 
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C1XE&RA1.3 MPZHDOIO OM A PAKAKETBa 

Uniform Camergenee 

609 Let f(x, g) be dehned over a rectangle R = (<r, I, «, R), /S 
finite oc infinite, Htid be unlimited in Let 

Loi each g in S, let ^ 

be convergent Then J^is a one valued function of y m S 

As in Chapter XIII, we wish now to study J witli respect to 
continuity differentiation, and integration, restricting ourselves 
to certain simple but important cases 

610 1 tor brevity we introduce the following terms We 
shall say /(*y) is regular in ii a (aftajS) 3 finite or infiaite, when 

1* /(ry) has no points of infinite discontinuity m R 

2* /(ly) 15 integrable in S s» (o 6) for each y in ® * («i ^ 

When 3 15 finite, we ahatt sooietimea need to integrate /(xy) 
with respect Co y In this case we shall also 5up;>oae 

8* /(zy) IS integrable in 9 s>(«. 3) for each z m Sf 

Fornampli f^z,f)tsftlnzt»trpt\umS 

II ,9 IS finite / li 1 anted la J? U / is not banted la £>htoa;h Ithai 

ao points ol iodnice disconuauit/ 

2 If /(zy) IS regular in if except that it may Iiave points of 
infinite discontinuity on certain lines — aj, we shall 

say /(zy) is regular tn R except an the luut z = Oj, , or that it u 
tn general regular utth retpecl to x 

S Let /(ay) be coutmuous in R except on certain lines 
z = aj x=a, y = “|, y=®. 

On the lines z = Oj it may bare points of infinite discontinuity , 
on the lines y =» i>i ! it may hare finite discontinuities If /(zy) 
IS otherwise regular! e shall say it is tmplg regular ixcept on the 
tines z = flj, z = =» bj y = , or that li ts simyft, trreyu 

far wifA respert to z ' 

Thus the *fw/?y irregular functions are a special case of the 
functions ivhicli are m general tegular 
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4. The lines x = a^, — x= a^, on which /(a;?/) may have points 
of infinite discontinuity are called singular lines. 

The integrals 

I fdx, I fdx S > 0, arbitrarily small 

are called the left and right hand singular integrals relative to the 
lines x = a^, i = 'i, 2 ••• r. 

5, In 609 we made the formal requirement that f(_xy') should 
be defined at every point of R. It usually happens in practice 
that f is not defined at its points of infinite discontinuity. Such 
is the case in such integrals as 


Va:y (xr-^v-Y 




It is, however, easy to satisfy the above requirement in all the 
cases we shall consider ; for, by 598. the value of 


y')dx 


is not affected by a change of the value of / at points lying on 
the lines a:= Uj ••• subject to the restrictions of that theorem. 

6. Tliis fact may also be used to advantage sometimes to sim- 
plify f{x, y) by changing its value at points lying on these lines. 


611. 1. Let f^xy) be regular in R — (uJrtjS), y8 finite or infinite, 
except on a: = Uj, ••• 

If the singular integrals relative to these lines be uniformly 
evanescent in i8, Ave say 

is uniforndy convergent in 53. 

2. If J is uniformly convergent in the intervals ••• 53^, it is 
obAnously uniformly convei’gent in their sum. 

3. If J is the sum of several uniforml}’ convergent integrals in 
53, it is itself uniformly convergent in 
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4 Letf(xy) hexn gtneral regHlea- xnitA retp'ct toxin ft=<;aJ«/3), 
P finite If J It vnijormlg eonriergent tn SQ it it lunited in ^ 

For simplicity soppoa* x=s ( ts tLe only singnUr line Then 

unifonnly u\ 8 


But m the tcctaugle 


ow 

Hence 


/•Tj < U(h — «) + 


612 Let /C»y) he regular in $ finite or infinite, 

except on x^b 

The ttngular integral ^ 

jr/(*y)ix. (1 

i( unifomlg evaneieent m 8 »(« ff) tf 
and ip ii tnlegrable in H' 

For. f{xy') being limited and integrable in Qf, h"'), where 
h' < h" < b, we have for any y in S 

IjT /d*|<jfl/|««*. by 528 

< jT^r, by 520, 2 

But 4> being mtegrable in SI we can take so neai 6 that the 
last m'egral is <"€ But as this is independent of y, 

1^/Cay)«fo|<e. iJi ® 


Hence 1^ is uniformly evanescent* 
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€13. Example. Let us consider the integral 

,r= J^''log(] — 2y cosa: + j/’)(?* (1 

for values of y in 53 =(«, ^), p finite. The integrand /(zi/) is continuous except at 
the points 

x = mT, i/=(— I)", jn = 0, ±1, — 

by 660, Ex. 2. Lot us first consider the singular integral 

0<a'<S 

relative to the line a: = 0. Since y = 1 is the only point of infinite discontinuity on 
this line, we may restrict ourselves to an interval SS' =(1 — ir, 1 + <r). We set 


Then 


y = 1 + h, I A I < (T. 




dx 


=.log2(l + A) + J;iog(l - cosx 

=5 Ni + Si. 


Obviously Si is uniformly evanescent in 53'. 

To show that Si is uniformly evanescent, we observe that 

jlog - cos X + [< I '°g (1 - gps X) I, 

since log x increases u ith x, and is negative for small values of the argument. We 
apply now 612. To this end we show that 


0 ( 1 ) = log(l — cosx) 

is absolutely integruble in (0, n'), using the /«-test. 

Now in 454, Ex. 1 , we saw that 

f? lim x“ log(I — cosa;)= 0, 0<u<l. 

x=0 

Hence 1 0 [ is intpgrable, and if; is uniformly evanescent. Hence S is uniformly 
eranescent not only in 53'. but in 58. 

The same reasoning may be applied to the singular integral relative to the line 
S = r. Here the oidy point of infinite discontinuity is y = — 1. 

Hence, by 611, 2, the integral J us uniformly convergent in 53. 
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614. Example Let <u eoe&tdn the lotegnl 

«?e. 0 

t\’e show fifst «hat U u eaneerptMl otilp for r>0 
lbr,letg>0 Appljing Ihe j. test, we hare 

hmzr i»->llog»|» = luDa»)li>g*)» X>0 
= «, by 4&I, Ex, 2. 

for properly chosen 0 </i<l 

Hence, by 6T9 J is conrerjent 

Lety^O Then 1 ,^ 3 , j, ij._ x^O 

- + «o 

Bence, by 5S0 7 Is dirergent 

LetQ<a <0 \V« show ditty «s ■•(/’orm/y eonrerpest fs 9 «:(a, In the 
flnt place we note that *be Iniefrtnd u coniinanus l» R s (0 I a, g) except ofl 
the line SI -0 shere it has points of infinite ducontmmiy nebtre therefore 
only to ihow that (be amjuUr intcfrel S Nlatite to this Iioe u nsitonsly eeaaas' 
eeni. To lha end we use fiU Sow 

*»*'|l05X|«<r« '|tos»l- y>a. 

Bat WB base ]aai seen t] at 

<9 

u 11 tegrabte Hence B te antfonnly ceanesceot in 9 

615 Let fizy) be regular \n Rts (jahaff), 0 finite or \nfimte, 
except onxesb fhe tmgular integral 

i'<5, 

ts uniformly evaneecent an © = (« tf), f 

/f»y) = = Ka^R), 

where 1® is rnteyrahle in SI' = (6 — h. It) , 

2® g(ry) If limited in and iwf<^ra5/e in any (i — S, 6"), 
h" <.b, for each y tn!6 
For, by 2®, ]gixy)]<lf 

Then by 1®, there exist for each e > 0, t 2 > 0 such that 


(1 
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Then for any y in S3, 

<m\£h^\ 

<€, by 1 ). 


Continuity 


G16. 1. Lvt filin') he reyidar in 11= (^abn^}, /3 fijiitc or infinite, 
except on the linen r= x = a^. 

1 °. Let the ningular inteyrah relative to these lines he uniformly 
evanesci-nt in 5J3 = («. 0). 

2°. Let r], finite or infinite, lie in S3, and 

lini/(a-y) = uniformly 

1=1 ’ 

in S(= ((J. h'), except possibly at x = a^, ••• x= a,.. 

3°. Let ^(x ) he integrahle in 31. Then 

WmJftxiCdx—J \\\wf{xy')dx = J (1 


For simplicitj', we shall suppose there is only one singular line, 
viz. x=b\ we shall also take 17 = 00 . 

Let 

^=X ~ i 


We wish to show that 


Now 


e>0, C, 12>l<e, for any y>Q-. 
^~j, 5/(3‘y) — + — i'<6, 


— J3j 4- + iDs' 
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liow bj 1°, 3®, the last two jntegtala ate nwiaencally <e/S, if f 
IS sufBcienllj near 6, for any y Ou the other hand, if G is suffi- 
ciently large, we have for aoj y>G, 

fos avftty 1 \n (a 6'^, bj Nittwe of V 
Hence lZi,j<«/3 Hence 

y>ff. 

which estabUshca 1) 


2 be regvlar in Aas (atajS), /3 finite cr in/n«fe, eseept 

on the Untixi=a^, 

V hit tA« wnjTilar tnteyrafs retadve to the$e lines be vmfiomty 
evanetcent in 9 a (a, /3) 

S® £et ij, finite or infinite, iie in ^ and 

liui/(r, y) SB ^(x) uni/ormty 


n a » («2), «*«y£ yauiAly a< * = «, * » 

Then - 

y exitCt 


3® Xet Be inteyraBie in SI Then 

Imi l«ni/(*y)<#^=jr^C*)i* 


We need only show that j exists, since the rest follows by 1 
Let ns suppose, to fix the ideas, that « = & is the only singular 
line, and that 17 = so 
Then 
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Blit by 1", tliere exists a 6' such that 
[or any y in ©• 

By 2°, we can take y such that for any x in (a, 6') 


Hence 


l/(=gy)-<^(^)l< 4(-^l^ ^ y>7- 


for any /, y" > y, and x in (a, b'). 

Pil<e/2. 

^ foranyy>Y; 

and the limit / exists. 


617. 1. In 561 we have defined the term /(a;, y) as a uniformly 
continuous function of y in S3. It may happen that /(a:, y + Ji) 
converges to/(a;y) for each y in ® and any x in 21, but that the 
uniform convergence breaks down at points lying on the lines 
a' = <rj, ••• x = ar. In this case, we shall say / is a regularly con- 
tinuous functmi of y in S3- If /(a;, y + ^) converges uniformly to 
/(ay) except on a:=aj, •••, where it may not even converge to 
f{x, y), we shall say that f(_xy') is a semi-uniformly continuous 
function of y. 

In both cases, we can inclose the lines x— ■■■ in little bands 
of width small at pleasure but fixed, such that the convergence is 
uniform in 13, when x ranges over 21, excluding values which fall 
in the above bands. 

2. It maj’’ happen that /(a;, y) is a regularly or a semi-uniforml}’ 
continuous function of y in 13 except on the lines y = «j, ••• y — a,. 
We shall say in this case that / is in general regularly or semi, 
uniformly continuous in y. 

3. We wish to make a remark here which vdll sometimes per- 
mit us to simplify’ the form of a demonstration without loss of 
generality. In questions of uniform convergence or uniform con- 
tinuity, the uniformity may break down at points ly'ing on certain 
lines a-=rt^, ••• a: = a„. In this case we may’ count such lines as 
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singular lines V- hen ff is finite, and oo points of infinite discon 
tmuity Jie on these lines, their 8ing»dar integrals ate obviously 
uniformly evanescent in 58 

618 1 As corollaries of 616 we hAve using 611, 4 

Let fixy) le in general reg^atwt^ retpeet taxtn li = (^ahaff'), 
Jinite 

Let f(xy) be a umx uniformly eonUnuouM function of y, except at 

y = «, y * 

(1 

4e tin/ormfy convergent in S 

Then J i» limited in S and eonitnuoue, e^eepl pouxhly at «j, 

2 Let /(*y) 6e eontmiwii* »n It except on xma^ 

X<t 1) be vnfor nXy convergent tn 3 Tkexi J tt eontmuau* tn © 

619 Ex. 1 Tb«lat«gtal 

IS scsntiauow tuact enat ymanrinuml 6 -'W) For ita int«snnd a costla 
nous lo(0 r a 3) except on (be Uneex - 0 x~e Is 613 ere saw /is Boiformly 
coneersent in iB Renee by618 2 y Is tooliB*'*'** 

Ex. 2 Tbe uitegn) 

A = i *• MlogyW* 

b tonlinuous in (a p) 0<a<^ 

Tbu foUofis Icoa418 S andClt 


Integration 

620 1 Up to the present we have been considering the case 
when the singular integrals 

S =J^f(xg')dx 

relative to a line 1= e are anifcwml} «v«iescent 
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For the purpose of integrating 


with respect to the parameter y over a finite interval ^ =(«, yS), 
we can take a slightly more general case. 

As before, let f(xy') be in general regular in R — (aha^'). To 
fix the ideas, let us consider the left-hand singular integral at c. 

Suppose now that for each €>0 there exists a S>0 such that 
for any y in *9"' =(«, /9*), 

l'Sf,.|<ecr(y) 

for eveiy c' in (c — S, c). Here <r is regular in S3 except at yS, and 
is integrable in 18 ; it is also independent of e. In this case we 
shall say this singular integral is normal. Similar remarks hold 
for the right-hand singular integral at c. 

2. Obviously, if the singular integrals at c are normal, they are 
uniformly evanescent in any partial interval («/S') of S3. 

Also, if the singular integrals at c are uniformly evanescent in 
S3, they are a fortiori normal. 

3. When the singular integrals of 

J =jj{xy')dx 


are normal, we shall say J is normally convergent in S3- 

4. If the singular integrals at c are normal, there exists for each 
e > 0, a S > 0, sx(ch that 

for any c' in (c — S, c) or (e, c -P 8), axid any X, y. in S3. 

To fix the ideas consider only the left-hand singular integral. 
Then 

e<y) 


where 




'X <■ 


S 


S =J^^crdy ^J^dy. 

psM'wm 


<e. 


Hence 
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621 ie{ /(ly) fftneral rtguJar v»lh rttpeet ta r, xn 

It =^(_aiaff), j8 finite 

1 ® Let f ht »n gmtTil a atnt-untformly contmueiM Junelion of 
y.nS«(a.^) 

ie normally eomergent in 3 
Then J t* tnteprable t» 9 

To fir the ideas let * = 4 be the only siogalar Ime Since the 
EiQgulnr integral is normal in Q. it is unifonslj evanescent in any 
C“T)’ a by ®20, S Hence, by 
618, 1, J IS integrable in («, •f) 

To show that J is integrable in 
18, we have only to show that ‘ 


T-Sfji!/. 


eo&Terges to 2 as i} a 0 
Now 




But, by 630, 4, there exists a h’ such that 

)r,I<e/2. l'<b. 


however (S', fi" are chosen 

On the other band, fi*yy being by hypothesis limited in any 


(o,y, t'<6 

irH<" 

We can therefore cboo«e tj so small that 

! y ,!<«/2 


Hence 1) shows that for each<>Q, there exists an i}>0, such 

ll-K. 


for any pair of values /3'^" in (/S— ij, /3*) 
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Inversion 


622. 1. Let fixy') le in general regular mth respect to x, in 
n = (ghct^). 

1°. Let the singular integrals be normal. 

2°. Let f{xy') be in general a semi-uniformly continuous function 
of y in 53. 

3°. Let inversion of the order of integration be permissible for 
any rectangle in R not embracing the singular lines. 

Then — - 

L=idxjjdy 

exist, and are equal. 

For simplicit}', let us suppose a; = J is the only singular line. 

By 1°, 2°, and 621, the integral K exists. 


But 


C r= ^ r -TC, since LT exists, 

%/a %/(t %/a %/a %/a %/b* 


(2 

(3 


=^-rr- 

Hence 1), 2) give 

If* r - K\^\r r, 

[va %/ a I |»/a %/^ 

< e, by 620, 4 

if 8 is taken sufficiently small. 

Now, by 603, 2, 

r*r^=um r r. 

%/a %/a 5*1=6 vO 

Hence, by 3), 

2. LctfCjxy') be simply irregular in R = (^ab(tR) with respect to x 
Let the srngidar integrals be normal. Then 


exist and are egual. 


re pb pb pB 
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This 13 a special case ot 1 ior bj 617, S,/ is in general a 
regularly continuous functioo of g Thus condition 2* is satisfied 
Tliat condition 3® is fulfilled follows from 670, 1 

623 Ejamplt tVe u* &7S Ex 3 tbat 

,>o 

Bence for 0<a<^ 

Wt can bj 623 9 ISTtn Ibt order of tnugrauon • nee 

X" **' “<“ 

ia ooiforralr erueacent In (a fi) bf SM 
Tin* I) jires, (arenlng 

Tor Bat ibligirea 

If w* set here |9 « S It^rea 


624 We giie noir an example where it is not permitted to 
invert the order of integration 

We bare for all polnta differei t fiooi the or^n 
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625. 1. Up to the present -we have supposed that the points of 
infinite discontinuity of the integrand f(py') lie on certain lines 
parallel to the ^/-axis. 

We consider now a more general case. 

Let ns suppose that these points of infinite discontinuity do not 
lie only on a finite number of lines parallel to the y-axis, but that 
it is necessarj' to employ in addition a finite number of lines par- 
allel to the x-axis. 

To fix the ideas, let these lines be 

x = ay,—x=a^; y = — y = a,. (1 

If f(xy') is otherwise regular, i.e. if properties 2°, 3® of 610, 1 
hold, we shall say fC^y) is regular in R except on the lines 1), or 
that it is in general regular with respect to x, y. 

2. Similarly we extend the term simply regular, viz. : If f(xy') 
is continuous in R e.xcept on a finite number of lines parallel to 
each axis, say the lines 1), where it may have points of finite or 
infinite discontinuity ; if, moreover, it enjoys properties 2°, 3° of 
610, 1, we shall saj' f(xy') is simply regular in R except on the 
lines 1), or that it is simply irregular with respect to x, y. 

3. The lines y = ••• are also called singular lines, and the 

integrals 

are singular integrals relative to the lines y = «„, m = 1, 2 ••• s. 

4. In accordance with the present assumptions, we should 
modify the definition of normal singular integrals given in 620, 1, 
so as to allow o-(y) to have singular points at r^, ••• a,. 

As an example, consider 

/(^)=- — - 
VCx - 6)(y - /5) 

Here every point on the lines z = 6, y = p are points of infinite discontinuity. 

If i; = (a, 6, R, P), a < 6, R < jS, vre see at once that/ is continuous in B except 
on the above lines. Obviously, / is integrable with respect to z or y in JB. Thus / 
is simply regular in B except on the lines x = h, y = p. 
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62S I Let he regular tn R<B(aba0), except on the bnet 
x = a,, y = «j y=»s 

1° Ltt it ht tn ggntrai a Hmvniformly continitoua /unction qf y 

2° Let the nngular mtegraU rdattve to the hne» xs=a^, he 
normal tn S 

S® Let the angular xntegrah relatne to the ltne» y = rtj, he 
untformly eianeteent in any interval of^^(ab'), not embracing the 
points aj a, 

4 - La mg Mgnl 


admit invertion if the rtetangle (a'b'a'^") does not embrace one of the 
angular linei 

t< integrahU in 9 

For E>mp(\cit> , Ut us &ssunse tbot th«Te is only one singuloT lis« 
xml AndoTtehneya^ 

observe, first, that J is lotenrabie lu any (afi''), /S' <fihy 
r, 2^ and 620, 2, C2l Therefore, to shoiv that J is integrable 
in 4B< It suffices to prove that, for each «>0 there exists an i;>0, 
such that 

T.fjjg 


IS numencally < < for any pair of oumbers /S'jS" la (S »= (/9 — ij, 


But by 2* and 620, 4, 


!r,l<e/2 


it h' IS taben sufficiently near h Suppose 6’ so chosen and then 
fixed 

On account of 4*, 

By virtue of 3“ we can tabe i|>® sufficiently small <io that 
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Hence 

TJierefore 


ir,l<e/2. 

I y I < e, for any in (S;. 


2. Let he sunply regular in R = (rt5«yS), except on 

x=ay, — y=Ki, ••• 

1°. Let the singular integrals relative to x= Oj, be noinnal in SQ. 
2°. Let the singular integrals relative to y = aj, be uniformig 
evanescent in any interval of% not embracing the points flj, ••• 

Then j 

is integrablc in 33. 


For, conditions 1°, 2°, 3“ of 1 are obviously fulfilled. 
Tliiit 4° is satisfied, follows from 570. 


627. 1. Let f(xy') be regular in R = (^abct^') except on the lines 
X- «j, ••• x = a,; ?/ = «!, y = (t,. 


1°. Let the singular integrals relative to the lines x=ai, 
normal. 

2°. Let the integral 


be 




admit inversion, if (c, d) does not embrace the points Uj, Ug, ••• 


CO 


be convergent. 


Then 



is convergent, and K=L. 


For simidicity, let x=b, y — fi be the only singular lines. 
Then, by 2°, 

fjxfydy =f'dy£fdx, h-B<b'<b. (1 



since K is convergent. 


(2 
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Butt however scnall e>0 la taken, we may take £>0 so small (hat 
|XX|<'- >’y®0,4 (3 

From 1), 2), 8) we have 

ItT-^ <t, h — t<b'<b. 

Bot then 


2 lietf{_x}f')h«nmpit/TtffulaTtiiR^(^aba0y,eieeptonz‘^a^ , 

y=»«, 

1* Zitt the ttn^lar integrate relative to the Unet * = flj he 
«.iv 18 

2* Lit the tmgvlar inUgrah relative to the hnet j/b a, be unt* 
/ormly evanetfent in any talent ^ not embracing the ^owt# 

Then the integrate 

are tonvergent and equal 

For condsUon 2* o{ I la satisfied by 622, 2 if we replace x by y 
in that theorem Condition S' is fiil&lled by 628, 2 


629 Example A« an ip|>Iic3tion of 027 2 l«t na consider 
‘ »=■“ 

He ilngnlar liaea are z — 0 r = 0 
He Biogulzr >awgral nlaUre lo z = 0 


ia normal la C = (0, For, 
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Rpre. for any e >0, there exists a 8 > 0 such that t' < e, for any 0 < a < 5. On 
the other hand, c is integrahle in S3. 

The singular integral , , 

T= PJSL 

Jo Viy 

relative to y = 0 is unifonnly evanescent in any (a, h), a > 0. For, 

Va*'® Vy 

But for any e > 0 there exists an «o > such that 

0<a<ao- 

\/y 

Hence T<e foranyre<«o. 

Thus the conditions of 627, 2 being fulfilled, both integrals 

(1 

Jo Jo Jo 


Vxp 


are convergent and equal. 

This result is easily verified by actually evaluating these integrals. For, 


Hence 


p dx _ 1 pdx _2Vb 

J® Viy VyJ® Vx Vy 


Differentiation 

629. Let f(xy'), fy(xy') be regular in B = (ahaB), except on the 
lines a;= dj, ••• x-=ar. 

I". Letfy be a semi-uniformly conlimious function ofy in i8 = C®^)- 
2°. In the elementary rectangles («, — r, a^ + r, a, /8), 
tet 

i/vCa-y) 1 < ^,(»). t = 1, 2, ••• r, 

the ^,’s being integrable in (a. — S, a, + 5). 

Then 


in 18. (1 



442 IMl’ROPER IN’TEGRALS INTEGRAND INFINIl’E 

J-or aimjilicity, let * = i be the only singular hue, ancl let^ be 
uoifornjly continuous in 31 = (a, J), except at J Then 

f‘/S^r± S-A^ S) dx. |i|<8 
Ay h 

f'f{x liydz, by Law of Mean 

•‘Sy.t.ry'lii +XV,(»I) 

i- 

|i'.l<2XV^<5- 

pTovtded 6' » taken sufBoently aear h 
On tlie othet hand.^^ being uniforrolj eontinuous in 3l' “ («. 5') 
we can take S so small thit 

\Aix, V) -fM y>l < 2^^^. St’ 
ii>, <«/2 

Hence for anj iA}<8 and 1) follows at once from 2) 

630 Ezami ]« As an applicaiioa of 62D lei us consider (be integral 

Hoff'gdz *>0 inte^eoJ 
vfaich vu UXen np id flit Ttae integrand 

/t»?) -*• ‘log** 

Is not defined for z = 0 Let us pee it the satne 0 when z = 0 Then 
/;(* f) = ze 'log«^«* forz >0 

= » lc,ti = 0 


But 

Also, b> 2“, 
Hence 
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Then / and/; are simply regular in Jf = (0, 1, > 0 except on the line 

1 = 0. Sloreover,/; is a uniformly contiimous function of y in S = (a, jS), except 
possibly on the line y = 0. It is therefore a regularly continuous function of y in SB. 
Thus condition.!® of 029 is fulfilled. Condition 2° is also satisfied, as 614, 2) shows 
Hence if we set 

J=^y^dx, 


we get, by 029, 
or differentiating n times. 

But, by 675, Ex. 3, 

Hence 

Comparing 1), 2), we get 


Cxy-'logxdx; 
dy Je 

d",/ C' 


dy 


u r 

'»» Jo 


jey-l Jog*' X da:. 


J=l. 


§2l=(- nnJLl. 
dy" jr*+i 


log"a:dx= (- i;»-^, y>0. 


(S 


631. 1. By using double integrals, we can obtain more general 
conditions than those given in 629, for differentiating under the 
integral sign in ^ 

J -Jj(xy')dx. 

For example, the follotving. 

Let f(x, y')ifl,(x, y') be in general regular with respect to x in 

R = (ahn^'). 

1°. Let flQry') be a semi-wiiformly conthmous function of y in 

S = («,/9). 

2°. Let 

.9(y) =Jjl,(xrj')dx 

be uniformly convergent in SQ. 

3°. Let 

J ''y+h pb 

e l^l<S 


admit inversion. 
Then 


dy 


in 53. 


(1 
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niPROPtB HTTEGBALS lJ^TtOKA^D l^tE^I^£ 


- |J^*jr’“/K«i SWJ l>3 «»5, 610, 6 

= \f,''‘s<J)‘>y (2 

BmI bj 1*, 2*, -Mwl 64« 1 giy'i is contmuous in S Thus on 
passing to the limit A *»y m *> wegttl) using 537, 2 

2 Ash corollary nf I wt Ii ive 

Z«</(7y) /■,(*?) Tfgular in ofaS) ezctft on the hrut 




CHAPTER XV 


IMPROPER INTEGRALS. INTERVAL OF INTEGRATION INFINITE 

Definitions 

632. 1. If f(x) has no points of infinite discontinuity in 
3( = (a, oo), and is integrable in an}"- partial interval (a, 6), of 91, 
-ive shall say that f(x') is regxdar in 91. If on the contrary, /(a;) 
has a finite number of points of infinite discontinuity Cj, Cj, ••• in 
91, but is integrable in any partial interval (n, 6), we shall say 
f(x') is in general regular in 91* The points Cj, <? 2 » ••• are singular 
points. 

Let/(a;) be in general regular in 91. Let us consider 

lim r /(xydx, (1 

which we denote more shortly by 

ff{x)dx, (2 

and which is called the integral of f(x) from a to + oo, or the 
httegral qff{x) in 91. 

If the limit 1) is finite, we say the integral 2) is eonvergent or 
lhat/(3;) is integrable in 91. If the limit 1) is infinite, the inte- 
gral 2) is divergent. If the limit 1) does not exist, i.e. if it is 
neither finite nor definitel}' infinite, the integral 2) does not exist. 

|/(*) I is integrable in 91, /(a;) is absolutely integrable in 91, 
and the integral 2) is absolutely convergent. 

2. We make a remark here which will often enable us to sim- 
plify our demonstrations, without loss of generality, 

446 
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INFINITE INTERVAL OP INfEGBATlON 


If /(s) 15 tn ffentral regular in oa), we can take h so 

large thAt/(*) is rtgular »n (h , «) Bat the integral 


has been treated in Chapter \I V ft e hare thus only to consider 


in which the integrand is regular ft'-* may therefore otten as 
surae in our demonstration, without loss of generality, that /(*) 
IS tegnUt in 


Tot, 
Ex. Z 


does oot exist. 


^ p - 1 U IS eootergeot. 

— = +* It IS ditersect 
Ijm J** _ lire log* = + « 
cos*<ti doesaote^t 
lim J^’eos * dx s li 10 su * 


633 1 Otneral crtUrtm for convergence 

Let/(x) be regular «» SI = (o, ao) For 

I/* 

to he convergent if le necerearg and eugicient that, for each e>0, 
f^re e«*f# a ff > 0, tueh that 



for ang pair of numhert a,B^G 
This IS a direct consequence of 284 
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2. The integral 2) is perfect!}' analogous to the singular inte- 
grals considered in Chapter XfV. It is convenient to call it the 
singular integral relative to the jioint 2 ;=oo; and also to call this 
point a singular point. 

Instead of 2) it is convenient at times to call 

1>Q-, (3 

the singular integral. The integrals 2) and 3) are obviously 
equivalent. 

3. Letf(x') be regular in 91 = («, oo). IffQc) is absolutely into- 
grahle in 91, it is also integrable in 91- 

For by hypothesis 

J l/( 2 :)l<fa;<e, 

But in any given («, ^),/(.r) is integrable by hypothesis and 

by 328, 1. 


4. The reader should note that an integral may be convergent 
and yet not absolutely convergent. Thus 


^0 .'c'* 


converges for 0</x<l, while 


ar 


is divergent for these values of g. Cf. 646, Ex. 2. 


634. 1. The symbol 
is defined as 



and is called the integral of fQv) from — oo to a. 


G 
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The symbol 

IS defined as 

The terms introduced in bS** ha\e a otinilar meaning here 
Tile integral 1) u not essentially different from 

X '/ W '*' 

and requires therefore no comment 

i In regard to 3) «e have the theorem 

Ltt /(z)ii tn Mineral rf^lar tn (—» »). Jncrdef^^^ 

j.fjd. 

It convergent tt t> neeeitary and tu^eteni t?iat 

be convergent for any a Wien J le conrergent 
If J IS convergent we have 

<>0 < J >0 |•'■- X ’ I <2 “<-0 

|■'- X ^■=2 


Subtracting we get 



DEFINITIONS 


449 


Hence, by 633, 

/_/*, 

is convergent. Similarly, 

is co 2 irergent. Therefore when is convergent, are con- 

vergent. 

Conversel 3 ^ if J], Jn are convergent, J is convergent. 

For, let a be fixed and ct<a<0. 'J'hen 




For a sufficiently large G-, and e>0 arbitrarily small. 


Hence 


X + 


u<-a, KKl- 


<€, 


for all « < — Gr, and /3 > Therefore 


lim 





Hence, when J'j, are convergent, J is, and 

J— Jj -f Jj. 


3. As a result of the foregoing, we see that the integrals 

J fdx, J fdx (3 

do not differ essentially from 

XV 

For convenience, we shall therefore study only this last; the 
results we obtain are then readily extended to the integrals 3). 



450 


INFINITE l'lTIR\ALOl ISIFGUATJON 


TtaU far Coniergmce 

635 1 The M teet* for eonvergenee Let /(x) he regular in 
3I = ra eo) If thtrt txitlt a n'>\, lueh lha' 

^^>0. wr(®), 

/(a) t» abiolutelg iniejrnble m ^ 

For let (? < o < /S lie in I' ] Inm bj 526, 2 

<«, tf G la taken aufficientlj large 

2 Let f(^t) he regular tH% ^(a k) If for tame ft>I 

hm **(/(*)! 

ufnite, /(*) i« abealutely tnleyrahle in H 

3 As corollary’ of 2 we have 

«o), <t>Q let 

/(x>.za™Ea!i>, x>i v>o, 

r* 

(fAers ^ « limited «n 2 ««</ tnUgialle tn any (« 4) Then /(*) la 
ahtolutely iniegrahU tn 2 


633 Teii for divergence Let /(*) 4« regular tn 
In F’(cc) fet / Aare one *\yn a ind 


oif{x-)>M ilf>0 
= ^ fdx^a 03 


For, let a<«<*, vrbilea vlieinP 

r-r+i' 

Now, by 526, 2, 




2 =(«.«) 
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637. Logaritimic feif for convergence. Let f(x} he reg%Uar in 
?( = («, os). If there t’x'st-t ti fi>l, and an s, suc/i that 

.rtyxLx ••• l,_ixlf‘x\f(x')\<31, in F’(oo), 

/(*) is absolutely integrable in 31. 

We ]/ave, bj' 389, 2}, for a:>0 sufficientlj' large, 


^ xlyxl^' ••• l^^ixl/x 

Hence, if 0 <(?<«< /3, 


P_ 1 _i L_ 

•^a xljX ■ •• l^x — 1 1 f/~'« //“'/S . 


= 0 , 


when (r = + 00. 
Now 


<e, for Cr sufficiently large. 


.vl^x ••• 


638. The logarithmic test for divergence. Let fix') be regular in 


= (a, 00). 

In F(^co ), let fix) have one sign a, and 


xljxi.^ 1 X . af(x) > -df > 0. 

Then 




For, 

a. 

But 

J^cfdx > ilf r— 

*>'a xl^x — l,x ft. 


since by 389, 1), for sufficiently large a:> 0, 


As 




xljX Ip: 


^n=> 1 . 


lim ?,4.i-= 4-00, 


‘ 44-1 „ 
r=+® ® 


our theorem is established. 
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639 Ex. 1. A qaxttei period otJiMbiafiincClon ««(«,() >8 

0<.<l. 

The point * = I/» is the only finite slngubr |HMot Applying the ^ 679 

at this point, »e see that we can tale ^ = J The singular integral at this pome Is 
tbere/ore eeauescent. Consider bow the point Zsxta VTt bare 

This shows that the BtestoteSS la aatteSed for any i^Z'^ HeocS the smgolat 
integral relalWe to this poinV ia tsaoesceat, tteftce N la conrergent. 


640 Ex 2 A half period ol vreleiairassa loDClion p(n 

wberae ta th* la^tt teal toot o( 


The point ti Is the only finite singular poioi. Applying the m test ot 679 at this 
point, we see that we can uke />«| lieooe the smgulst uiiegral ftlatira to this 
point IS eranMMUL Considerthepoinisaw We hare 



This sbowi that then test o(6Via satisfied for any n$| Hence u >a couTergeat. 


641 


Ex 3 


The Etta funtUvn, 




f 'dt 
(! + *)»♦ 


{1 


The point x kO la aslDgulsr point if «<1 Applying the tests of 579, 589 1 

point, we see that 


f» x»-«dx 
J*(l + xywe*’ 


o>0, 


I this 


IS ooorerient when «>0, and diaergcnt, whan Consider tie point x = se 

nehare 



TESTS FOR CONVERGENCE 


453 


Applying now the tests of 635, 630, we see that 

j^J(x)dx, u>0. 

converges for t’>0, and diverges for n^O. 

Thus the integral 1) has a finite value for every u, t>>0. The function so de- 
fined is called the Eulerian integral of the first kind or the Beta function. 

642. Ex. 4. The Gamma function, 

r(u) = (1 

Tlio point a; = 0 is a singular point if « < 1. 

Applying the tests 679, 680 at this point, we see that 

f, 

is convergent when ti > 0, and divergent when tt ^ 0. 

On the other hand, applying the /t test of 636, 3, we see that 

r 

is convergent for any u. The integral 1) therefore defines a function of u for all 
11 >0. It is called the Eulerian Integral of the second kind or the Gamma function, 

643. 1. Letf{x) be regular and integrahle in any partial interval 
(a, h), o/2l = (rt, oo). 

J /(xydx 

he limited in 31. 

In Vifc'), let gCfc) be monotone, and gQx}') = 0. 

Then f(^x)g(x') is integrable in 31. 

We apply the criterion of G33. Let Cr<a<^ lie in F(oo). 
Then by the Second Theorem of the Mean, 545, 

Jj'gdx = g(st + O') J fdx -f- <7(/S — Q'yJ^fdx, « < f < ,5. 

We can take Q- so large that 

+ 0 ), g(^^ - 0 ) 

are numerically as small as we please. As the integrals on the 
right are numerically less than some fixed number, we have 

< e 

for any pair of numbers k, Q-. Hence fg is integrable in 
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2 6e re^Zar and tafryraftfc m 21 — (« <») Jjetg(s')lt 
limited and monotone in 2 

T^enfy I* integralU 1 » 8 

For b> 545 

J* /gdz^g(» + (hjydi +ffip — 0)J*5yj: (1 

Let 

Since/ IS integrable in 8 Tve can take y so large that 

IXVI -e>y 

Then the right side of 1) is numerically < e Hence fg i$ 
integrable 

3 Let /(*) be regular and abeolutelg tntegrahle tn 8 — (« *) 
Let g{_z} ie It ntled and tntegroUe in 8 Tien/{^z)g(z) it abtalulelg 
integrable in 8 

W« have only to ahotr by 633 that 

€>0 <7>0 J' _/gf<ix<t (1 

for any pair of nntabefs « /d> & 

No « ^(*) being limited we ha%e 

g{x) < V in 8 

ffga^<3l£fix (2 

But /(S’) being absolutely integrable in 8 we can take f? so 
large that 

This in 2) gives 1) 

644 Lit /{z) be in general ngvlar in 8== (a oo) Jut not mte 
7raW« m 8 Let 

Xkx)*: 


o 
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be limited in 2t. Let he monotone in 3( and g(eo')— Gr=^0. 

Then 

(2 

is not convergent. 

For, if 2) were convergent, we would have 


£>0, h. 



a, ^>h. 


But this is impossible. For 

fjfgdx =/;(« + 0 ^f^^/dx + ^(/9 - 0) (3 

Let the integral 1) be nuinericallj’^ < 31. 

Wo can take h so great that 

(T\<a-, x>h, 

where cr is small at pleasure. 

We can therefore write 3} 


f)-gdx^(G + <T')£fdx-{-(:a + a’>)f^ydx, j<r^|, y'\<^. 
Hence , , _ . , 

< e', d small at pleasure, 




c -f- 4 o" ]}T 

"W 


which states that /(a:) is integrable in 2f. 


645. Ex. 1. For what values of n does 

j_ r"c^^ 
Jo 


converge ? 
Set 


= f ”22i!E&; ; a>0. 

Jo x** Jo I" 


The integral J-^ is conveigent by 043, 1, provided n>0. For it obviously 
(iocs not converge. The integral Ji is convergent, as we saw, 586, only when /r<l. 
Thus J is convergent when and only when 


0<M<1. 
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Id 687 wegawt^i u coDK^nt ool; l•btn/l<2 

Bx<M3 1, coti«fgent whMi ^>0 irben /igO it obru>n«I; does nor eon 

rerge 

Hence </’ 13 coseergenl «ben aDdnnl; «beii, 

0<^<t 

Tbat^doeannteocseTgeabaeituul; {oT<l<i>^l i& shown tsfoUows. Wchnss 

-x:,. 

ux 

- l)« 

wben ft s n> u tbs ruder probsbli knowt or u will be sliorni Uiee. 


Then 

HSOM 


Properties of lnle<jrals 

S47 In Chapter \IV »e established the properties of the 
Mjiptopet lotegrals, 

bjr a passage to the limit W'e propose now to develop the 
properties of improper integrals, the laterval of integration being 
infinite, bj a similar method In many cases the reasoning is so 
similar to that employed to prose the corresponding theorems in 
Chapter XIV, that ne shall not repeat it, referring the reader to 
the demonstrations given in that clu^iter 

648 1. Letf(x) he inUgrable in (a so) Then 
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2. .Letf(x) he integrahle in (a, oo). Then 

fdx = j^fdx +j^ fdx^ a <b. 

3. Letfj^Cx) he integrahle in (a, oo). Then 

X CC ^QD /*CO 

(Cj/l + ' • + C„fm')dx = + -Cm 


649. 1. LetfCx), gCx") he integrahle in (a, oo). Except possihlg 
at the singular points let /(x) 5 gix ) . Then 

£fdx>£gdT. 


2. LetfCx)^ Oix) be integrahle in Ca, 00 ). Except possibly at the 
singular points, let f(x') ^glx). At a point 0 of continuity of these 
functions, letf(c')>g(c'). Then 


fXO f%x> 


3. Let fix) > 0 6 e integrahle in (a, 00 ). At a point c of continuity 
off,letf(c)>Q. Then 

f(x)dx > 0 . 


4. Letf(x) he absolutely integrahle in (a, 00 ). Then 

5 . Let 

J= 

he convergent. We may change the value of f(x) over a limited dis- 
crete aggregate, loithout altering the value of J, provided the neio 
values off are limited. 



650. Let f(x) he integrahle in SI = (a, co). Then 

Jlx) = s: fdx a< X. 

is a continuous limited function of x in '}[, 
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For, by 648, 2, 
But 


r=r-r- «>- 


H a continuous function of * in («, «), by 603 As 

X 


J 

that 


constant, is eontiKUous in 

13 limiteil in ^ In fact, for caeb <>0, thero exists a esuch 


IX'H"' 


But 




being eontiancms in tbe limited interval (o, e), is limited Hence 
J 18 limited in tl 


651 Ltt /(z) he tnUgrahU x)") Then 

£jfV*— /« 

for any point x of % at which /(*) i» fOntmsoiM 
lor ite>x 

Jix)=y =Kix)-t~0, 

C being a constant By 604, 1, 


dJ^ JiK + O ^AK, 
dx dz Ax 


652 In SI = (a, oo) let /{x) be eontmnoM excepting poetihly at 
certain pointt c^ c, lohere tt may he vnlimited Let it be iflfe- 
grable in any (a b) 
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it’/ jP(r) he one-vahied and cotilinnous in 51 ; having fQx) as 
derivative except at the points c. 

Then 

I /rfa: = i’(+Qo)— (1 
^<1 


trhere i(4- ») is finite or infinite. 

For, b}' 605, ^ 

however large h is. Passing to the limit, we get 1). 


Theorems of the Mean 


653. First Theorem of the Mean. In 51 = (ft, oo) let gQr) be inte- 
grahle and limited. 

Let /(x) be integrable, and non-negative in 5t. Then 


£fgdx = TiiJ^fidx. 


(1 


n'hcrc 212 is a mean value of g in 51. 
For, by 602, 

m 


where 


fdx< ^ fgdx:pM^ fdx, a<b. (2 

m <g(F)<M. 


Let <5 = + oo; since all the integrals in 2) are convergent, by 
643. 3. we get in tlie limit, 


mj fdr<J ^/gdx<Mj fdx, 

which gives 1). 


654. Second Thcorern of the Mean. In 51 = (ft, oo), let fQv) be 
integrablc and g(x^ limited and monotone. Then 

'^~Sa ^ g(a + 0)J'y(r)(?2: + g(jx>')J fCgfdx, (1 

a< i?<oo. 
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LVFIVITE INTERrAI. OF /NTEGRATIOV 


If ^(a-f 0)*=^^+ te) the tfaeoreiD is obviously true We may 
therefore assume that these limits are different Next we observe 
that the integral J is ccmvergeat, by 599, 2 and €43, 2 
To fix the ideas, let be monotone iiiereasing 
Let h be arbitrarily large Then, 1^ €08, 

Let us add 

i?«j(+oo)J^ fdx 
to both sides of 2), observing that 

liOiB*>0 (0 

We get 

4- B *"^(« + ^')J^fdx+9(h- ^')J^fdx-^-gQ+<3r>'}J^/ax 
■■g<a + 0)^ fix 

+^( + x)j[ /J, 

ss»^Ca + 0)jn/cf^+ — 0)— ^(a + 0)|^ fix 
+ |g'< + '»)-sr(8 — 0) jj^ fix 
=s(‘» + o>//d4:+£r+r (4 

Let X, ^ be the minimurn and maximum of 

fjdr 

in a Tlien obviously. 
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Hence 

{ff(b-0)~Xa-i-0)lX<U-<lffC6-0)- ffia + 0 ) 1 /., 
i ^( + =c) - K* - 0 ) I X < F< f £?( + co) - - 0 ) } /.. 


Adding, Ave get 

5//(+ co) — ir(a + 0) I X< H'+ F< { 5 r(+ oo) -^(a + 0) 1 /i. 
Hence r=g)r{^(+a))-^(a + 0)l, 


(5 


From 4) and 5) we have 

r fffdx + B = g(a + 0 ) T fdx + W S </( + °o) - + 0 ) } ■ 


Passing to the limit i = oo, and using 3), we have 

'.= ?('i+0)jr /rf3; + 2Rh( + «)-j7(a+0) 

lima)!’ = ®, 

and 

The integral 


(6 


X<2)?</i. 

f > 


being a continuous function of x in {a, oo), must take on the value 
311 for some point a: = 17 , finite or infinite, in this interval. Then 

^00 

5D1 = I fdx. 

From 6 ) we have now, 

'^=S'Cn + 0 )J^ /d 2 :+ |< 7 (+co) — ^(a + 0 ) jj" fdx 

= gia + O') J'' fdx + </( + 3 o) J" fdx, 
which is 1 ). 
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IXFIMTF I\TFR\AT OF IVTtGEATION 


Change of Variable 

655 Let S =(ie, ff) «^/3, either aor $ may he infinite 
Let x = ijr(u') have a eaniinume denvative in S tehich may vannh 
over a ditereie aggregate, bvt hai othermee one etgn 
Let M = (a, V) be the image efi where 
aslita^Ctt), 
and h may he infinite 

Let fix') he integralU »n any (a, b'y, h' <b 
If now, either 

J,=j^fix)dx, w .?. = 

It eonvergent, the other t*i and both are egual 
There are various cases Let us taVe the followiBg es illostra 
tioR Lets a (a «) iQ «(«,«>) By virtue o{ 40S, the poinw 
of S and iS are m 1 to 1 correspondence 

Let ft' ;9 be corresponding pouts in SI, S3 Then as ff^x, 
b' moo also, and conversely 
By 606, 2, 

Suppose u convergent Then 1) shows, passing to the limit, 
that IS convergeut and 'IT>e supposition that is con 

rergent leads to a similar conclusion for Jg. 


656 Ez. 1 CooaidcrtbeccnrerSPnceor 

J e»n j* dt 


Sicce (be inugrand la contlosons, J coorvt^ee it 






and •) 9 = (1 u) 

which la convergent bj 648 

Hence, b; 6&S, /„ and tbenf ore J, la eoDTetsent 


f alne 
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Bx. 2. We found, by 030, 3), that 

log" xdx = ^ ~ V>-0. 

Jo 

X = f («) = e-“. 

0 = 0, 6 = 1; a = +oo, /3 = 0. 
f '(«) = — e~“ 


(1 


Let us set 
Hero 
In S, 


is continuous and always negative. 

Then, by 056, = i)» 

4 /+^ 

is convergent, sinc3 1) is. Hence 1), 2) give 




"»!(’• d« = 


n I 

yn+l’ 


y>0. 


657. 1. Stake's Integrals. Let us consider the convergence of the integral 
J" = rc sin (x^ — xy)dx, 


(2 


(3 


(1 


which comes up in the theory of the Rainbow. 

Let us set 

u=z^-^xt/ = xix^ -y) = 4,(z). (2 

The graph of this is a curve which crosses the axes at the points a: = 0, a: = ± ■'/y, 
if y > 0 ; and at the point i = 0, if y = 0. To fix the ideas, let us suppose y > 0 ; 
the case when y ^ 0 may be treated in a similar manner. 

Supposing, therefore, y>0, the graph of 2)shows that as x ranges over 2f=(Vy, =), 
ti ranges over iS = (0, 00 ), the correspondence between the points of and 58 being 
uniform. Thus the relation defines a one-valued inverse function x = f(,u) in SB. 
Let us write II _ _ 

Jo JvT 

and denote the latter integral by J",. 

The corresponding integral in « is » 

</ii = i y(«) sin w du, 

Jo 

setting 

We can now apply 643, 1. For, x:= + oo as « = + (». Hence g(u') is a monotone 
decreasing function, for any positive y, and y(oo) = 0. Thus Ju is convergent. 
Hence is ; and therefore the integral J is convergent. 

2. The same considerations show a fortiori, that 
Ar= cos (i* — xy')dx 

is convergent for any y. 


fa 



INPIVITE INT£R\AL OF 1NTFC.R \TION 


4^ 

3 In connection t» Ih these int«gT»J» oeeim mnUieT integral 

i = J%*eoa(** — ay)ili! (< 

wh ch It U important to show is not conmgeDt. In tact effecting tiie change ol 
einahle defined by 2) in ^ 

Z, - «»{*•- 

snppos ng CO fix the ideas that ti>0 neget 

JTs^" f 

Here A(v) U a monotone fnnet on and 

*(«) = ! 

Tboa L, Is dlTeegent, fay 644 lienee <*■ tlecelore i is dtiergefiL 
CITCCIULS btfCHMSO OX A PASAKSTEK 

Uniform Coniergence 

S58 1 Let /(* y) be defined At etch point of the Teetwgle 
i!es(a«a/3) finite ot infinite LettlB(a cn) 

We ehAll eay /(xy) w rt^idor m R when 

1* /(*y) ’’0 point of infinite discontinuity in R 

2* /(*y) le integraWe in % for each y in SB 

At times ive shall need to integrate /(ay) with respect to y 
In this case ne shall also suppose 

3* /(ay) is integrable in 9 for each a in K 

2 If /(ay) is reguhr m R except that it may have points of 
infinite discontinuity on certain lines a=s«j a= a„ we shall say 
/(ay) is reffular in R except on the fines as or that it is in 
general regular t«lA retpeet to a 

3 Let us suppose that the points of infinite discontinuity of 

/(ay) do not lie all on a finite number of lines parallel to the 
y axis but that it is necessary to employ in addition a finite num 
ber of lines parallel to the a axis To fix the ideas let these lines 
beassa, a!=<z^ y=»“i If /(ay) is otherwise regu 

lar m A ( s if it enjoys properties 2®, 3® of 658, we shall say 
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f(xy') is in general regular with respect to x, y, or f(xy') is regxdar 
except on the lines x= a^, ••• y = «!» ••• 

4. Let f(xg') be continuous at each point of R except on certain 

lines 2 ;=ffj, x^a^-, — y—tt,. On the lines a;= nj, ••• it 

nay have points of infinite discontinuity; on the lines y— ••• 
it may have finite discontinuities. If f(xy') is otherwise regular 
in i?, we shall sa}' it is simply regular with respect to x except on the 
lines x = Uj, •• or that it is simply irregular with respect to x. 

5. Let /(xy') be continuous at each point of R except on the 

lines a:=«j, y=aj, ■■.y = a^. As in 3, let us suppose 

tliat all the points of infinite discontinuity cannot be brouglit on 
the lines x—a-y, ••• Let/(ry) be otherwise regular. We shall say 
f(xy') is simply irregular with respect to rr, y, or that it is simply 
regular except on the lines x= «j, ••• y = ••• 

6. The lines x = ay, ••• y = aj, ••• or which are grouped the 
points of infinite discontinuities oif(_xy), are called singular lines. 
To each of these belong right and left hand singular integrals as 
in Chapter XIV. Cf. 666. 


T. The integral 




(1 


where Q- is large at pleasure, is called the singular integral relative 
to the line x = co. 

If for each e>0 there exists a (?, such that 1) is numerically 
< e for any y in 18 and everj- x^G, we say 1) is uniformly evanes- 
cent in S3. 


8. If the singular integrals relative to the lines x= Oy, -x—ar, 
ns well as the singular integral relative to the line x = ao are uni- 
formly evanescent in we say the integral 

J = y')dx (2 

is uniformly convergent in S3- 

If the uniform convergence of J" breaks down at certain points 
7i. ••• 7 < in S3, we shall say is in general uniformly convergent 
ill -0. Cf. 666. 



INFINITE INTERNAL OP INTEGRATION 


9 As in Chapters XIU, XIV, we wish, now to study the inte 
gial 2) with respect to continoity diffeientiation, and Integra 
tion We may often simplify onr demonstrations vnthout loss of 
generality by observing that we may write 

^ fdx = ^ + tTj 

Here we may take h so large that none of the lines - 

fall in 

The integral lias been treated in Chapter XIV 
10 Tfi thu article we have cQiiaideted/(*y) chiefly with respect 
to * Evidently we roa\ interchange * and y which will give \i» 
fiimiUr dehuitions with respect to y 

We wish also to note that all the followtog theorems apply to 
the integial 

\A> 

OD interchangiDg 2 and y 

639 Ltt /(ry) U reyut<ir «i B /ni(« or injfntf* 

Lit <ft(x) U wttyralU tn K and 

Then 

j fix y)d» (1 

i» uniformly convergent tn © 

lXVd*j<XV!«t’: byo28 

<f*i>dx bj 526 2 
Since <f> is integrable lo 9 we can take i so large that 
J" i>dx<€ 

for any pair of numbers h i ' > 4 
Hence 1) is unifoimly conveigcnt in SS 
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660. 1. Letf(xy') le regular in R— (aosayS), ^finite or infinite. 
/(a;, ?/) = 2/)i 

where, 1°, ^ is absolutely integrahle in 31. 2°, g(xy') is limited in R 

and integrahle in any (a, bfifor each y in IB* 

f(xy')dx (1 

is uniformly convergent in IB- 
For, g being limited in R, let 

By 1°, there exists for each e > 0, a 6 such that 

£'''lfi(x)ldz<^, i<h'<b". (2 

Then for any y in JBi 

<M^ by 529. 

<e, by 2). 

Hence 1) is uniformly convergent in ^B- 



2. As corollary of 1, we have, by 635: 

In R= (ncortyS); n >0, /3 finite or infijiite, let 


oriSlMl, x>J, ,>0. 

or e'^ 

where g is limited in R, and mtegrahle in any (a, h')for each y in SS. 
Then 


f /(xy)da; 


is uniformly convergent in 5B- 



INFJMTI' JNTER\AL OF INTEGRATION 


661 1 Letf(j:y)bertgulart»R=(fixii0) P finite cr ttifniU 

where 1" <f>(x) «» tnlegrahle tn H 2®,^(ay) tt limited xn It and a 
monotone function of xfor any y tn 9 
Then 

i» unformlif convergent tA 50 

^n^ tlie Second I lieorem of the Mean, 645, 

jf ^ydx=*y(6 +0 -0 y)J* 6<6'<t<6" 

But g being Iiinitel in It and ^ mtegrable, the right side u 
numericall\ <* for nin y in ® and any pair of numbers i b', 
prnvKied i is taken I irge enough 

2 Let f(xg) be regular tix R»{a-c<iff) 0 finite or infinUe Let 




xeiere 1* h(^rg) xt limited 
and 2* 

in It and monotone for each y tn 
^9i*y)dx 

IS unformly convergent in 


Then 

jT 

ti unformly convergent tn 
tor b> NIS 

© 

II 

+ 

y)jry<fr + *C6''-0 y)jr‘'yrf7: a 

But k being limited in 

R 

\h(xg'i\<.lll 


On the other hand, bv 2® there exiata » siich that each integral 
on the Tight of 1) 13 numerieally <*/2 Vf r iinv pairof numbers 
b' h”>h^ 
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Hence for anj’ y in 53, 


C'fdx 

x/a 


<€. 


662. Integration by Farts. Let f(xy') be regular in R=(a'xa^), 
P finite or infinite. The integral 

J= f f(xy')dx 

is uniformly convergent in 53- if 

J* f{x.y]dr= F(x.y')+ g(x,y)dx; (1 

u’here both expressions on the right are uniformly evanescent for 

3"= 00. 

For then, for each e>0 there exists a b such that 


F{x.y) 


< 


I IX 


<1 


(2 


for any x>b, and any y in i8- 


Hence 1) and 2) give 


663. Examples. 

1. The integral 



<€. 


f-xyy-i Sx, 


(1 


defining the Gamma fnnclion, considered in 042, is uniformly convergent in 
S = («, §), ft > 0. 

For, consider tlie singular integral relative to a: = 0. 
lYc have, since 0 < i < 1, 


Hence 


3 -r-i < jctt-i, in 3. 

< la-J. 


Thus, hy 012, the singular integral relative to a: = 0 is uniformly evanescent in 3. 
Consider next the singular integral relative to a: =r co. We have, since x> 1, 


« — ar5— 1 


in 3. 


Ilcnce this singular integral is uniformly evanescent in 3. Thus 1) is uniformly 
convergent in 3. 
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liFlMTE l'nhK\Ah OF nTEORATION 


Ttia ia oailcptinSy coBTerstnX la »aj © <« *) wbsch doei not conUIa 

poialj — 0 »s Biiy b«*eeB bj W* Tat M^taung by pan* 

stst r^T-fdt (j 

Tf jf t*r 


Ta £z ibe idtu, (oppose <0 Q Utta 

J2t3(<-L 

ry ] <u 

Thu ibowa that the fint tena on the right ot t) is oa fonaly enneseent is S. 
TleseeoiKi wrm Is osloTtnly eT»n«*crntbjeeC> 1 mu sees mtisg 


For Ut«r QM let as 


Beses 


note thii 

ImSSair.o bia'r^isrdrso. 

sy s— r '• «' 

ItsJ-O 


r-F 


a D fonoly rODTeipent 
grand /(ry) u cons nuoos in / 
diacont u <y ] e oo the 1 ne x 
But, the Late al the hlrao gi 


1 

f{xf) yniihz 


Tbu chows chat / IS canUnaoas M eacb pe at oa the y ana, li we gtse to f the 
raloe 0 ct these po ate. 

Thu fact established, we can apply Mt by eettisg 

a(xi\x.X-a— 


Tbea ^ is istegnhle m (0 »> by 64S w^le p u obt onsly ito ted in R and a 
iconotOBe tneieisag fancUcc o{ z for eaeb p ui © Renee 3) is an lonnVy cntiver 
geatinS 
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4. r"sin zycosAa: 

Jo 3C '■ 

is uniformly convergent in S = (0, oo) except at y = ) X ). 

For, ill tlie flrst place the integrand /(x, y) is continuous in 21 = (OcoOoo) if wo 
give to/ the value tj at the point (0, y). 

For, the Law of the Slean gives 

sin XI/ = ary — sin toy, 0<S<1. 

Hence forxi^O, 

xv~ 

fQcy) = y cos Xx — ^ sin toy cos Xx. 

Thus 

liin f(x, y + /i) = y. 

z = 0 , *=0 


This established, we have only to show that the singular integral 
B=^^f(xy)dx, 6<b'<5", 

is unitonnly evanescent in SB. 

Now hy the Second Tlieorem of the Mean, 645, 


But for y=;*=| Xj, 


lyCt 


I t r*~ . 

B = — I sinxy cosXxdiH 1 sm xy cos Xx dax 

li'Ji h" Ji 

C ■ ^ . cos (y - X) cos (y + X) 

j - 2(y -X - ) - 

ly-bl. |y + x|>ff. 


(6 

(6 

(7 


Then 0) shows that each of the integrals in 6) is numerically <2/x. 

Let therefore, 6>4/«cr; then 

\m<^, 

for any y satisfying 7). That is, J3 is uniformly evanescent except at y = |X|, 
Hence the integral 4) is uniformly convergent except at tliis point. 

We may arrive at this result more shortly, making use of 2. 

For, 

2sinxy cos Xx = sin x(y + X) + sin x(y — X). 

Hence 

p sin xy cos Xx p sin x (y 4- X) p sinxCy-X) 

Jo X Jo X Jo X 


Hero the first integral is uniformly convergent, if y^t— X; the second integral 
is uniformly convergent, if y ijfc X. 

6 . 

Jo 1 + X- 


is uniformly convergent in (a, oo), «>0. 

For 

X sin xy _ sin xy 
1 + X* ~ 


1 + : 


a:- 


We have now only to apply tlOj, 2, using the result obtained in Ex. 2. 
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INFINITE INTERVAL OF INTEGRATION 


(0 

W^e usign the Tsiue 0 to tba lotegnnd, forssO. 

To «how Oi»t thia loUgral is onilormlf «on»*egent la M7 S3 = (a^), let ns ass 
the method ol 662 II we set 

B = A, = 

Jfode dr 

eos(«»-«y) f‘» «os(^-aTi) ■ 

~ 3* J. 5? 

Here both unni are uaiformlj CTSoesceot lo S h; 660 , 2 Heocs 8) is tuuformly 
coDTergent in S 

I ^"coe(*s-af)ite (9 

W* tea wn» 

<oi(*'-»y)AeaJ^ ‘ - 1*^ * “*(** ~ •*• I jT 

The iKond lategrel oa the right n ooilonnl/ ersnrsceot b; 860, 2 Tb« first 
laUgrsI Is also unl/ennlj eraaesceoL For iBtegrating b; parts, 

Bars both terms on the right are obnoos); nailorml/ eraaesceaU 

664 Lel./(ary) be regular in (oaso^), finite or infinite 
Let 

converge unifortnly in Sd except poasibly at «{, a„ To establish 
the uniform convetgence of J throughout we have onl; to show 
that J IS uniformly convergent in each of the little intervals 

«.4-5) 

That IS, we have only to ebov that foe each e > 0, and for some 
fi > 0, there exists a 5, such Uiat 

for any y m iS, and every V >6^ k = 1, 2 m. 
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665- Examples. 

1. f “si n y sinag^ ^ 

Jo X 

is uniformly convergent in S8 = (0, oo). 

For, in the first place, the integrand /(xy) is continuous in R = (0, oo, 0, oo) if 
■we set 

/(O, y) = yain y. 

tVe have therefore only to consider the singular integral relative to x = oo, in the 
intervals Si =(0, i). Si = (5, oo). Now as in 663, 2, we have for y >0, 

K=r dx = si'LFHS-H _ sin y CmM dx. 

X xy Jr x^y 

The reasoning of 663, 2 sliows that R'is uniformly evanescent in S83. 

As to SSi, we note first that R = 0 for y = 0. Also that 

?iM = i + v, IVKV, 

y 

1) being as small as we choose, if a is taken small enough. 

Hence for any y in Si, 

which shows that K is uniformly evanescent in Si. 

" fMrfx, X>0 (1 

Jo ye^r 

is uniformly convergent in SS = (0, fi). 

For, the integrand /(xy) is continuous in S = {0x0 p), if we set 


Lot ns consider therefore the singular integral relative to x=oo. We set !3i=(0, S), 
Sj = (a, co). Obviously 1) is uniformly convergent in IBs- 
To show the same for 23i, we note that 

Sin xy =z xy -f TxVi KKl, 
by the Law of the Mean. Hence 

l/(*y) l<^ + ^. w (0, 0 , a). 


Thus, oy 659, the integral 1) is uniformly convergent in S81. 



474 


D.FIMT£ IMEFV VL OF INTEGRATION 


Continuity 

666 1 Lit/(zy^herfff»IamJts=(a»ii0) ffJiniieortnJimU, 
except m the hnet ar = (*i * 

he tin\farmly eenvergent <» 3 

2° Let liin/(xy) >= ^(x) et fimte or infinite 

ttni/omly »n any (a, 6) except on fiTKt * = Oj 

Then . 

j = hm J /(a- extiU (1 


8 * Let ^(x) he inte^ahte in any (a i) 
Then . 

l«m J = hm 




By virtue of €16 no cnny assume that/ is regular m R aud that 
/•s^ unifemly in any (a 6) 

To fix the ideas let 9 <a ac 

We ehate fint that 3 ezi«t« t « for each <>0 there exists a y 
such that ^ 

yy^At s':,\dx 


la numerically <« for any pate of numbers y* y" >7 
Now 

^-S, 




By 1" there exists a i such that 

Z>, /),|<e/4 <3 

for any y y in S 

By 2* we can tahe 7 sueb that for any x in (a, S) 


(/(ary)-^(x)|< 


4(6 — o'! 


J/>T 
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(4 


Hence . , p 

1/(2;, ^ )l< 2(53^’ 

for any y' , y" > 7 i * in («, 6 ). 

From 3), 4) we have li)|<e 

TTe next sJioio that 2 ) holds; i.e. for each e >0 there exists a 

such that I I 

\j—J ^dx^<e (5 

for any I > b^. 

From 1), there exists a 7 such that 


y = ffi^l/ydx + e', i ^ I < I 


(« 


for any y>y. 

From 1°, there exists a such that 


fy(xy')dx=J^f(xy')dx + e", 


W'\<l O 


tor any b>bg, and any y in 33. 

From 2°, we can take 7 large enough so that also 

f(x, y) = 4>{x}+ g(xy'), \g \ < 

for any x in (a, 6 ), and any y>y- 
Hence, by 3°, 


3(6 — a') 


J f(xy')dx=J ^(x')dx + d'', je"'! 


(8 

(9 


for any 6 > 6 ^, and any y > 7 . 
From 6 ), 7), 8 ), 9) we have 


inl<« 


for any h > 6 g. But this is 5). 

2. The reader should note that the lines x=a^, on which the 
uniform convergence of f(xy') to breaks down, are according 
to 617, 3 singular lines, whether f(xy') has points of infinite dis- 
continuitj' on them or not. If the integral J is to be uniformly 
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INFINITE INTERVAL OF INTEGRATION 


convergent in ®, the singular integrals relative to all these hoes 
must be uniformly evanescent 

667 Siample As we ttiaQ tbow la 675, 

J= A^O- 

Hie »pplic»tlon of eea gives f»/2 ^>0 

= 1 0, (1 

* [-r/2, XCO 

Tbit the eonditfoos of Tbeoreoi 666 sreftilfUled is (ssil;se<n For. deflsuig tbs 
Intsgmid of y *s in <SS3 3, it Iscoaliaaous iaN =(0 »,0,») Wealsoss* 
that tbeslngtUtf istegnl rsUure (ox=<o is onifonsiy evuesceDt lO •) 

‘““A*. *>®^— 


U J is Utsii sufBcisociy sesU This slngalar laugnl Is tbsrslore naifomily ev 
Ststtcl Htsee J is uniforolj MovsigSDt la 9 Thas all the eoa&iboai ^ tt 
sretuuSsl 

FroBi 1) «a mar 4sducs the (oUowlagreUtioiis 


which may be eomhlned In a suigio fonanla 


Intact, since a + 6>0. a - 6<6, w« have bxan i), 

J* Z 3 

Rat 

«*>(“ + 6)* + •!»(«— 6)* = 2 sin «r cos Pi, 
sin (a -f — sla (a ~ p)c s 3 cos oz sin pz. 

Adding and snbtnctlsg 5), S) end nsuig 7), 8), we get 2), S} 
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688. That the relation 

Hm I f(x,y)dx= I Ixm f(x,y')dx 

*^0 |f=i) 

is not always true is shown by the following example ; 
J I + y^ 

we have for y>0, r”sinz^^_ 1 

Jo gry 


Jt lini 


in. r®!I! 
r=o Jo e' 


- <lz = 1. 


y=o Jo 

On the other hand, 

C J1 lim 512-5 dx = C sin xdx 
Jo yd) c»» Jo 

does not oven exist. 

Thus tlie relation 1) does not hold. 


(1 


12 


669. 1. Let f(xy) he regular in R = (^ar^n^') except possibly on 
the lines x= dj, ... x= a^. 

Let f(xy') he a uniformly continuous function of y in 53 except 
possibly on the Ivies x — (tj, ••• Let 

he uniformly convergent in 10. 

Then J is continuous in 53. 

For, f(x, y -{- 7.) converges uniformly to f(x, y), 7 j = 0 in ® 
except on the lines a: = rti, .•• We have, therefore, onl}" to apply 
666 . 

2. Letf(xy') he in general regular with respect to x. in 11— (ax«^). 
Let f be in general a scmi-uniformly continuous function of y in 53- 
Let 

Jiy)- jy(?:y')dx 

he xiniformly convergent in 53- 

Then J is limited in 53, and in general a continuous function of y. 
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IVFIMTE INTFB\AL OF JNTf:C.BATIOV 


For, we can take 5 so large that 

for any y in S On the other hand, 

IS Uiaited in 9 by 618 I Hence J is limited in ffl That <7 is 
in general continuom in 58 follows from 1 

^ In this connection let us note the following theorem whose 
demonslratioP is obvious 

be re^lar i» ^as(tfx-a/3) j!nt(e or in/nite, <«ept 
on (fte hnei xs>d] , y=:«, Let 

be uniformly eonxergent xn any (a i) except at Oj Then tie 
pointt cnjfnii's dt««anfmuity of 

fy{*yy'iy yin 58 

mutt he on the litiet dj 

670 1 Let J[,xy') be regular xtt H^(axa^ except on , 

y*«, 

*■ ^ fjjs 

converge uniformly xn any (a 6) except atx^a^ 

fy^y 

converge uniformly in ® 

Tien ir continuant xn Q 

This is a direct application of 666 1 where 

d(xy)~ J^Ary'i^y 

takes the place olfxit that theoreni 
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In fact, by 669, 3. g(xy') has no points of infinite disoontinuity 
except on 2 :=(Ti •••; and is therefore by 2°, regular in R except 
on these lines. 

Also g(x, y + li) converges uniformly in any (fl, 6) to g{x, y) 
as A 0, except at a; = Uj ; since 

I 

V 

is uniformly evanescent in {a, A) by 1°. 

Tims applj'ing 666, 1, we have 

lim <h(y + 7() = lim f gQx. y + li)dx — f lim g(x, y + h)dx 

I,=<1 ft=0 •^0 A=0 

That is, ^(y) is continuous at y. 

2. As a corollary of I we have : 

Lctf(xy') be in general regular with respect to x in R = (aooKj0). 
Let 

converge uniformly in ffl. Then <f> is continuous in SQ. 


Integration and Inversion 

671. 1. Let f(xy') he m general regidar tekh respect to x in 
R—(axK0). Let f he in general a sevii-uniforrnly continuous 
function of y hi tg. Let 

i(g')=S A^g^dx 

be uniformly convergent in 53. 

Then J is intcgrablc in iQ. 

This follows at once from 500 and 669, 2, 

2. As a corollary of 1 we have : 

Lctf(xy') be simply irregular with respect to x in R = (axa^f 
Let J be. xiniformly convergent in 53- Then J is integrahle in S. 
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INFIVITE INTERVAL OP INTEGRATIOV 


672 1 gt^tro^ regvlar in jB=([aw“jS), mtk 

Tttpeet to X 

V Let ^ 

JT/f* 0 

le uniformly eonvergtnt ani tutegraHle in {3 
2* Let 


admit tnrertton ti 
Then 




h arhitrarily large. 


dsj'’fdtf, in i 

x>-r^r 


Since 1) IS unifOTiDlj convergent in Q there exists for each 
i >0 n (gftMchthit 

for any y in S and every 6 > 

Thus 2) 3) give for any y m ® 

Bat by 2®, 

XX=XT 

Hence 

X'X ~X"X 1 -' ***•• 

which proves the cheorem 


2 

Let 


Let f(xy) be eimply irregular tetth reepeet toxin (aws/S) 


be uniformly convergent in 0 
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Then 



' are convergent and egnal. 

For, by 671, 2, the integral on the left of 6) exists. 
Moreover, condition 2° of 1 is fulfilled, by 622, 2. 


(6 


3. As corollar}'- of 1, we have : 

Let f(xy') he in general regular in R — (aooa;8) with respect to x. 
Let 

jjdx 


he uniformly convergent, and integrahle in ©• 

Let ^ 

fdx, h arbitrarily large, 


admit inversion in -SB. 
Then 


Sa 


is uniformly convergent in i8. 

This follows at once from 5), since this inequality holds for 
any ?/ in iS. 


4, From the relation 4) we have also the following corollary, 
setting y = /3. 

Let f(xy') he in general regular in R = (aooajS) with respect to x. 
Let 


he uniformly convergent, and integrahle in 53. Let 



h arhitrarily large, 


admit inversion. Then 
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INHSirt iNftRVAL OF ISTLaBAlION 


5 As a siiecwl case of 4 w® ha?e, 622. 2 and bit, 2 
Let /(xy) he etmply xr/tgulaT %xl\ retpeet to x xn R = (a:> 
Xjtt 

be nnt/onnlp eonrergent xn Then 


673 Let f(ry) he regular •« R^^iaxa^), except 


1* Let 




the Itnei^ 


he VO iv«r<7<«( and admit tmeraion m tnteriaf (X,/i),tcAtcAdo(i 
R«t embrace Oj a. 


2 ’ let 


X •‘‘ X'm 


he a conttnuout /unction o/ y •’t' 
Let _ 

K . f _ ,, j,X / ds . 


L -/' d , f'fdy 


Then K ta convtTgtnl and Ke^L 

tor aimplicitj, let y = <7 b® the ooly singular y hue, «<'/</S 
Then bj definition. 


Now 

Similarly, 


7 <«< i 8 

xx = rx '’ 

xT = xT = rr-xx 


(2 

(3 


since Z la bj 2“, convergent 
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Now by 2°, 


lin, r r= rp; 

^a. *^a ^a. 

limp r= r r. 

Hence from 2), 4), 

c/jj %Ja *^a a 

iilso from 3), 5) 

lim r r = r r~ r p = r r 

•✓j. c/,i c/,! CL *^y 

Hence from 1), 6), 7) we hnve 

n ” r” C'‘ r” r* 

^<L *^y ^ o. 


(4 

C5 

(6 

0 


674. 1. het fixy) be simply regular in R = (acou0'), except on 
the lines x = Aj, ••• y = u ^ ... 

1°. Let 

*ya 

converge uniformly in 53, except on y = a^ ••• 

2=. Let 

J K^y')^y 

converge uniformly in any (n, 5), except on a:= etj ••• 

3°. Let 

JL f^^y'>^y 


converge uniformly in iQ. 

Jjpf 

K=fyyfydx, L=£°dxfydy. 


Then K is convergent and K=L. 

Tliis follows from 673. For, in the first place, condition 1° ol 
673 is satisfied, by 672, 2. 

Secondly, condition 2° of 673 is fulfilled, by 670, 1. 



INFINITE INTERVAI. OF INTEGRATION 


'l&l 

2 As a corollary of 1 we have 

l,ttj{xy) he f imply xrregviar Vtlh retpeet to x in 5=(aaoa^ 
Lei 

converge in general \in\fomly m S Let 

X 

converge vniformly in © Then 




675 Fory>0 vtbaTCboiBMS 2) 

Tb« tsugrtl oa (be Ult 4 mi bo( exist (or v — d Let us tfaere/ore set 
A«lt)-‘-^ »0 

-0 ysO 

TTisn Integrating 1) trcm 0 to V *e SH 

We ms; nrert the order of integrsi on m 3) b; 674 3 For /is conbnuous in 
i;_(Ox0y) ezcrpt on the ioe y — 0 and I m ted in R It ii therefore i mply 
irregnlar with respect to i The otegnl 1) obnously conrerges unilomily in S 
except St jr — 0 The integrsi 

^ 

IS nnifonnl; coneergenC In S by 663 3 Kenco the otegrsls on (he left in 3) 3) 
are ecgnal sod 


676 We saw to 661 that 


Renoe Integrating between 0 sad 1 we get 


y-O 

y>0 


0 


(* 
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We can invert the order of integration by G74, 2. For, in the first place, the 
integrand, not being defined in 2), we can make it continuous in U = (0x01), giving 
it the 'alue y at the points (0, y). Secondly, the integral 1) is uniformly conver- 
gent in SS, except at j/ = 0, hy 603, 2. Finally, 

1 — cosa;y 


Jo Jo X Jo X* 


is uniformly convergent in iS, since 

|1 — cosiy' 2 

We can therefore invert in 2), whicli gives 


r=r^("sinxyrfy= 

2 Jo x Jo " Jo X- 

p sinOx/2 p sin-tidu 

Jo lO Jo ’ 


setting 

Thus 3) gives 


z = 2 i(. 


(“*' sin-x(fx _ V 
Jo X'i ~ 2‘ 


(3 


(4 


677. That the order of integration can not always be inverted is shown hy the 
following examples. 


Ex. 1. Let us consider 


j;’dxj’/cosxydy=J'^”51I^<fx 


(J 


The integral obtained hy inverting the order of integration, vix,, 
j^VJ'cosxj/dx 

does not exist, since 

COS xydx 

does not. Inversion in the order of integration in 1) is therefore not permissible. 


Ex, 2. Let 

Then 

Let 


;; — =-r:; = t ~ — = « = try. 

1 -f xV 1 -1- ti‘ ^ " 

d<t‘ d'P d’l ... . 5(0 ,,, . 

Six. y)=0'(,O=l^ = l|^. 

j; 5o: X 5y 
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JNFIMTL INTEE\Ab OF IVTLGEATION 


TTe b&n xIao 


= fc»X 

^(») = »Kies* 




On \b« oihe' band 

Tbu ii u Boi p«rmiaibl< to isTort (be ofder o( ince^iioa la 


(* 


678 1 t(t le re^lar tn Bsa^axa’fs'), txetpi 


le itnxjormltj eontergtnt 
2* Ltl 


© 


th« bnn 


le uniformly eontergent in any (a 1) exeepf at dj, , anj inte 
ffralle in (_a b) Then 

I dxj fJy mere, 


lim dx^ fdg dxj^ fiy 


Thu u 8 direct spphcatiOQ of 666, 1, the fuartion 

5C*y)=J7/C*y)<^y 

tatmg the place of /C*y) m that theorem For, m the first place, 

g has no points of infinite discontianitj, except on the lines 
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by 669, 3. Moreover, g(xy') is integrable in 5t, by 1“. 
gixy') is regular in B, except on the lines x = a^, — 


Secondly, 


*Ja 


Hence 


is uniformly convergent in IS, by 1°. 

Finally 

liin g(x7j') = I fdy = (j>(x'), 


uniformly in any (a, S), except on the lines a; = ai, •••; moreover 
^ is integrable in (u, 6). Thus all the conditions of 666, 1 are 
satisfied, .and the present theorem is established. 


2. As a corollary of 1 we have : 

Let f(_Ty') be simply irregular with respect to y in B = (fitooaoo). 

he uniformly convergent in SQ. Let 

£fis (2 

he uniformly convergent in any (a, h). Then 

lim I dx I fdy =1 dr I fdy. 

x/a x/a. x/<t x/a. 

For 2) is integrable in any (a, 6), by 671, 2 ; on interchanging 
X and y in that theorem. 


G79. If the conditions of 678 are not satisfied, the relation 


ma}' be untrue. 
Consider, for example, 


= y dz^^cosxydy, 
= r^iMdx. 

Jo Z 


a>0. 
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]imj = 0, 17 663, Ex. 2 


cosiy/I^ 

does not even exist, since 

does not. Thus the relation 1} in this case is not tmi 


680 1 Ltt JX^xy') be $imply regular »» /2 = (aceB»^, except 0: 
theUnee , y=*a,, 

1® Zet 


jT/*: 


be uniformly eonveryent in any (a, ff) except at Oj, ••• 

2* Xef 

be uniformly convergent tn any (a, b) except at aj •• , moreover let 
it he xHtegrable tn (a, b) 

8° Xef ^ - 

Xdxfjdy 

be uniformly convergent tn S 

S, 

are convergent and equal 
For, by 674, li 

X ‘*5'X^<*^="X 

Bat by 678, 1, we may pass to the limit ;3 «= oo, which proves 
the theorem 

2 Lttf(xy) be nmply regular mth rexpect to y in ^ = (aooa®), 
except on the lines y =■ a^, 



INTEGRATION AND INVERSION 


489 


he uniformly convergent in any («, /?) except at Oj, ••• 

IfCt 

Je xiniformly convergent in any (a, 6). 

Let /** 

he uniformly convergent in S3. 

Tlipn 

are convergent, and equal 
This follows as in 1, by 674, 1, and 678, 2. 

3. Let f(x, y)>il he simply regular in i2 = (acoa») except on 
the lines x—a^, y = «j, ... 

Let z'* 

he uniformly convergent in any («, except at Kj, ••• 

Let 

jJ^y 

he uniformly convergent in any (a, 5) except at ••• 

Let _3o _-o 

he convergent. Then 
is convergent, and K— L. 

Ibis is a corollary of 1. For, condition 2° is satisfied since L 
exists. That condition 3° is fulfilled follows from the fact that 
the singular integrals of 

IT 

are < the corresponding integrals of L since /^O. 
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INFINITE InTEVVAL OF tNTEGBATIO'I 


681 1 W«sa-irlu0«7 I) «>« 

pjn*5reo^^_fO y<>- ^ 5^ 

Multiply by e w and lattgrat* i>>® Then 

“I XT* 


i« otd«T c{ inwpatxM* in 1) by 680 2 For is tb* fliit p!»ee 


I« » ojply wpilar In S _(0^0») fw*»« 

/(O ») ~ 

Secondly 

b un lormly coarergent In 9 -(0 >) except rory — X by 663 Ex. A 
TblnHy 

j^/>,ar«OBXx^ 7^**' !0f*>0 


x’^'- 


is no fonoly canxcrgent n 9 
For 


= r, + r. 
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ri, Fj are nnifonnly conrorgont in S by 650. For, 


cos \z 


1^1® + 


(1 — e-wosxy') < 


'-/x^ + x3’ 


Isinzy cosXx 


X /i* + x'' |— M* + x^ 


Thus all the conditions o£ 680, 2 arc satisfied. 
Inverting therefore in 1), we get 


“cosXx 


X 

j *” cos Xx 
0 ~~x 


dx 


Jo gMV ^ 


=[- 


dx\ — c-MV 


M sin xy cos xy' 




o: 


f” cosXx 
-Jo *• 


y? + x^ 


Comparing with 1), we get 


r“ cos Xx , X , s: A ^ A 

h “5-; — 5 = JT — r" ^ 5 0, > 0, 

do ^0 j;2 2 lie>'IX If--' 


+ x‘ 2 

2. Let us integrate 2) with respect to X. We get 

f” cosXx , X rx 

t. dX I -5— — ;dx = x- \ e-X/^dX 

Jo do /I'X + a ;2 2;u Jo 


We can invert the order of integration in the integral on the left, by 674, 2. 
For, 

^dx 


(2 


(3 


f” cosXx 
Jo ,.0 + x' 

Is uniformly convergent by 659, since 


I cos Xx 


l/iO + x-\ — y? + x^' 

sin Xx 


1 


In the second place, 

r_!?^r 

Jo y? + X^Jo 


COS XxdX 


_ f" sil 

~Jo xf»= 


X{y- + 1=) 


dx 


converges uniformly in any interval (0, by 661, 2 and 663, Ex. 2. 
Inverting therefore in 3) , we get 


r ” sin XI/ , X „ , _ _ _ 

Jo x(/»- + x’) /‘>0>!/>0. 
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682. Let lu eraloMe 

irb ch i< cODTer^nt bf 035 A 
We cban^ tlie nrikble wUiBg 


'-f 







Ualti|JjMg by end Integietnig we get 


u 

(* 


Tbisrebtido 1* troefor*B7 <(>0 hfT) 

FzaiDg to Ibe Iim ( a — 0 we heee, ttaee Ibe i m la ezwt. 


JTS- 


(3 


VVe mty larert tbe ordef 
Fee tn tbe fint 
Sceondiy 


' of iniegraboa in Ibe intrgnl > 
e intesrud w RgoUt ead coni 



Ibe ngbe by 690 A 
ein* in S -(«s.0<e) 


b wulonsty eoaTergeot tn any <«, 6) a>«by6Sa tlaea 





b nni/onnly eonreigeottii R — (0«) by 6SO onoe 


j n di w 

tJ* 1 +it t 


Kconrerseot Iboea!] tbe coed Itoosof 680 3 being fnlOHed. w 
wbicb givet 

J* i e/L 


» Ibe mtegnl 1) u poe OTe by OJ 


/-d._V 

J’ e-* 5 



DIFFERENTIATION 


493 


Differentiation 

683. 1. Let f(xy'), he in general regular with respect to 

X, y in 11 = (fl 

1°. For each x in 91 let f he continuous in y, while f'y is in general 
continuous in y. 

2°. For each y in 19, let 

J' fvdy, h arbitrarily large, 

admit inversion. Then 

~jfixy')dx = ~\\m J’'dyJ fffx, 

dy^a dyh=^^a 

provided the derivative on either side exists. 

Fof, b}' 605, 

j fldy=f(x, y') -f(x, d). 


(1 


Hence 


and therefore 


X 6 nb pv gb 

fdx=j^dxj fydy ->r J f(x, d)dx 

X ” rv rb 

/da;=liinj dyj f'ydx + j f(x, d)dx. 


Differentiating, we get 1), since the last term on the right is a 
constant. 

2. As corollary of 1 we liave : 

Letf(xy') he regular in R — (atou^^ except on the lines x = a^. ■■■ 
and continuous with respect to yfor each x in 9t. 

Let fy he regidar in R except on the lines x = a^, ••• and uniformly 
continuous in y, except on these lines. 

Let 

j^fydX 

he uniformly convergent in 33. 

Then ^ 

~jKxy')dx==jfydx. 
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t or, conditwa 2* of 1 13 fulfilled by 622, 2. 

Hence by I), 

= ^ jf dyjT/^. by 672, 4. and 671, 2 

= by 669. 1. 


6S4 1 When 




IS not convergent, the following theorem may serve 

Let f(zy) 4« tn jeneraf reflufar tn fi*s(^atc«;S), and eenfinaem 
i«tA reiyeet to yfor taeh f in ?I 
Lttf^ h« tmpltf trre^ular wxth reopeet to z in Ji 


r Let 


Xh*. 


i orfitronTy large. 


It un^ormlg comergtnt in ® 
2* Sar any h let 




where 


3* g(.xg) IS *\mplg irregular i« H mih reipect to z and 

jTg^xy^d* 


t» uni/ffrmfy convergent »rt © 


4* 

Then 


h(l, sr)dy s 0 


0 
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2. A'! corollnr}" we have : 

Let f{x;)) be regular in R — (aoo a/S), and contimwtes zeith respect 
to y for each x in 21. Letfy he continuous in R. For any b, let 

J^fydx=j^g(xy')dx+ h(b, y'), 

ivhere g is regular in R, and 

g(poy')^x 

is uniformly convergent m S ; also 

lim I A(5, y')dy = 0. 

l=» •Ja 

Then j 

For, condition 1° of 683 is obviously satisfied, while condition 2° 
is fulfilled by 672, 2. Hence 




But 
Hence by 4°, 


^yy^J'zA ^ = by 2°. 

= gdx, which is 1). 


685. 1. Lot 


"We show that 


EXAMPLES 

j-=r5i!LHfc 
Jo are' 

dJ' C’‘eo’ixiij ... 

^ = y afb.trary. 


(1 

(2 


vsing 68.S, 2. For, in the first place, the integrand f(ry) is continuous in 
if = (Osft^) if we set 

/(0,V) = y. 



INFIKITE INTERVAL OF INTEOEATIOH 


ObTionsIj / b eoDTerjent lo ®» tx 3 
Secondlr. 


Is co&tmizoTis iA li , ud 




is nnlformly eonwrjsBt in 8, tX ®®0» * Thos 683, 2 gires 7) 
By Qietns q{ 2^ «« can eTalMt< I ) 
r.,,ota™i,. 1 

«• i + r* 


HeoM integntisg 2), w« f«t 


Su)ee,r39 0, (orycO, w« C«0 Hcbm 

3 from this lowgrtl w« e»a ^ (bo* 

-*-**■?• 

a nciU cbuiMl In 467, by (h« «ul o( 67$ Fot, «<t 
* = !. >>0. 

Io5),*egrt 


r ainn . 

— « »<li. = »rotgF 


sfo » 


nslfonnlx 

a (0, «) except {or « = 0 Tbe teCegruid X(i^ y) is costinaaiu in ^ = ((keas), U 

mx)=i 


Tbe only singular line is tieftlon « = 0 

ObTiooslx tbe singular Integral for this (iDe, as well as for tbe line tt s s, la 
Dnllonoly eranesceni by615«ad6S0 
Hence passing to tbe limit, y =; ® to $),sie get 


« = *». »>0,^»fet4) 
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686 Let 

Applying 683, 2, vre get 


Jo ae» 


dy 


= P-^^=TT¥' 


In fact, the integrand /(a, y) is continuous in J{ =(Qcoap), if •we set 

/(0,y) = 0. 


while J is convergent, by 636, 3. 
Moreover 


is continuous in JJ, and 


f,= 


siniy 


f 


e* 
sina^ 


dx 


is unifonnly convergent in S, by 660, 2. This establishes 2)l 
As in 685, we can use 2) to evaluate 1). 

For, integrating 2), we get 


Hero C,= 0, since J = 0 for y = 0, by 1). 
Thus 


0 for y = 0, by 1). 


(1 

(2 


687. Let us evaluate Fourier's Integral 


^dx. 


Using 083, 2, we get 


dy 


-f 

= _2r^SSL?^<br = jr. 

Jo e*’ 


(1 


(2 


For, the integral 1) is convergent by 635, 2 ; while the integral 2) is tmifonnly 
convergent in any (n^), by 060, 2. 

In 2), let us integrate by parts, setting 


Then 


«= sin 2 ary, = — 2are-*’di. 
.ffriucj — odu 


= — 2yJ^ e-*’cos2ary(ir = — 2 jO; 

This in 2) gives, since 


^=~Zydy. 
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lAFlNlTE lNrEK>AL Ot IMtUBAriON 


Tq determina C taka v ■" 0 Tien 


Jt (.« + *» iper* 

We ean dlSarantUta uodaf (ka InUgral algD b;083,2 Far daBotiogtba t 
grand by /(iy) w* hare 

whicb U cootinwaa laS- (0»<W 




6S9 InCSS 4 ) let ui replace z by ayt r>0 ttegel 

y>o>0 (I 

We can d fferent ate under tlie ntegni afgu by 681, i getl ng 

(2 

Inlaet the Integral oatbelettoCS) is OBloradyconnrgenV n® (a.P) s nee 


e may nhr ou-ly d flerent ate 1 ) n t net wJ ich fire 
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690. Fresnel's Integrals. 

lK!t us start with the relation 689, 1), 

f e-r^'dx = ^g-i, y>0. (1 

Jo 2 

Let 

fora:>0; 

= 0, for X = 0. 

Then 

•"= f > f ^ X’ ^ " 

since the integral on the right is convergent, by 646. We can invert the order of 
integration here, by 680, 1. For, f(xg) is continuous in = (OooOoo), except on 
the line x=:0. It has, moreover, no point of infinite discontinuity in S. The 
integral 

f',, r«smM, 

I fdx=\ — -^dx 
Jo ■ Jo e*'i' 

is uniformly convergent in any (0, p) except at y = 0. The integral 


»»■ 


is uniformly convergent in any (0, ft), except at x = 0. Finally, 




is uniformly convergent in SB. For 


J>«[. 


x-siny + cos v iy 

(l + x’)e'’» Jo 


T'_ f” dx f’^x-siny + cosy .p. 

^-Jo dz-Tr-Y,. 

Here Jj is uniformly convergent in SB, since it is independent o! y. Xiicetrise 
is uniformly convoggent, since its integrand is numerically 


Tims all the conditions of 680, 1 being fulfilled, we can invert the order of inte- 
gration in 2), which gives 

_ p dx 
Jo l-(-X*’ 

as is seen from S), on passing to the limit y = oo. But 

f” - dx _r 1 _ T 

Jo l-f.2:4 4sinir/4 


(4 
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RsFIVlTE ISTEB\AL OF INTEGRATIOV 


Thu by 2) t) girea 


> ^ V 


(5 


If ijuUad of mnJupIying 1} bysttf « 

fOt by the tame reasosing 

> Vf 


' bad mnluplied by eo*y 


we would tuTe 


(« 


Tbe integrals 0) 0} ue known ss /Wstirr* fsfeprob They occur in the Theory 
of Light. 

Ifwesetysx* these integral* gite 

Jl* ala **di — ^ tea **dr = jV»/i 


691 1 Let 01 show that S.oke a Integral 


aatlsfie* the reUtioo 


S -*>>*« 

£5+'.j.o 

dy« 8' 


(1 

(a 


Thu tact vni enable u to coopiue 5 by aeaoa of aa Infinite aetln. 
V* ban Is the fine place 

■«* 

by 603 2 1 ee« the Integral 3) u on fonoly eoarei^et io any S e (u, ^ 
In fact 0* ng tbe truafonoai oo of the ninable employed m 667 


we bare 

B t 


r) 

eoneapond ng ralnes in 0) 

si— »> 


(8 

(* 


W* CIO now apply 661 I rtplac ng x io that Ibeorem by »i. Thns Iher* eusU 
a c« sneh that __ 


Bat then the relation 4} ahowa tbattheiwexUta a ^auch that 
j a o (*• - ar)<fc j < « 

lor any b'^S and for any y in Q Hence the Integral S) ta nniformly coarergent. 
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To find the second derivatire of S, we cannot apply 083 to the integral 3). For 

X- cos (a? — xy)dx 

is not even convergent, as we saw 057. 

We may, however, apply 684, 2. In fact, 

f * 1 = cos (i^ _ xy^dx — f * ~ ^ cos (i* — xy)dx + ^ Pcos (if — xy)dx 

Jo J*^ o « vO 

= i [sin - a:y)]J + Y 

= } sin (6’ — hy) + T. 

But 

t COS (i* — xy^dx 

is uniformly convergent, as we saw 003, 7. 

On the other hand, ' 

(■'sin (6» - by)dy = cos (6^ - 6.v) - cos _ (6^ 

Ja 0 

which = 0 as h = CO. Thus 084, 2 gives 

jc sin (x^ — xy)dx c’os (x^ — (S 

From 1), 3), 5) we have 2). 

2. Before leaving this subject, let us show the uniform convergence of the inte- 
gral 3), by another method. 

From the identity ^ ^ 3*1:^ , g 8x1^ , jii 
3x '^3 3x5 "^9x3’ 

we have 

r xsin(x’-xy)rfx=: f ~ ^ sin (x^ - xy)dx + § C" sin (x> ~ xy)dx 

o Z oJftoJC® 

^|J^”sinX^^^^ = + Ta -f r,. 

Obviously 7s is uniformly convergent by 600, 2. 

That 7i is uniformly convergent, was shown in 003, 0. That Ts is uniformly 
convergent, follows from 601, 2 ; since Tj is uniformly convergent. 


Elenicniary Properties of B(w, v), r(t{) 


692 . 1 . Ill 641 we satv 

B(ti, h) = r 

•'o 


~^dx 


a + xy 


a 


is a one-valued function whose domain of definition is the first 
quadrant in the u-, u-plane, points on the w-, v-axes excepted. 
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INFIMTE INTERVAL OF INTFGRATIOV 


rw-X"''*"' 


ts a one valued function whose domain of dednition is the positive 
half of the « axis the ongfiD exeepted We wish to deduce here 
a few of the elementary properties of these functions 

2 By a change of \anab)e the integrals 1). 2) take on various 
forms Thus m 1) set 


B(u.o)*jrV '(l-y)’ ’rfy 

B(n, ’* 


In 3) let US set y >■ sin^d we get 


B(tt 2^**8111** ’dcos** 


r(«)-X'losQ' Vy 


S We establish now a few relations for the B functions In 
the first place the comparison of 3) 4) gives 

B(«r) = B(e«) (7 

which shows that B is symmetric in both its arguments 
As addition formula we have the three followin" 8) 9) 10) 

B(« + l v) + B(« o + l)=H(w V) (8 

For, y.i 

B(« v) = ’(I — *)• (l~z + £)dx 

=J’ 3f(t—xy '<ff+ J" x' '(l—xydx 
vB(u + l v)s;iiB(« r+1) 


which 18 8) 


(9 
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For, /’i 

B(w + 1 , v) = J a:"(l — xy~^dx ; 

integrating by parts, ^ v — x:ydx 


whioli is 9). ^ 


From 8), 9) we have 



B(«,rO = " + " 

V 

B(7/, V + 1) = B(7t + 1, v). 

u 

(10 

We can show now that B(76, 7t) = B(72, u) is a r.ational function 

XI, viz. : 

B(7t, 1) = 1/w. 

(11 

B(ti, 72) = i 
22, 

1 2 7!-l 

(12 

1/ + 1 It + 2 M + 71 — 1 

For, ^ 

B(u, 1) = j 

•Ji) 

L«Jo w 



wliicli proves 11). From this we get 12), using 10). 

4. We establish now a few relations for the F function. 


Tiji + 1) = Mr(«). (13 

For, integrating by parts, 


r('!< + l)= f x'‘e ^dx = ^ — e +uf e ^x'‘~^dx 
«^o 1 Jo *^o 

= M ) e~^x''~^dx. 

''O 

r(i)=i. 

r(l)=J^”e-'(fx=|^-e-^J =1. 

From 13), 14), we get 


We observe next that 
For, 


r(7< 4 - 71 )= + 1 ) ••• (k + — i)r(tt); 

and tliis trives 

^ rOO=l .2-3-..7l-l = 7!-l!, 

on replacing n by 7i — 1 and u by 1. 


(14 


(15 

(16 
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INTINITE INTERVAL OF INTEGRATION 


A fomnlfl occasionally naefal u 


a* r(w>" 


It IS obtained from 2) by replacing by ax. 

5 The r function is contmooua for any tt>0 This foUows 
from 669, 1 and 663, Ex 1 
The derivative is given by 


logsd*. «>0. 


This follows from 683, 2 Similarly 


r"(«) « V* log® xdi, « > 0 . 


We can now get a good idea of the graph of r(u) In factt the 
expression 2) shows that r(t()>0 for all w>0 
From , , 

*S, 

From 13) we see that 


From 19) we see that r"iw)>0, and hence the graph of r(u) 
IS concave 

Since r(l) s= r(2), the curve has a minimum between 1 and 2 
Its value IS 


6 IVe establish now the rmpoiiant relation connecting the B 
and r functions, , 

From IT) we have 


( 1 +y)*^' r(«+»). 
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Hence by 1) 

We may invert the order of integration, by 680, 3. 

For, in the first place 

A^2/')= 

is continuous in i2 = (0oo0»), except on the lines a; = 0, y = 0. 
Secondl}^ 

is uniformly convergent in any («, /9), a > 0, by 663, Ex. 1. 
Thirdly, 


is uniformly convergent in anj-^ (a, 6), a > 0. 
Finally, 

exists. For in 




^ -Jo 

seta;y=(, a:>0. Then 

Y= e-'V‘-Ht 

Hence for a > 0, 

La =J' dxj' fdy = r(«)J^ e~^x'^~'^dx. 


Hence 


lim f e~V~^dx = T(v). 

a=0 *^a 

L= lim La — r(M)r(v). 


Thus all the conditions of 680, 3 being fulfilled, we have L =S!. 
From 21), 22), we have 18). 



CHAPTEH XVI 


UnitlPIE PROPER nriECRALS 

J^otatton 

693 I Iq Chapters XII and XIII the theory of proper inte- 
grals of functions of one -vaTiaWc was developed We now take 
up the corresponding theory with reference to functions of several 
variables 

2 We begin b> explaiumg a notation which we shall system 
Btically employ in the following and which is similar to that used 
in the earlier chapters 

I ee S be a Umited point aggregate in an n way space fl!. Let 
fC^\ *m) or as we shall often wnte lU/C^') be a limited func 
tioa dedoed over Let us effect a rectangular division D of 
space of norm d To simplify matters, we shall suppose d is not 
taken lai^er than some arbitrarily large but iized number Those 
cells which contain points of 9 ns well as their volumes wiU be 
denoted by d, dj or by n siniilar notation Let jV m be the 
maximum and minimutn of/(:r) in d We shall set 

Behind Sg^'S.mi (1 

It eoiaeUmes happens that we are considering points of two or 
more aggregates % 58 Then we shall wnte 

where the subscript indicates that the eums 1) are taken over the 
aggregates % <5 respectively 

3 We shall denote the maziiDam and minimum of / m St by 
M and m respectively The greater of Id/'j and |j7i| we shall 
denote by F so that 
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4. The oscillation of /(a;^ — x„') in the cell is 


The sum 


= ilf, — 771.. 


^ 0 /= = So — Sj} 


is the oscillatory sum of f for the division D. 


Upper and Lower Integrals 


694. The sums form a limited aggregate, I> representing 

any division of norm <dQ-, moreover 


For 

Hence 


or 


Sg^Sj). 

m<m,<M^<M. 

"^md^ < 27?!.(7, < Silf.rf, < IMdg 

m^d^ < Sg< Sg^JUr^d^. 


(1 


Since 3t is limited, the cells are all contained in some cube. 
Hence Sd. is less than some fixed number, and the theorem follows 
at once from 1). 


695. 1. Let f(x^, in 31. Let 1) and A be any ttco rec- 

tangular divisiojis of space. Let L be the division of space formed 
by superimposing the division A 071 J), or 7vhat is the same, the divi- 
sion jD 071 A. Thc7i 

SE<Sg, Se<&\. 


For, let d. be one of the cells of J) whicli is subdivided, on super- 
imposing A. 

Let , , 


“',3, 


denote the cells of JE in cf. containing points of 31. Then, to the 
term in Sg, corresponds the term 


in Sg. But 




Hence 
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ilLLTXPLE PROPER I\ fEOKALS 


2 Sin)i3.<r reasoning s>>ow9 tbst 

O?o*«a, 

Sn^St, 

696 1 x^'^^hehmiUdxni'helmxied. aggregated. 


•eith reiptct io all reetanpular diPiiii>ni D Then 

hm 6|, *= A (1 

Let us emploj ilie griphicat i eprosentatjon of 2S1 The points 
of S{ lie in a cert iin cube G >f edge C I he representation of C « 
foimetl of w segments G| G«, «« the », t„ ixes \V« alitll 
8Upp xe G tttXeii so taige Ui it no coordimte of an; point nf 9( is 
at a distai) < - ends of these eegments This insures 

thst t)ie I**)! f of an) D of norm <<f, lie >viihin G, and therefore 
that Srf < C“ 

bince 5 IS the nimnnani of .il) there exists for each <>0 a 
division A, such that 

S^St>S + e/2 (2 

Let ^ be an arbitrarjr division Let us supennipose A on D, 
forming i division E 

The division E w formed by interpolating certain points, let us 
sa; at most n point« in each of the segments Gj G^ The inter- 
polation of one of these points may be interpreted as passing a 
plane parillel to one of the sides of 6 Its effect is to subdivide 
certain of the cells of G The volume of the cells ao affected la 

<dO I 

Hence the aupenrapositioa of A on 1? being equivalent to pass- 
ing at most mu planes paraUd to the sides of G, affects cells of G 
belonging to the original division whose volume 




(8 
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Let A subdivide d,, a cell of D containing points of 21, into the 
cells ^ 1 

“til 

containing points of 21, and into the cells 

Sn, S,,- 

containing no point of 21. 

= SiV.rf. + E; + E, 

t tic 

•n'here E denotes the sum of those terms common to Sj, and 
corresponding to cells of E unaffected b)' the division A. 

tic tic 

PTpnpp 

tK tK 

Therefore 

KM , + 

<F^d„ + F2B„ = FV 
KmndFC”'', by 3). 


If we take 
we have 


d’<- 


or 


2mfiFC”'-'^' 

Sp<SE + e/2, for any (f <cfL 
But regarding, as formed by superimposing E on A, 

Hence 2_), 43, 5) give 

S < Sp < + e/2 < A" -j- e j 

0<Sp-S<€, 


(4 

(5 


which proves 1). 

2. A similar line of reasoning shows: 

Let f(x^ ... xj <0 be limited in the limited aggregate 21. Let 

S = Max Sp, 

with respect to all rectangular divisions E. Then 

lim Sp= S. 

<t=0 
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MULTIPLE PROPER IRTH.KALS 


697 Zetf(x^ 
fhe Umtii 


xj) he limited tn the limited aggregate 3} 
Itm ^ hm t>s 


exitt and are finite 

Let us take e > 0 so large that 


Then 


IS positive Let M, 2^, be respectively tbe isaxtma of f and g in 
the cell d Olivioualv, 

2f-=3T + e 


Vie have seen in 696 1 that 

lim SA’rf Um S«f 

exist Hence 

lira Sifd =hm 5(iV' — c)if 

«lim — lim 2«f, 

exists and is finite 
To show that 

esvsU and is finite, we introduce the auxiliary function 
and determine e>0 so la^e that h is always negative in JT 


698 The limits S S whose existence wis established in 69T 
are called the loicrr and upper tnUgrah t>/ f(x^ *„) over lA« 


field % They are 

denoted respectively 

hy 





T^^dxt 







a 



T„')dXf 



When the lower 

and upper integral 

s 1) are 

equal, w 

e denote 

their common value by 




X/<'. 


9‘„)dr, 

dj:„, 

<2 
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it is called the integral of f over the field 31. In this case 
— is said to be integrahle in 91. We also say the inte- 
gral 2) exists. 

Tlie integrals 1), 2) are called m-tnple or multiple integrals. 

699. 1. Let f(x^ ••• xf) he limited and integrahle in the limited 
field 91. Let L he any rectangidar division of norm d, and any 
point of 5( hi the cell d^. Then 

lim 2/(|.X= £/^3I- (1 

*=9 

Conversely, if this limit exists, hoicever the L's and f’s he chosen, 
the upper aiid lower integrals of f are equal, and f is integrahle. 


For, 



Hence 

2771,(7, < 2/(^,)(7, < 2ilf,(Z,. 

C2 

As 

lim tm,d,=^ f, 

SCSI 



lim W.-X 



are equal, we get 1) on passing to the limit = 0 in 2). 

The reader will observe that this reasoning is precisely similar 
to the first half of the demonstration in 493. The second half of 
our theorem is proved b}' a reasoning exactly similar to the second 
half of the demonstration of 493. Instead of the interval h— a, 
we have here a cube of volume C"'. 

2. The theorem 1 shows us that we may tahe 
lim 

when it exists as a second definition of the integral of f over 91. 

700. 1. The theorems of 495, 496, 497, and 498 may now be 
extended without trouble to functions of several variables. For 
convenience of reference we restate them here for tliis general 
case. 
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MLLTIPLr rSOPEB INTFORALS 


2 la order that the bmtUd fttmetion f(^t^ a".) he tntegralU xn 

tht lixnxted field 2t, »t t* mttttar^ and mfiieient (hat the oteillatori/ 
turn Da/ = 0 <J* the normt of the divtnont D eonterge to 0 

S If the limited function f(ti r«) U integrahle oxer the liMited 
field la xntegr ibU orer ang partial field of 21 

4 In order that the limited fanction /(Zi he tntegralle in 

the limited fiell xl ti neeeuarp a id eufixment that fur each f >0 
there etnU a dirition J> for tehieh the otetllatorg turn 

5 Til order flat the hmxled fixieti/tix f(x^ le xattgralle iii 

the lintiltd field it nrmaarjr an I iufiieHJit (hat for eaeh pair 
of pot tire numbert oi tr there exitlt a dicuion l> inch that the turn 
of the eellt of Dxn the oeeillation off it >w, ti <<r 

tXAXfttS 

701. 1 L«t 1 be t)i« (0 ) 0 1) 

Let (orx OTflrroUenot, 

-* /orx-" B) Hretaiiriprime ynitoail. 

Tb«n/i« latefnlle bj no ( For / te > * on); an ibe linns — 1 i ) { { 
{ i { t { ilie deBominiton of (be (nnions be sg On eacb of these 
luiee the •nciUuion u> a ; i itte totetral a > ' On all other I ae» (be oMiSlatiOD 
■s Obrloosly there exists (or each # a diets oa fSr Kh ch (he sum ot (he 

tqosres in which the oecillauon is u <e and the integral is zero 

2 Let S embrarc the points z ; o( ibe square (0101) lor wh ch z is rational, 

let /(x. r) ~ * toe a — " m, w teladee prune 

Then/isulegnMe in S, as tlie shove csampie sboira 

Content of Poatl Aggregates 

702 1 We extend now the notion of content etc , considered 
in ol4 seq to liinjted aggregates in S. Let us effect a rectan 
g jlar diTision of space of norm S Let 
dt. 
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be those cells containing at least one point of the limited aggre- 

i,, ... 


denote those cells, all of %yhose points lie in SI. 

Then (he limits 

31 = lim ^ = lim Srf' (1 

CJ-hf, and are finite. 

For, let us introduce the auxiliary function /(a:j •• 2 :„), whose 
value shall be 0 in 9{,„, except at the points of 31, where its value 
is 1. Then, using the notation and results of the previous articles, 
we have : 

But by 697, 

lim 31/), lim 

5=0 5=0 

exist, and are finite. 


2. The numbers 3(, 31 are called the upper and lotver content of 31 
We have thus : 

3l=jifd3t, 3I=J/d3l. 

When 31 = 31, their common value is called the content of 31. 
We denote it by 

Cont 31, 

or when no ambiguity arises, by 31. 

To be more explicit it is often convenient to set 

3l = C6ht3[, 31= Cont 31. 

A limited aggregate having content is measurable. 

Thus, when 3t is measurable, 

Cont 31= ffdSl. 

The content of a measurable aggregate in Slj is ealled its area; 
in Svj the content is called volume. We shall also use the term 
volume in this sense, when m > 3. 
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S As immediate conseqaenee o£ the reasoning of 1, we have . 
^ie a partial aggregate 8 then 

703 By the aid of the anxiliaty function employed in 702 
we can state at once critena m order tliat % is tneasurable 

1 Tor SI to be meaeuraile, tt u tteeetearg and euffinent that the 
turn of the eellt eontaimnq both poinl* a/ H and pointi not i/i 21 con 
verge to 0, ai twnr of the divinon ==0 

This follows from 700, 2 

2 In order tAat 8 fie nrasurafife. t( is neee»i«ry and ev^eieni 
that for eaih «> 0, there enite a dtvtnon »teh that the turn of the 
eelle embracing both point* of 8 and not«f%tt<f 

This follows from 700, 4 


Frontier Points 


7 M 1 The frontier 3 tif ang aggregate 8 »» complete. 

Foe, let p be a hmitmg point of 3 

Then in any D|*(p), there are points of 3 H f is such a point, 
there are points not belonging to 8 *n any We may take 

17 so small that i>, lies m Hence p is a frontier point of 8 
2 Let 8 and ffl be two point aggregates Let 


i7«Di9t <*, i/)«V(»i-jf7y+ 

be the dietance between a point « of 8 and a point y of ^ Let b 
be the minimum of D as w runs over 8, and y runs over 0 Then 
finite We say fi is the distance of 8 /re>w» 0 , and 
™*° s-Diit(a,a) 


In certain ca^es, 8 may reduce to a single point a 
3 ^ 8 0 ore limited and compile, there 11 a point a in 8, and 
a point b in 0, tuoh that 

Di8t(a,fi)=*D»t(8 0 ) 

If Ihet (8, 0) > 0, the tvso potnti «, fi are frontier pointe 
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For, we may regard y-^ — Vm J's the coordinates of a 

point z in a 2m-\vay space Siom- form an aggregate 6 whose 

points z are obtained by associating with each x of 31, every y of 
33. Tlien the domain of definition of Dist (a:, y') in 2, considered 
as a function of 2 ot variables, is precisely E. To represent E we 
may employ 2 m axes, as in 231. Obviously E is limited and com- 
plete, since 31 and ® are. 

Then by 2(59, 2, there exists a point (^i hy • • 6^) in E, at 
which D takes on its minimum value. Then 

a = (ai ••• a„.), 6 = (6i — 6„) 

are the points whose existence was to be proved. 

The points a, h lire frontier points of 31 and 33 respectively. For, 
if they were inner points, the distance between D^Qa) and 

equals (a, 5) - 2 S < Dist (a, J). 

4. Let S he a partial aggregate of ST. If the distance between 
the frontiers of 31 and 33 is not 0, we say 38 is an inner partial 
aggregate of 31 ; also 31 is an outer aggregate of 38. 

Discrete Aggregates 

705. 1. Definition. An aggregate of content 0 is discrete. 
Obnously,if Cont3l=0, 

SI is discrete. 

2, Every limited point aggregate of the first species is discrete. 
Let SI embrace at first, only a finite number of points, say n points. 
Let us effect a cubical division of space of norm 



such that the points of 31 lie within their respective cells. Then 
the sum of the cells containing the points 31 is 

■£,v^<nS^<e. 

Thus 31 is discrete, and the theorem is true for aggregates oi 
order 0. Let us therefore assume the theorem is true for aggre- 
gates of order n — 1 and show it is true for order n. 
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B} 265, 9'** enibrdcea only a finite number of points, say 

aj. A, a, 

5Ve can, as just seen, inclose these within cells of total volume 
<e/2 The points of 9 not in the^ cells form an aggregate S 
of order n — 1 By hypothesis wc can effect a division of space, 
M\ch that the total volnine of the cells containing both points of 
SS and not of S) la < t/2 Thus tlie divi-ion formed by sopenm 
posing these two ditisions is such ttiat the volume of tbe cells 
containing both points of 9 ind not of 9 is <€ 

706 Zjft 9 2< a agjrtgate irhose fronfter p0<nU 5 form a 

ditmte agjrfgatt Thtu 9 i» meaturabU 

bur using the notation of <02 the volume of tliose cells of a 
dmston D containing both points of 9 and not of 9. » 

where is tbe lotume of those cells conUimog at least apoint 
of Q But, as Q IS discrete, 

do^o 

Hence, by 703, 1, 9 is measurable 

707 1 I^t 91. be an in nay space Let os give certain of the 

coordmites of fined values b'or example, let 

x>.i=* 1,4.1 a’*=a« The aggregate of points rs=(ari, *•, a^^.„ 

'!«) may be regarded as constituting a p traj gpace, 51, fyiny 
in The point x when considered as belonging to 5?, may be 
denoted more shortly bv * = z,) 

2 Let %he a limited aggregate Igwg in 51, LT tte comtder 9 at 
lying in an m iray tpaee m>p, it tt diterete 

toi, let 9 tie la a cube C.of volume C in 81,, so large that none 
of the points of 9 come indefuiUely neat the sides of C Then the 
upper content of 9 relative to 31,. is <C We can effect a division 
2) of 9J„ of norm d such that the points of 9 lie within the cells of 
2) Then tbe volume of all the cells containing points of 9 is less 


which converges to 0, with <f 
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708. 1. Let y=/(^i, ••• s'm) defined over an aggregate 31. 
Let a: = (a-i, - 3-„), »' = + be two points of 31. 

The increment that / receives when x passes to x' we have denoted 
by A/. Let us set 

Az =: Dist (z, a/) = V/i/ d h 

and call 

the total difference quotient of /. The point a/ may or may not be 
restricted to remain near x ; if so, it will be stated. 


2. Zet the limited functions 


Hi =/iC^i’ ••• — Vn =f«.(.^v n^m+p>m 


have limited total difference quotients in the limited discrete aggre- 
gate 31. Then 58, the y-iniage ^31, is also discrete. 


For, let us effect a cubical division of the z-space of norm d. 
Since the difference quotients are limited in 31, there exists a 
fixed (r, such that 

|A/.l<d(?, 1 = 1,2, ...n, 


as z ranges over any one of the cells d. of Z. Hence each coordi- 
nate y, remains in an interval of length < dG- as z ranges over the 
points of 31 in d,. Therefore y = (yj, ••• y„) remains within a cube 
of volume d'‘ff”. Hence the points of 53 have an upper content 


As lim Slz) = 0, 


< Sd'’6r” = d>’G”'S.d”' = d^G^”3ln. 
s a 

Cont 53 = 0. 


3. As a corollary of 2 we have : 

In the region R let 

l/l =fl(lv - "• =fn(lv - *«) « 

have limited first partial derivatives. 

Let 31 he a Ihnited inner discrete aggregate. Then SS, the image 
of% is discrete. 
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4 i«£ the limited funetion* 

*«)» y. =/»(*>’ n = Tn+p>m 

have I mited total difference quotiente tn the limited agjregate 3, 
except at potnU of a diterete aggregate A Jn the eellt of any euiical 
dimion of norm d<d^ let at leaet tn of thete difference quotienU 
remain limited Then the image S of ^ it diierete 

I' or, consider one of the cells d containing a point of A At 
least m of the coordinates of a point y remain m intervals of length 

<ad 

All we can say of the other coordinates of y is that they remain 
in intervals of length 21’ where » 1. 2, n Thus the 

image of the points of S( in the cells d has an upper content 

<r(ffd)"(2i')'« 0 * f/2, 

if dg IS taken small enough 
The content of the image of the other cells d, is 

As p 5 1, we can take d^ sufficiently email, so that the content of 
these cells is <</2 

109 An important class of discrete aggregates is connected 
with functions having limited variation, which we now define 
C{ 509 seq 

limited in the limited aggregate 21 Let D 
be a cubical division of space of norm <f <</, Let the oscillation 
of f in the cell d, be a>. If there exists a number Si such that 

(1 

however D is chosen, we say that/(*, x_) ho* limited tanoUm 
in 21 , otherwise it has vnlimited vanabon 
From 1) we have 
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710. Let the limited functions 

111 =/i(*i - *m) - yn-i =/n-i(a;i - ^m) n = m + p>m 
have limited total difference quotients in the limited aggregate 21. 

have limited variation in 2t. As x = (x^ ranges over 21, let 

y = (_yj ... gf) range over ©• Then © is discrete. 

For. let us effect a division of the x-space of norm d. Then 
l/y ■■■ ^n-i remain in intervals of length <dGr as x ranges over the 
points of 2t in one of the cells d,. Thus if co^ is the oscillation of 
f„ in d,, the point y remains in a cube of volume 

when X ranges in d^. Thus the upper content of 13 is 

by 709, 2). 

As this converges to 0 as d = 0, is discrete. 

Properties of Content 

711. 1. Let 21 be a limited aggregate. With the points of 21 
let us form the partial aggregates 2li, ••• 21„ such that tlie aggre- 
gate of the common points, or of the common frontier points, of 
any two of these aggregates is discrete. We shall say that we 
have divided 21 into the unmixed aggregates 21i, ••• 21,. Also, 21 is 
the union of 21j, ••• 21,. 

2. Let the limited aggregate 21 be divided in the unmixed aggre- 
gates 21i, 21,, — 21,. Then 

S = + + y = 111 21,. 

For, let JD be a rectangular division of norm S. Let be 
the volume of all those cells of D which contain points of more 
than one of the aggregates 21i. •••21,. Let 21,,/, be the volume of 
those cells containing points of 21,, i = 1, 2, s. Then 
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Now, by hypothesis, , =■ « 

Iim Ba = 0 

Hence passing to the limit in 1) «« get 

a'SIi+ +% 

The other half of the theorem u similtrly proved 

3 ^ tie aggregate 31 ran he Jtvided mto the tneaturahle unmixed 
aggregate! SI^ SI, it U ntemurahle and 

Cent 3( = Com a, + + Cent S, 

This follows Hi corollary of i 

4 i«t he limited aggregate! uhete frontier! are dtierete 

Let SI b« the union qf the!e aggregate! Then SI ii meaturaile and 

Coni SI - Com a, + + Cont a, 

I Of we may divide a into S , a anil tl ese Uttc aggregates 
are unmixed by hypothesis fhe aggregates 31] a, me also 
measurable by 706 

712 1 Connected with any limited complete aggregate SI of 
upper content SI >0 u ao aggregate 58 obtained from SC bj a prt 
eeu qf nfting as follows 

Let D^ be a set of rectangular diMsions of space, each 

formed from the preceding bj superimposing a rectangular din 
Sion on It Let the norms of these divisions converge to 0 

The division D^ effects a division of SI into nnmixed partial 
aggregates Let SI] denote those partial aggregates whose upper 
content is > 0 Then by 711 2 = SI 

Similarly the division 2), defines a partial aggregate of SIj and 
hence of SI such that SI, = 81 etc Let us consider the cells of 
which contain points of 51, As these cells diminish in 

size, and in the limit define a set of points S The upper content 
of the points of SI in the domam of any point of S js > 0 Thus 
each point of S is a limiting point of SI and hence a point of SI 
We shall prove, moreover, that 18 is perfect. 
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For, suppose h were an isolated point of Let 0 be a cube 
whose center is 5 and whose volume is small at pleasure. Let a 
be the points of 31 in O. Let us divide (7 into smaller cubes, sa}' 

of volume -n. The points of 21 in at least 7i of these new cells 
n 

must have an upper content > 0. Thus there are other points of 

in Q besides h. Hence 23 has no isolated points. To show 
that S is complete, let yS be a limiting point of 23 ; it is therefore 
a point of 21. The upper content of the points of 21 in any domain 
of is > 0. /S will therefore lie in one of the cells of D„, n = 1, 
2, •••. Hence it is a point of SQ. 

Finally, _ _ 

21 = 23. 

For, any cell of i)„ which contains a point of 23 contains a point 
of 2l„, and conversely any cell which contains a point of 21n con- 
tains a point of 23, or is at least adjacent to such a cell. 

2. The aggregate 23 may be called the si/ied aggregate of 21. 

713. 1. We shall find it useful to extend the terms cells., division 
of space into cells, etc., as follows : 

Let us suppose the points of any aggregate 21, which may be 
9i„, itself, arranged in partial aggregates which we shall call cells, 
and which have the following properties : 

1°. There are only a finite number of cells in a limited portion 
of space. 

2°. Tlie frontier of each cell is discrete. 

3°. Each cell lies in a cube of side ^ S. 

4°. Points common to two or more cells must lie on the frontier 
of these cells. 

We shall call this a division of^ of norm S. 

2. Lot A be such a division of space. Let 21 be a limited aggre- 
gate. As in 702, 2(^ maj'- denote tlie content of all the cells of A 
which contain at least one point of 21 ; while may denote the 
content of those cells all of whose points lie in 21. 
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3 Ltt 81 he an aggregate «f (Xrtain e/ theee cell*, Slj, H, 

Then 81 u neaturable, and 

Coat a = Cont 8li + + Coot H, 

This IS a corollary of 711i S 


714 Let %le a brntted point aggregate, and ^ a dmnon of tpaee 
0^ norm S, not neeettarxlg a reetaugular dintion Then 

Umta>=a, lira«4=.a (1 


Let OS prove the first half of 1). the other half u similarly 
established 

For each «>0 there exists a cubical division J> of nonn <f such 

a<«.<a+</2- (2 


Let D' be asetber cubical division of somi d' 

Let denote the volume of all those cubes coDtaiamg points 
of IVe can choose <f so small that 


Then 2) gives 




(S 


Let & be any dmaion of space, not necessarily cubical, of norm 

S<id 

Then Si contains cverv point of tt. and w a part of 58^, since 
the distance of 81 to is ^ <f Hence, by "02, 3, and 713, 3, 


This gives with 3^ 
for any S^^d' 


S<8J^<Srr 


715 1 Let 81 be a limited aggregate If 8t is not let 

us add to It Its lacking limiting points The resultiag aggregate 
may be cille 1 the completed atgregate o/^ 

A hmiUd eg<}rega(e 81, <»"<< st* eontpleUd aggregate 18, have the 
same upper eonfent 
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For, let us effect a rectangular division D of norm d. The cells 
containing points of 53 fall in two classes: 1°, those cells dy,--- 
containing points of 31; 2°, those cells Cj, Cj, containing no point 
of 3(. Each of these latter cells, as is contiguous to at least one 
cell d^. If e„ ••• are contiguous to we will join them to to 
form a new cell S^, in such a way that each e-cell has been joined 
to some one d-cell. 

The cells Sj, ••• together with the cells dj, dj, which remain 
unchanged by this process of consolidation, define a division A 
of the kind considered in 713. The norm 3 of this division is 
evanescent with d. 

Now, for the division A, 

1a = Sa- 

By 714, the left side = 31. Hence 

53 = 1 . 


2. The lotver contents 1, ^ do not need to be equal. 

For example, let 3t = rational points in the interval d'=:(0, 1). 
Then 53 = d”, 

31 = 0, 53 = 1. 


3. Let 31 he measurable. Then SI, and its completed aggregate iS. 
have the same content. 

For, we have just seen that 

5l = f = S. Q 

On the other hand, every inner point of 31 is an inner point 
of 53. Hence 

Hence, passing to the limit, 

SI = i<S<S. (2 


Hence 1), 2) give 


91 = 53 = 
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4 ^ 2t II ntfamraWi, tht «mf«t «/ 91 and ifi <9€ntatire ?[' art 
equal 

Far, let S3 be the completed a^regate of 8 Since every inner 
point of % w an inner point of 8', and eiety point of 8' is in ^ 
we liare for any cubical diiision 2>, of norm d, 

Pacsing to tbe limit d sO, tins giies, i>ince 8 is measurable> 

(3 

But,bj3, a = S Hence 3) gi ICS 

8 - 3 ' =«' 


716 Let 8 6# a hmited aggregate tehote upper content tt St. Let 
SQit a partial aggregate d<p<n<fin^ on u ineA cAat 

Uni $ - 8 


Let L he a rertangular dmnon of norm d Then for each e> 0 
fAcrc ezitU a pair of numbert «,. d^ nch that 

tCo-S. p<c (1 


fifr any 0 <u<Uq 0<d<d^ 

a-f/ 2 <», 

■«/2<S,<S, »<aj,<8 + €/2. 


For, if d^dg, 
and, if u< iij. 
But 

Thus s 


which establishes 1) 


Plane and Pectdinear Seetuius of an Aggregate 

717 1 Let a be an aggregate in 3t» As^ — (r, ranges 
over 8 r, will range over an aggregate on the z, asis, which we 
call the projection of'^ on th>* axte 
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The points of 9Jn, for wliicb one of the coordinates as has a 
fixed value lie in an tk — 1 wa}- plane, which we shall say 

is perpendicular to the x^-axis. We may denote it by or more 
shortljs by P,. The points of 21 in P, form a plane section of 21 
corresponding to the point in j., which we denote by or 
We also say is a plane section of % perpendicular to the x^~axis. 

2. As a:= (Pi — xf) ranges over the points of 21, the point 

(arj, ••• 0, 2 ;,+i, ••• xf) ranges over an aggregate in the plane 

j-^r= 0, which may be called the m — 1 wag plane H, of the axes per- 
pendicular to X,. We call the projection o/2l on 11,. 

3. Let us fix all the coordinates of a- = (otj xf), except a:,. 
Then x describes a right line parallel to the x^-axis. Let a, denote 
the points of 21 on one of these lines. We shall call it a rectilinear 
section of 21, parallel to the x-axis. 

4. Let 21 be limited and complete. Then the ijl, and the a,, also 
the j,‘, and X,, are complete. 

Let us show that the ip, are complete. Let p be a limiting point 
in one of the T,. Let ,, 

Pv Ps - (1 

be a sequence of points in this plane which =p. Then 1) is a 
sequence in 21, and as 21 is complete, p lies in 21, and hence in ip,. 

Let us show that is complete. In fact, let q be one of its 
limiting points. Let q^, ••• be a sequence in f, which =y. In 

each plane section ip,^, take a point r„. 

This gives a sequence 

rj, rj — 

whose limiting points lie in 21, since 21 is complete. Moreover, the 
projection of these limiting points is q. 

718. 1. Let 21 6e a measurable aggregate. 

Let jy denote those points of f,, for lohich the upper content of the 
frontier points of ip, is ^ o-. Then f,, is discrete. 

For, let us effect a cubical division P of of norm d. This 
effects also a division of norm d of the a:,-axis. Let f?o ••• denote 
those intervals on this axis, embracing at least one point for which 
the frontier points of the corresponding plane section have upper 
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content >it H 3a denote Use Tolumo of those cells oontaimng 
frontier points 3 of H, ire have 

for any 2> 

Let d = 0 As 9 IS mcaswiaMe, 

<rCo5tr,=*0 

As<r>0, Co5ti,=s0 

2 In a similar manner we prove 

litt X, dinote tho$e po\nt* oj the projection of the neaiuraile aggre 
gate H on tAe plane e = 0 for trhteh the content of the frontier pomte 
on the eorretpemding reetiUnear teelion* i» > e Then X, it duerete 

3 Let j i« tA« projection of <Ae ntatiiTahle tggrtgatt 8 on tA< 
z axu Lit Lie a dtcuionof^^ of norm d Lelfi /j denote 
thoie infrmif* on the z <iru containing frontier pointi of | Let 
7>0 «’>0 i« taien <maff ac pfeattire Iff] /J denote (Xom 
/ intervale containing point* qf p for irAieA fAe upper content tf the 
eorreeponding plane eeetwn* ^ « > y tee can take to tmall that 

d<d^ 

Tot 10 the cootrarj case, the upper content ^ of the frostier 
points of a IS 

But a being measurable, 3 => 0, which contradicts 

Classes InXegrtMt i^ncfions 

719 1 Let f{Xj he eonUnitov* at the hmitiTig poiTii* of the 

limited complete field tl Thenftetntegrailetn% 

For reasoning similar to that of 3o2 shows that we can effect a 
cnbical division 2), such that the oscillation of / in each cell of 2> 
containing points of 8 is <« Then by TOO, 4 /is sntegrable 

2 In the limited complete aggregate 8 let the limited function 
f(z, x-\ le rantinuous, exeept lit the points of a disereU agorfoate 
S ThenfaintegralleinU 

Since S IS discrete, there exists a cnbical division 2) auch that 
the volume of those cells contaimng points of is < e 
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Let denote those cells which contain points of 31, but do not 
contain points of 35. Since f is continuous in Ga, we can effect a 
cubical divisiofi D' of G/), such that the oscillation of / in any cell 
of D’ is < CO. 

Then by 700, 4, /is integrable in 31. 

3. Let /(a^j ••• a:„) have limited variation in the limited field 31- 
Then f is integrable in 31. 

fl^/ = 

<d5>, by 709, 2). 
lira fl„/= 0, 

and /is integrable, by 700, 2. 


720. As in 504, 505, 507, and 508, we may establish the follow- 
ing theorems : 

1. Letf(x^-'X,^ he a limited integrable function in the limited 
field SI. The7i l/(a;j ••• a;„,)| is integrable in SI. [507.] 

2. icit /j, /, •••fir be limited integrable functions in the limited 
field 31. If Cj, Cj, ••• Or denote constants, then 


<^ifi + <^2/2 + • • • + <?/r ccnd fi-fz" -fr 

are integrable in 31. [504, 505.] 

3. The converse of 1 is not necessarily true. For example, in 
f(xy') — 1, for X, y rational ; 

= — 1, for other points in R. 


a rectangle R let 


Obviously /is not integrable in R. 

On the other hand, |/| obviously is integrable. 

4. The product/'^ may be integrable without either / or g 
being integrable in 31. For example, in a rectangle R let f(xy') 
be defined as in 3; while 

g(xy') = — 1, for X, y rational ; 

= 1, for other points of R. 
Then fg= — linR, and is hence integrable in R. 
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721 Let /(a:, he tntegraiU tn the limited complete f.eli 

Let 6 he the pointi ofJiat which f t» eontimioae Then G = 
For if IS discrete, the theorem is true, even if / has no points 
of continuity in St Let us therefore suppose 2t > 0 Let SQ be 
the partial aggregate formed from SI tij the process of eiftiug, 
considered in 712 

Let i> be a rectangular division, and d one of its cells containing 
points of S, ne can choose D so that no cell has points of © only 
on Its sides Let a be the points of in d Since o is a partial 
aggregate of SI /(*j rj) is inlegrible in q The reasoning of 
508 sliows now tliat / must be continuous at one point, at least, 
of 0 and hence at an infinity of points of a 
Among these points, lie points of 9 Thus every cell of the 
division i> which contains a point of 9 contains a point of 6 

Hence 


Generalised Definition of Multiple InUgroh 


722 he ImtUd in the limited feld 51 Let A he 

anij divttion ofepace of norm S into eelU i, , nat ne«e«eartfy 
rectangular Let 9Jl , m, reepectively fA« mazimum and minimum 
off in Then 


lun » liin 2TO S = f/ifa 
hm S, « hm Zm{ = T/dS 


(1 

(2 


Let J> be a cubical division of norm <? Let dj, <fj. be the 
cells of J) containing points of SI We may denote their volumes 
by the same letters Let Jlf, = Max/, in d, also Max |/j in 
81 and 5 1 Then for each e>0, there exists a d such that 


where, as usual, 


Sp^ISfd, 
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Furthermore -we may choose d so small that 

(4 

where 9Ix) = Srf,. 

Consider now the division A. Those of its cells containing 
points of 31 fall into two classes : 1°, those lying in only one cell 
of D-, 2°, those lying in two or more cells of B. Let S.,, be 
the cells of the 1° class lying in d^. Let Sj, be all the cells 
of the 2° class. Then the content of all the cells of A containing 
points of St is 

But since the frontier of is discrete, there exists a such 
that 

s<v (5 


As moreover St^ = St, by 714, we may suppose that 


Sl^-Sl< 


IGF' 


B<S,. 


From 5), 6) we have 


128 .,-SIi< 


8F 


This with 4) gives finally 
Now 




(6 


(7 


where 931,., 5B1J are the maxima of / in 8,., 8| respectively. Hence 

^A5^-''br8.. + F’S8:, (8 

♦'bme 9311 

Thus 5), 8) give 


(9 
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l-Si,- = 1234(41.- 25 

<P1^. -25„1 = P!f - 25^1 

<|. byT). (10 

Thus 9), 10) giTO 

5 .<s.+| ai 

In the same way we may show that Iot a properly chosen cubi- 
cal division P. 

^■,<^* + 1 (12 

I'rom 8), 11), 12) we bare 

lS,-||«. J£«, 

This proves 1) In a similar manner «e ma;r dernonstrate 2) 

723 r.,) be limited in the mmitirahU /eld H Xet 

^ be an unmized diniion of H of norm 5, into the eelle Sj. 5(. • 
At titual let 

Let m be the marmum of ^ and SU the rn\mntim of for all 
dtnttont A. 8 = 0 Thrn 

m^ffdn 3B=^/da 

Let ua divide one of the cells as S into two unnsixed cells S[, 
5|' This gives ft new division A' Then the terra m,8, in is 
replaced by the two terms 


^ Hence 
Similarly 


<l»4. 
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The theorem follows now from 722. For, there exists a division 
A,suchthat (1 

Let us now take a sequence of divisions A^ A", ••• whose nonns 
= 0 ; each A^"’ being formed by subdividing the cells of A^”~^’. 
Then p 

(2 
— a 

From 1), 2), we have 


f/dai- 


m <€; 


hence 


tn 


= r fd%. 


etc. 


Properties of Integrals 

724. Let /(ajj ••• x^) be limited and integrable in the limited field 
?l. Let iQ be a partial aggregate depending on u, sxtch that © =5lt 
asn=0. Then 

lim \ fdSQ=\ fd’Si. (1 

Since f is integrable over 21, 

ilj)f <C c/2 

for any division P of norm d<d^ by 700, 2. 

Moreover, by 716, if ffo and Vq are taken small enough. 


where |/|< J?’in 21. 




(2 


(3 


Let dj, dj, ••• be the cells of P containing points of ©„, and 
di, dj, the cells containing only points of 21. Then 

^j^=2iii;d,+2iif;d;, 

A^S„,^=2iF.d., 

where hlax / for points of © in d,. 

Hence _ _ 

J <2(211 + P2d: 

<e, by 2), 3). 


(4 
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Let now d = 0 


Hence 


which gives 1) 


Then 4) gives 


725 1 6e hmiffd in </w WfflSKrflSff ^ Lei 

S a« outer JUl t of ^ Let *■*) « 0 in 31 except ot the 

point* of a uhere it =^f(x, *■.) ]^e» 


For, let Z) be a duision of apace of norm d not Deceissril/ 
tectanguUc Let the taner cells of K be while dj 

denote cells containing ftontiet pmnti of 3 1 et V A’ denote 

the inAxims of / ^ in d while V' A** are the maxima of / 9 

To^l^d +iA d' 


Hence since * A we hare setting f <F in 2, 

)Sp~ f^l^PSd 

Let now d = 0 Since 91 w ni«rv>un\ble we haie the first part 
of oni theorem ihe second part foil ws likewise 

2 In a simiUr manner we establwh the following theorems 
Let f{Si be Umite I in tke tneaiurable jUJd 2 Let 

9i^\ *«)=/ inner jontt of 2 «nd =0 et frontier point* 

Then ^ 


3 Let f(x^ x„t x^") he limitet in the measuraiU feld 

9f Let them he equal txe pt at the point* of o discrete oggregnte 
Then ^ 
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726. 1. Let ••• x,^ he limited and integrahle in the limited 
field 2t. Let SS bea partial aggregate of 21, such that 21 = Then 

Let i) be a cubical division of space of norm S. Let d' denote 
those cells containing points of 53, and d'/ denote the cells con- 
taining points of 21, but not of 55. Tlien employing tbe usual 
notation, 

mi.H = mE)d[ + 2/(r/)d''. 

Since Sd" = 0 as S = 0, we have 1) on passing to the limit. 

2. Let •••xf) be limited and integrahle in the limited complete 
field 21. Let S denote the points of 21 at which f is continuous. 
Then 

//®=X-«®- 

This follows from 1 and 721. 

727. Letf(^x^ ••• xf) be limited in the limited field 21. If for any 
cubical divisions JD, of norm 

then f* 7- 

For, in each cell d, there are points 2 :|, a//, such that 

/(a:.' ) < 771 . + 0-, /(a//) > jlf. - o'. 

however small o-> 0 is chosen. 

Hence 

A < lf(x:)d^ <^ + cr^d, ; S/(a/.0d. > - aid,. (2 

Let 

c-<~^ 

Cont 21 
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Thea passing to the limit i=0 la 2), we get 

From this we couclude 1) at once 

738 Let/(x^ tJ) be limited i» the limifed Jield ^ Let 21 be 
divided into the unmixed Jietde H,, 21^ Then 

f /d7li+ +f/d?l,. 

*'« •'tt. 

r/<«« f/<f2[,+ + f /tra, 

s/g ‘'9, ‘^a. 

For, let (/I < F iti 21 Let i> be a rectangular division of norm 
d As m 711, 2, let 2Ii «. be the cells containing points of 
2(|, 21,, respectively, while Qp constitute the cells containing 

points of more than one of the Helds 2(| Then 

lSp-(S, >4 4 S, 

Letting (f B 0 in this relation, wa get the first part of the 
theorem The reet is proved likewise 

729 As in 604 , 489, 4 , 626, 2, 531, we may prove the follow- 
ing theorems 

1 Letf^, f be xntegrahle in the limited field ^ LetCy e,be 

conttanta and „ 

F=ie^f^+ 4«/. 

Then r C r 

J^rd2l = cJ^/jdS+ 4c.J^/.d2I [604] 

2 Letf^xi x^) be inteffrahle w the limited field 21 and numev 
xcally < M Then 

AfCimt 2f [489, 4] 

3 LetfCx^ *„), g(x^ xj\ he xntegrable in the limited fiel I 

21 andletf<g Then _ _ 
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4. Letfixi 
SI. Let 


■■■ integrahle in the limited field 

/5O; © = Mean^, in 21. 


Then 



[531] 


5. The following theorems are readily proved : 

Lctf(x^ a;„,) he limited in the limited field 21. If f(x^ ••• xf)>'K 
in SI, _ 


6. Let f(x^ — ecf) be limited in the limited field 21, and ^0, 
If id is a partial field of 21, 

ffdi!l^Tfd&. 

For, 

7. iei/j, •••/„ be limited in the limited field 21. Then 

Xw + - +/.)« sX/.« + - 
X«+ +/.)« aX-^.« + - 

For, in an}-^ cell rf, of the division i?, 

l\Iax(/j + .. +/„)< Max/j 4 M&xf,, 

Min(/^ + ••• +XI,)> Min/j 4 1- Min^. 

8. Letf g be limited in the limited field 21. Then 

tel - tel, 

*^21 

fcz-yiai^ f.m- te^l- 
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V or, la aoy cell rf. of the dwjsion J), 

Max(/-if)>MaT/- 

y)<Min/— Min^ 

9 Lft f, g ht hmiUd \n. tttt limited jUld % andlet f<g Then 


730 Lei f(x^ r*) be hmted m the limited field S LetH, 

denote the painU of ^ at tehfk [/ >» If i* dieerete for any 
‘^>0. ^ r 

I/kJ* 

I et 2> be a division of norm i Let denote the cells m which 
Ifl^f, while d,' denotee the cells in which If <a Then 

J. ^ VCS.)4. = 

W<FS.l, + f2d; 

LetSsQ ThengUtudets 

^<rContS(<€, 

which establisbea the theorem, by 727 

731 Letf{x^ xf) %0, be limited and tiUegraile in the limited 

Held ^ If . 

the poinU at trhtehf^xy^a, an arbtlrarSy email poeiiive number, 
form a dtimfe cp^re^ofe Lei 3 denote the pointe at whtehf^Q 
Tf ^ tt complete^ __ _ 

3-a 

For _ _ 

"“lajC • '>1' «■ 
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X by 729, 6, 

‘'So- 

0 - 31 ^ = 0 . 

31^ must = 0. 

To prove the second part of the tlieorem, let 6 be a point of 18, 
the sifted aggregate of S(, at which /is continuous. Cf. 712. 
Then if />0, we can choose S>0 so small that />^>0 in 
But the upper content of the points o of SI in Fj is a> 0. 

Hence 


But 

Hence 
Since cr>0, 


Hence /= 0 at every point of continuity of 31 in 35. Let now 
i) be a rectangular division of space. The reasoning of 721 show's 
that every cell which contains a point of i8 also contains a point 
of continuity lying in S. Hence, 


which gives, 


or 5 = S. 


Bediiciion of Multiple Integrals to Iterated Integrals 

732. 1. Let /(a-j ••• a:„) be limited in the limited field 31. Let 
he the projection of 31 on the a:,-axis. Let be a plane section 
of 51 perpendicular to the a:,-axis. Then the (m — l)tuple upper 
and lower integrals _ 

‘'ip. 

are one-valued limited functions of a;., defined over y,. For, let 31 
lie in a cube of side 0. Let J/Cxj ••• a;m)|< Then both inte- 
grals are numerically 

<FO^\ 

lor any a;, in 
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2 Each of the integrals 1) considered as functions of x defined 
oyer j have therefore upper and lower integrals in f viz 

For brevity these may also be written 

xc xi XX xx; 

733 1 Lit /(Tj x») he Umtted tn the tntaturalle field 3 
Let F he the project on of % on the z aztt Let 15 he the plane 
teet0n$ e/^ eorrttpondiny to the po nte of y Then 

li«t US establish the relation 1) the demonstration of 2) is 
Bitailar 

l^t 3 I e in an outer cube © whose projection on the t ax s is 
b an { n I ose plane sections perpendicular to this axis, ue denote 
by Q 

We introduce an auxiliary function 

g{x^ ar_)s=/(r, *;,) at points of 3 

= 0 at other points of SQ 

Let i) be a cubical division of of norm d This d vides S 
into cells which we denote by h It aloo divides the planes Q into 
cells which we denote by S and the segment h into intervals 
which we denote by S’ 

Let 2tf JT denote the maxinia and m, m the minima of 
p(X| *■) la the cells S> 5 Let ff be the upper and lower 
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integrals of g in the field S. Let |/( 2 ;j — 2 r„,)[<i?' iu 21. Then 
for each e > 0, there exists a rfg such that 

ff-e<S7nS<:S-3fS<ff + e, d<d.. (3 

i8 S 


Moreover, tve note that for each a;, of B, 

Sni'8'< r<7^Q<Silf'S'. 

a iijQ o 

Or, since ^ , -xr, ^ nr 

m<m' M'<M, 

SmS'< r(7rfQ<SilfS'. 

Q — O ^ 

Multiplying by S", and summing over b, we have, since S=S' S", 

r<SilfS. 

S 6 S 

Making use of 3), this gives 

G~e<lB" f<a + £, 

for any d< dj. Thus, by 727, 

^-e< rr<jr<ff+€. 

Or, since e is small at pleasure, 

^<rr<rr<ff. (4 

But, by 725, _ 

e=|/d2r, (?=j/d2l. 

f/dSI <ff <ff < f/dSt. (6 


Thus 


Let denote the upper content of the frontier points of 
Then 




ffi 
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for poiDta of f.j 
s= 0, for other poults of b. 

Then, by 718, 1 , 730, and 6), 

£h(^d1t.-f^dt.£sdQ 

But, by 718, 3, 

In the same ^vay, ne show 

Thus 1) has been proved 

2 To a similar manner we may demonstrate the following 
theorem 

Let ie lirntt/d tn the meaturahU field 3 Let X, it the 

projeelton of ^ on the plane = 0 Let a. It the reeltltnear leetiont 
tf S parallel to the r, atu Then 

pdnsjdififd. <Jds.J/d>,<J^a 


734 1 As corollaries of 733 we have 

*«) he tniegrahle tn the measurable ^li 3 Then 


For, m this case, _ 

J«“Jg 

Hence the tipper and lower mtegrala of ^and^are equal. 
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2. Let f(x^ ■■■ x,,,') he integrahle m the measxirahle field 31, as well 
as in each of its plane sections Then 

If f is integrahle in each of the rectilinear sections 0 , we also have 


EXAMPLE 

735. Let ns find the volume V of the ellipsoid E", 

5:+i!:+5: = i. 
a? 

By 708, 4, the surface forms a discrete aggregate ; hence E has a volume. 
By 702, 2, 


where E is a quadrant of the ellipse 


V = ^ fix dydz 
= 8 J" dx^fy dZy 


62 c- a- 


Hence 


§dydz=^dy jdz 


Thus 


1’= 2 a-6c J* da: == ^ 5ra6e, 


73G. Let f(g%y xf) he limited and integrahle in the measurable 
field 3t. Let a>0 he arbitrarily small. Let deviate the points 
hfor which — 
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Then, f* discrete Jf ^ u eomfdets, the upper content of the 
points where this differenee vanishes *» f, A similar theorem holds 
for the differences - 

X/rXX- 
=Xl/.-Xh»- 

The theorem follows now. hy 731 



737 1 het SI A« <j complete measurable field Let f, be its pro 
^«rtwn on the i aiti Let Q le the yioiMt* of f, for which the 
eorrespondinp plane «rtlton> are measurable Then 
A nintfar relafinv holds for the projedxon J. 

For, let r*)*o 1, at frontier points 8 of Sj 

e 0. At other points of 9, 

Then, by 702, , 

o.f/.n,. 

Since 9 is mensurable, 8 diMrete, and hence measurable. 
Hence, by 784, 1, _ 

Hence, by 781, the points q at which 

//•«-'> 

have the same upjier content as y. 

2 Letf(x^ *«) be inteffrable in the measuraile complete field St 
Let tj, denote those points of p,for which ike integrals over the corre 
spending plane sections ertst Let S) demte the points ofXffor 
wh eh the integrals over the <wrrespoii(/<R^ rectilinear seciweis a, exist 


X-«B 
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Let US prove the first half of 1); the other half follows similarly. 


By 784, 1 


since 

at the points 1;,. 


*/a 

= fdxffd^„ by 726, 737, 

.f=f 

Jtp. 


Application to Inversion 


738. 1. In 570 we saw that 

£dy£fdx 

admits inversion, if/(a:, y) is limited in the rectangle It= (a6a;8), 
and continuous e.vcept on a finite number of lines parallel to the 
a- and y-axes. We can generalize this result as follows : 

Letf(x, «/■) he limited in the rectangle R — (abuR). Let the pohits 
of dhconthmity A in R he discrete. Let the points of on any link 
parallel to either axis form a discrete aggregate on that line. Then 



exist a7id are equal. 

For, by 719, 2, the double integral 

exists. The theorem now follows from 734, 2. 

2. If the points of discontinuit)' of/(a;y) on any line parallel to 
the X or y-axes do not form a discrete aggregate, we may apply 
the following theorem ; 
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Ijtt /(xy) be limited in the rectangle R= (^abaffy 
Xf the pointt of diteonlinitttg off in R form a diterete aggregate 
tee have 


739 1 Letf{x y z) be hmtted tn the rectangular paralUlaptpea 
R bounded by the plant* x= a i=»4 y~a y = 0 *=^A z = B 
Let tt be <«nGnuov« tn R except at the j»oiri/» of a dieertte aggrt 
gate A Let the poinft o/ A on any /me or plane parti//e/ to the ate* 
be diierete wilh reipeet to that line or plane Then the inple iterated 
integral 

jyafygjyirgeydx 


exttU and admit* unrettneled tnrertian 


lor, 


f^iryiydR 


exuta by 719 2 Let P denote a p/Aoe eectioa of R parallel to 
the X y plane Then the double integrals 

f/l,x,>dP 4 s = s - b . 

also exist by 719, 2 Hence by 794, 2, 


S/dp-f/f/jp 

But by JS8, 

X’XT X'XX* 

exist and are equal In the same way -we may treat the fcrar 
other in'versions 
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EXAMPLES 

740. 1. Let Jt = (0101). Let 

/(e, y) = 0, for irrational i, or y; 

= i for a: = — ; ni, n relative prime, and y rational, 
n n 

Then 




exists hy 701, Ex. 1. Its value is easily seen to be 0, by 730. 
We have now : , 

j/dx = 0, j/<fy = 0. 


Also 

Hence 

and therefore 

On the other hand, 
Hence 


J'/dx = 0, for irrational y, obviously; 

= 0 for rational y, by 730. 

/dx = 0, for any y ; 

l/yj^'/dx^O. 

r/dy=i, for X =21. 

Jo n n 

does not exist for rational x; i.e. for a point set which is not discrete. 

However , 

j;/dy = 0 

for any x. Hence, by 734, I, 

which is obviously true. ~ 

This example illustrates the theorem of 736. 

Tor, the points x at which _ 

are the rational points p/q whose denominators 5 < n. 

litmark. Let denote the content of those points of II for which /(xy) ^ 0 
Obviously 

JJt, = 0. Hence lim = 0. 

It would therefore be wrong to infer that 

Cont SI = 0, 

because 

, Cont Slff = Oi 

for any (r>0. 
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2 Let A be ttu recUngle (OHM) Let ns mppoae the coariiMUe of {t> point* 
z y eipressed in the ijti e *7«i#oi CL 141 We define now » p»rt *I iggregate 
a or P *s foUovM AH lU point* I e on certa n line* parailel to the jf «U, rinr - a 
where 0<o<l i* any noiaber tawne * fine* representation. Let • partienUr 
TsJue of a embrace p df^U In lU repneentatioii Those points of the line z s a 
beloof to a whose ord nale is expressed top d gits. Ohr oosly Cb s set of points is 
symmetrlcsi w tb respect to z and f Tf tl e repiesentstion of a is not finite (hers 
IS DO po ni of a on the I oe z — o or on y — « fn soy esse there are bat a fin i« 
oamber of po nts of a on any iioe parallel to the z or y-zza. ^ot so for i nes 
pass ng iawn^ a point rt ^ mi^mg an aii^ ol 45? wWi Oi* Kfanuaitj 

any little aegmeat ol such a line ba* an tnfintW of points of a in It. Thus a la 
dense. 

Let ns define now /(zy> as follows 

/(»») - 0 ^0' »“y p®*”* «* s 

— I lor a point of £ not Is a 


Since the oaciUsUon of / la ii‘7 tell of A U t tbs doable inugn! 




( /da, doe* not Slut 

Js 


Qeaea botb (terVed lAtegcaU 

exist and are eqnaL (/y/syiAefs* ) 

3. In the rectangle yi— (0101) let tudefioe another aggregate Qasfonows. As 
before the z of erery po nt of 9 most bare a So te representation If tbs repre- 
sentsticFii of a embraces p d g ts all the pouts of the i le z a belong to 9 whoee 
ord nale* are etprened ^ p or lr»» d g»t» 

Thus on snj p»«n 1 tie z - o are only a finjte nnoiwet of points of ©. On tbs 
eoatrary on any I ttle tegment of the lute t ~ a tie an loSa ty of vomts of 9 U 
the representation of a or ft lanot ftnlte there IS on point of Q on the boes Cs<i, 
or p - ft Bs m Ez. f 

Let ns define /(zy) aa In Ex. 3 

/(zy)sO fOrsaypi^tinQ 

s 1 for a point of S nottaQ, 


Tbeo as before the donbls Integral 

r /d9 does not exltt. 
J9 
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The integral 




does not exist for any y whose representation is finite, since 

On the other hand, -i 

t /ri!y = l, for any a;. 

Hence L 

Jo Jo ~ (^Fi'inysTieim.^ 

i. Let /(ly) he limited in the rectangle jB= (0101). Let 

exist. The reader might be tempted to conclude that therefore 

0<«</3<l, 0^a<6<l, 

%/a Jo 

exists. To show tliis is not always so, let us set with Du Dots Beymond, 

f(xy) = 1, for rational y ; 

=z2x, for irrational y. 

^^fdx = x, 

= x2 

J> = 1, 

j;dyj';/dx=i. 


Then 

Hence 

and therefore 


On the other hand, 
docs not exist, since 


for rational y; 
for irrational y. 
for any y ; 


0 < 6 < 1 , 


j\jy£fdx = b\ £dy^^fdx = b. 


Transformation of the Variables 

741. 1. Let 

2’/ ^ •• f„), .. 7t„ = - Q (1 

l>e defined over an aggi-egate 3f. These equations may be re- 
garded as defining a transformation T, which transfers the points 
t~ ••• tf) of SI to the points u= ••• The Doints t, u 
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may be regarded aa lying in the same space, or in different spaces 
What vre have called the image of ^ defined by the equation 1) 
may now be regarded as the transformed aggregate of SI, and 
may be denoted by Sfj, 

2 If the correspondence between tbe points of Sf and St;, vs 
uniform, the equations 1) admit »s solutioaa the one-valued m 
verge functions 

O. (2 

The equations 2) regarded as a transformation, convert the 
points ol tly bacV. to % For diia reason it is called tbe tnvene 
tTnn^ornaUon of T, and denoted by T ‘ 

3 The transformation 

IS a special case of I) As it leaves eierv point of ^ essentially 
unaltered, it is called the tdetUieal iraH$/ormattan, and is denoted 
by 1 

4 Let 

be another transformation defined ovei 2I;^ wlncli we denote by U 
The transformation resnlling from the successive application of f 
and U IS called tbeir prodiiei and »a denoted b) TU The tnns 
formation which is applied first is written first 

The result of effecting T and then its inverse is to leave every 
point of SI at rest Hence TT~' is the identical transformation , 
in symbols TT ' » 1 

5 If Hr goes over into Hr;; on applying U to Hr* regard 

Hrc as the image of H afforded by the equations 1), when we con 
aider the <^’8 as functions of thexs through then s, as given by 3) 

6 The functions ^ ^ being one valued, to any point in 21 cor 
responds one point inHjNHrp. buppose the correspondence between 
H, Hrp 19 uniform Then the eorrespondence between H Hr and 
between Hr, Hfois unifottn. 



TRAKSFORMATION OF THE VARIABLES 


549 


For, suppose, for example, that to the point u of 3(j. correspond 
tu'o points L t' of St. If now x corresponds to m; to the point x 
will correspond at least the two points t, t'. The correspondence 
is thus not uniform between Sh Slr^;- 

7. If the functions (p have first partial derivatives in St, we call 

atj 

S<P\ S'pm 

the determinant of the transformation. 

If the first partial derivatives of the <j>s are continuous in a 
region R, while the first partial derivatives of the i/r’s are con- 
tinuous in a region containing Rj., we have, by direct multiplica- 
tion of the determinants J^, J u. and using 430, 5), 

J = Jj, . Jij., (4 

which we may state roughlj' thus : 

The determinant of the product of two transformations is the prod- 
uct of their determinants, 

742. 1. Let 

'!{l= tf), ••• •!(„= 4>„ftl ■“ fm) 0- 

have continuous first partial derivatives in the region R. Let the 
correspondence between R and Rj- be uniform. Let the determi- 
nant of the transformation in R. In this case we shall say 

the transformation T defined by the equations 1) is regular in R. 

2. Let T he a regular transformation in R. Let t he a point of 
R, to which corresponds the point u. Let E he the. image of Lff). 
There exists an rj > 0, such that lies in E. Furthermore, if 

t runs over an inner aggregate 3 ( of R, the fs do not sink below some 
positive number ijq. 

For, suppose there exists no g>0, such that lies in E. 

Then there exists a sequence of points Mj, M 3 , ••• w'hich =m, and 
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which do not lie in E The inverse functions of 1) being one 
valued and continuous about h b/ 443 the image of the above 
points form » sequence which = t Hence all the t, for 

n^some m lie m and thus roust lie in J which 

w a contradiction This establishes the hrst part of the theorem 
Turning to the second part aupposeiys^O as t runsoier ^ Then 
reasoning similar to that of ftSi leads at once to a contradiction 

3 I/tt T he a re/jular Iran*/ rmation in the re/jton R Then 

It o rr^en Let ?C 4« an inner agfregate of R To tuner and 
fronUer poi iti of earretponi rttpttUvtlg inner ond frontier 
pointt of and eonoereeig 

This IS a direct consequence of 2 

4 ^ r »» a re^alar tranefvrmalton »» the region R T * »» o reja 

tor franfforoiafioB in Rf. The determinant of the inrerss tranter 
matton u . 

This follows at once from -f-}? and 741 4) 

6 Let T be a revular Iran formation in f^e rr^ion R Let St 
an inner egyrtja't of R ai J /el S he tie image If either St pr ffl 
IS meaturahle the other te Jf one i< ditcrete, the other is 
Tins follows from 4 and 708 3 

743 1 Let T be a regular transfonsatiOQ 

T <-) <0 a 

in the region ^ Since not all the denvatirea 

vanish at any point of iZ To fix the ideas, let 

p 

at a point t, and hence, as it is continuous, ut a certain domain 

2>,(0 of t 
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We show now how T can be expressed as the product of two 
special regular transformations. The first transformation we define 
thus : 

2ji '^1 ~ ^1' ■■■ ^m-1 ~ 

By virtue of 2) this system may be inverted, giving 

= nj, ••• ••• 


Here 6 is one-valued, and has continuous first partial deriva- 
lives in a certain domain D^(u). If 5'<S is taken sufficiently 
small, the image U of Di-Ct) lies in 
We define the transformation over U by 

where 6 is the above one-valued function of the m’s. 

We see at once that 


when t ranges over 
Since 


and 


t7y “ fj " /.j *7^ 0, 




it follows that in U. Since the correspondence is uniform, 

and the functions y(r have continuous first derivatives in the 
respective domains, the two transformations Ty are regular. 

2. Let 31 he a limited inner aggregate of the region R. TFe can 
effect a cuhical division of the t space of norm d such that for the 
points of 31 in each cell d,, there exist two transformations Sj'*’, 
of the type just considered, such that 


T= (4 

For, we can take d so small that not all the first partial deriva- 
tives vanish in any cell. For if they did, reasoning similar to 
that of 264 shows that the}’’ must then vanish at some point of R, 
which w’ould require <7= 0 at that point. Thus these cubes may 
be taken as the domains in 1. By reasoning similar to that 
of 352, we show that the norms g of the domains Rfu) considered 
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in 1 do not sink below some positive noraber Tlie same reasoning 
applied to the norms 5' of the above, shows tliat the norma S 
of the above aio all greater than some positive noinber 

Thus if J IB taken small enoagh, the relation 4) will hold in each 
cell containing points of 81 

744 Lit 

T, ®i = ^i(‘i t-). U 

define a regular trani/ormation of determinant J in the region R 
Let X he rtiiy inner mtatitTalilt -perfect aggregate of R, and Ut X he 
if» ijno^e Let f(r, he continuous »« X Then 

^/C^i 

For fflsl the relation 1) is easily seen to be true, taking 
account of direction in 2 Let us therefore assume it is correct 
for fit ~ 1, and show it is so for m Let ^ be a cubical divuioa of 
the t sp'vce, such that lu each cell contaioiog pomts of % the trans* 
formation 2* can be expressed as the product of two transformatioas 

n. «i-«v = «-“*,<(, U. 

2 *- 1 ^). **. 
of the type considered m 743 
Let be their determin-inls Then 

If the relation 1) holds for each of the partial aggregates into 
which I fails after effecting D it obviously holds in % by 728 
IVe may therefore as-mme, without loss of genenliU, that the 
same transformations maj be eiopluj ed throughout X 

Let the image of X m the u space be ll We have now 

‘^^-1’ by 737, 2, 

by hypothesis, 

where are the transfonned ^ respectively. 
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Since X is measurable, U is so, b}’’ 742, 5. Tbe same is true of 
Hence, by 737, 2, 

... - *«m. 

Applying the transformation 2j to the integral on the right, 
similar considerations show that 

winch is 1). 

745* Lett f , •* , ^ 

"■ *PlC^r ^m)’ ••• W 

dt’fine a regular transforyuatiou of deterininant J, hi the region R. 

To a rectangular clivislon B of norm d of the t-space into cells d^, 

corresponds a division A of norm 8 of the x-space into cells 8,. Let 

% he any inner region of R, and X its image. The cells of A falling 

xeithin ■£ are xinmixed, and their contents are 

8. = ! J"! cf, + e.rf,, t in <7, (1 

xehere le,l<€ uniformly^ on talcing d sufficiently small. 

For, £ being an inner region, to e.ich inner rectangular cell 
of £, corresponds a measurable cell 8,^ of X b}" 742, 5. Hence the 
cells 8, within are uninixed, limited, perfect, and finite in number 
for any A. 

Since the determinant J is continuous in £, we can take so 
small that in any d^ in 2;, 

where r, is any point d^, and 

kKl<e, 

for any division B of norm < (7(,. 

From 702, 2 and 744, 1), we have for divisions of norm <(^, 

Cont 8, = - dx„ =J^\J\dt^ - dt^ 

le,i«- 


where 
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746 1 Lit 

T = O O 

dtjine a re^uJar (ran^ormaften «f d<Unntnatti J in a regwn R 
Ixt I he any inner aggrtyaU of It arid let I he »U image Let 
/(®j x^) he limited »n X Then 


For let U3 effect n cubical divisioo of the t space of norte d 
To It correspoods a division of X into cells of norm S 
Let us cons <ler the integml on the Uft of 1) Using the cus 
tomary notation ire have Uttiog J denote the value of J at some 
point in df, 


2a/5=Ii»/(7( + «)d by 745 1) 

SMlJld +St3rd (8 


Let 
cell d 


But if 

\tt Ud \<tF(,C—n I + »;» >> (4 

DOiv consider the loiegral on the right of 1) In the 
3las/ MiniJl^Max fJKMnxf Maxf^l 
if Max/ia positive while the signs are reversed if it i* negative 
Letnaset JST ^ \1%il /\J\ in d 

ir^^iTQJ +•*) |€'|<< uniformly 

since the oscillation of J id any d is uniformly <e Thns 

SSTd =^XJU{Jld +te'drd (5 

IXdJfdKt, (6 


where as in 4) 


Thus 3) 5) give in connection VLith 4) 6) 

isjira -2Jrdi<2i7 

which establishes the relation 1) Similarly we may prove 2) 
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2. From 1 a gr^at variety of theorems may be deduced by a 
passage to the limit. We note here only the following ; 

Let 

T-, ah = - L') 

be coitiintious in the measurable aggregate St, containing all its 
frontier points gr ; and regular in any inner meas^irable aggregate U. 
Let the determinant of T he limited in X- Let 3£, the image of St, 
he measurable also; and let its frontier be the image of g. Let 
/(x'l ••• a;„.) be limited in Then 

••• = JL/KI <^2:, 

provided either integral exists 
For, let 9) be the image of U. Then, by 1, 



Let now U == St, then 2) = S* 
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Addition of inequalities, 23, 55. j 

Adjoint, integral, 405. 

Archimedean number systems, 21, 53. 

Branch, 219. 
principal, 138, 139. 
point, 219. 

Cells, 157, 521. 

Content, 352, 513. 

upper, lower, 353, 513. 

Continuity, 208. 
uniform. 215. 

uniform with respect to a line, 388 
except for certain points, 390. 
uniform in an intenml, 388. 
semi-uniform, 431; in general, 431. 
regular in an interval, 431 ; in gen- 
eral, 431. 

Convergence, absolute (of an integral), 
405, 445. 

normal (of an integral), 433, 437. 
uniform, 199. 

uniform with respect to a line, 388 ; 
except at certain psoints, 390. 
Correspondence 1 to 1 or uniform, 13o. 

m to ti, 133. 

Curve, 221. 
arc of, 221. 
closed, 221. 

multiple points of, 221. 

Derivative of a point aggregate, 162. 
Determinant of a transformation, 549. 


Difference quotient, 222. 
total, 517. 

Differentials, first order, 269. 

higher order, 277. 

Discontinuity, 211. 
finite, 212. 
infinite, 212. 

removable, 212. 

Distance between two points, 149, 
between two point aggregates, 

Division of an aggregate or space, 10(, 
521. 

unmixed, 519. 

Domain, deleted, 154. 

of definition of a function, 120. 
of a point, 153, 195. 
of a variable, 119. 

Evanescent, singular integral, 401. 
uniformly, 201. 

Extreme, of a variable, or rectilinear 
domain, 165, 166. 
isolated, 166. 

point of (functions), 31 r, 322. 
relative (functions), 329. 

Field of integration, 510, 511. 

Forms, definite, indefinite, semidefinite, 
324. 

Frontier, 124. 

Function, algebraic, 123, 142. 

Beta, 422. 

Cauchy’s, 205. 
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tegrable 334 400 404 415 511 
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teraUd, 160 

linted 147 i general 390 

limited ranalioD 349 518 

monotone 13 

pnmil »e 380 

totally d Sertnt able 369 

tranveadeotal 125 

ua ram t, 133 

l/tal points, 172 154 
nu bers 173 
Imaijt of a number 21 70 
of adoma n 146 
7n/n < fanet on is, 313 
Infin lory 513 
In/n ry of a function, 313 
In rjraWs ( utegrand 1 n t*d> 53# 55# 
oil -il»oIutely 4 

(i eg and fin t«) luO 401 abso- 
luUlr 40o 

(I terral infi te) 44o absolutely 
4io 

Inlegrti * adjo t 405 
CO re gent 400 4lo ab«olole)j 40o , 
44 I 

defin te 3S1 
f ler s, 4o3 
Four er 3, 497 
F eg lets 499 
general led 356 5*’#. 

Improper 361 399 400 404 
irdefin te 38 
Iterated 394 537 544 
lower 337 510 
normally convergent, 433, 437 
proper 361 


JittefraU no formly convergent, 425, 
46n ID general 46o 
Stokes 463 

tntejrat on with respect to a parameter 
594 

lUmt on 160- 

Joeohtan ‘’07 

Lm I Iterated 19S. 
upper ■ d low er 205 
nght and left hand 173 
un lateral 17'’ 

Ltmtied functio a, 147 
integrand n general 399 

3/ax aa and M n nut isolated 16c 
of a rar able or rect 1 near doma n 
l6o 163 

poinu of (funet one) 817 #'’2 
relMve S'*? 

Mean law of 348 

drat theorem of 366 417 4 5 
55o 

second theorem of 877 4'’] 455 
valo* 167 

Moitpltn uadetermmed 330 

\orm of a divuioo 157, 336 506 
3‘*l 

oC a domain la# 
of a V c luty loo 
formal form of a namber 93 
«( (,uUr lutegral 433 437 

Order of infinlt es, infinitesimals 319, 
314 316 

of a po nt aggregate 163 
Osedfottoa of a facet on, 541 507 
OaeOatorytym 541 507 

/Viramefer of an integral 337 
Parame rte form of a curve 230. 
FVirtiAon 8'’ 

Penwf I*’? 
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Points, at infinity, 172, 194. 
frontier, 154. 

limiting, 157 ; proper, improper, 158; 

bilateral, unilateral, 158. 
ideal, 172, 194. 
isolated, 158. 
outer, 154. 

K-ifJHff =r inner. 

Point aggregate, complement of, 149. 
complete, 1G7. 
completed, 522. 
configurations of, 149. 
content of, 832, 613; upper, lower, 
351, 513. 
dense, 1G7. 
derivative of, 1G2. 
difference of two, 149. 
discrete, 355, 515. 
distance between, 514. 
finite, 15G. 
frontier of, 154. 
limited, 15G. 

limiting points of, 157, 158. 
inner, 515. 
isolated, 1G7. 
ine.’isurable, 353, 513. 
outer, 515. 
partial, 148. 
perfect, 1G7. 
projection of, 524, 525. 
section of; plane, 625; rectilinear, 
525. 

sifted, 521. 
sub, 148. 
sum of, 149. 
union of, 519. 
unmixed, 519. 

Poles, 123, 142. 

Projection of point aggregates, 624, 525. 

Keginn, 107; complete, 1G7. 

Regular (integrand limited), 387. 
(integrand infinite), 424. 
in general, or except at certain 
points, 400. 


Regular (integr.and infinite), in gen- 
eral, or except on certain lines, 
424, 437. 

sirapl}', except on certain lines, 
424, 437. 

(interval infinite), 445, 464. 

in general, or except on certain 
points, 445. 

in general, or except on certain 
lilies, 465. 

simply, except on certain lines, 
465. 

RoUe's theorem, 246. 

Scale, of infinities, infinitesimals, 312. 
exponential, 315. 
logarithmic, 314. 

Section plane, rectilinear, 525. 

Seguence, 21, 61. 
convergent, 25. 
decreasing, 68. 
increasing, 68. 
limited, 68. 
monotone, 68. 
partial, 65. 
regular, 35, 62. 
univariant, 68. 

Singular Integrals, relative to finite 
points, 401 ; ideal point, 447. 
relative to finite lines, 425, 437 ; 

ide.ul line, 465. 
evanescent, 401. 
normal, 433, 437. 

uniformly evanescent, 426, 437, 
465. 

Singular Lines, finite, 425, 437 ; ideal, 
465. 

Singular Points, finite, 399 ; ideal, 
447. 

Species of point aggregates, 345. 
Successive Approximation, method of, 
284. 

Sgslem of Numbers, base of, 92. 
dense, 20, 51. 
dyadic, triadic, m-adio, 92. 
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pKini/jr of a point, Joj 19o 

llVxta ai I tcnal 119 aa n wa; 
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{0 4) («• i) (a «) etc, 119 
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151 19a 
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19o 
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Ktcao 187 

Coftt. Cont. Coot. 353 613 
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> < 313 31t 

/,* 1^ V 243 

J j" 3r CIO 

Sp. 5,. 337 608 
«a. fla. 3c^ 513 
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Lectures on the 

THEORY OF ELLIPTIC FUNCTIONS 
by Harris Hancock 

Mathematicians, engineers and physicists will welcome this reissue of 
Harris Hancock’s long-out-of-print exposition of the theory of elliptic 
functions. It is still one of the most helpful books in a field where the 
literature in English is highly limited. It is the only book in English 
offering so extensive a coverage of classical material, and is valued 
especially for its unusual fullness of treatment and its comprehensive 
discussion of both theory and applications. 

In twenty-one chapters, Hancock carefully develops the theory of 
elliptic integrals beginning with formulas establishing the existence, 
formation, and treatment of all three types (rational, simply periodic, 
doubly periodic) and concluding with the most general description of 
these integrals in terms of the Riemann surface. The theories of Legen- 
dre, Abel, and Jacobi ore developed first and then side by side the 
later corresponding functions of Weierstrass; and both are intercon- 
nected by means of the universal laws of Riemann, who provided the 
most general theory of analytic functions by introducing the surfaces 
on which algebraic integrals may be represented. The important con- 
tributory theorems of Hermite and Liouville are also fully developed. 

Chapter headings: Preliminory Notions; Functions which have Alge- 
braic Addition-Theorems; Existence of Periodic Functions; Doubly Peri- 
odic Functions; Construction of Doubly Periodic Functions; The Riemann 
Surface; The Problem of Inversion; Elliptic Integrals in General; The 
Moduli of Periodicity; The Jacobi Theta-Functions; The Functions sn u, 
cn u, dn u; Doubly Periodic Functions of the Second Sort; Elliptic Inte- 
grals of the Second Kind; Introduction to Weierstrass's Theory; The 
Weierstrassian Functions; The Addition Theorems; The Sigma-Functions; 
The Theta- and Sigma-Functions when Special Values are Given; 
Elliptic Integrals of the Third Kind; Methods of Representing Analytic 
Doubly Periodic Functions; The Determination of all Analytic Functions 
which have Algebraic Addition-Theorems. 

40-page Table of Formulas. 76 figures, xxiii 498pp. 5% x 8. 


Paperbound $2.55 



ELEMENTS OF THE THEORY OF FUNCTONS 
by Konrad Knopp 

Thts i« the firjl volume in the five volvme *et THE THEORY OF FUNC 
TIONS prepored by Konrod Knopp, a mafhemolicion of internationol 
renown It rnay be used seporoiely or with other volumes in the 
series, or with any other text on theory of functions It is unusuol 
in (ts field m being concise, clear, eosy to follow, yet complete ond 
rigorous Demonstrotions ore lull, and proofs ore given m detail 
ElEMEKTS OF THE THEORY O* FUNCTIONS provides the student 
with general bockground for more advanced study It is specially 
useful for the reader who is not a specialist tn higher mathematics 
PARTIAL CONTENTS I COMPIEX NUMBERS AND THEIR GEOMETRIC 
REPRESENTATION Foundoiions Systems of complex numbers ond 
the Goussian plane of numbers The Riemonn sphere of numbers 
II LINEAR FUNaiONS AND CIRCUUR TRANSFORMATIONS Mop 
ping by means of luteor functions Normal forms ond porliculor 
linear mappings III SETS AND SEQUENCES POWER SERIES Poinl 
sets and sets of numbers Seguences of numbers, infinite leriei 
Power senes iV ANALYTiC FUNaiONS AND CONFORMAL MAP 
PING Functions of o complex vonobie Anolylic functions ond con 
formal mopping V THE ELEMENTARY FUNaiONS Power and root 
the fotionol functions The exponentiol, irigonomelnc, ond hyper 
bolic functions The logorrlhmic »he cyclometnc functions, ond the 
binomial series Bibhogrophy Index 
An excellent introduction remorliobfy readable, concise, clear, 
rigorous, JOURNAL OF THE AMERICAN STATISTICAL ASSOCIA 
TION Not only for the young slvdeni. but otso for the student who 
knows oil obout whot is m it MATHEMATICAL JOURNAL 
Index 23 figures ix f- 140pp 5% x $ 

S1S4 Poperbound $1 35 



DOVER BOOKS ON SCIENCE 

BOOKS THAT EXPLAIN SCIENCE 

CONCERNING THE NATURE OF THINGS, Sir Wtiliom Brogg. Christmas lectures delivered ot the 
Royal Society by Nobel laureate Why a spinning ball travels in a curved track, how uranium 
IS tronsmoted to lead, etc Partial contents atoms, gases, liquids, crystols, metals etc No 
scientific bockground needed, wonderful for intelligent high school student 32pp of photos, 
57 figures xii + 232pp 5Vix8. T31 Paperbound $1.35 

THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Mlnnoert Why is falling snow 
sometimes black’ What causes mirages, the fata morgana, multiple suns end moons in the sky, 
how are shadows formed? Prof. Minnacrt of the University of Utrecht answers these and similar 
questions in optics, light, colour, for non-speciolisfs Particufady valuable to nature, science 
students, pointers, photographers Translated by H M. Kremer Priest, K Jay 202 illustrations, 
including 42 photos xvi -f 362pp 5% x8 TI96 Paperbound $1.95 

THE RESTLESS UNIVERSE, Max Born, New enlarged version of this remarkably readable account by 
o Noble laureate Moving from subatomic particles to universe, the outhor explains in very simple 
terms the latest theories of wave mechanics Partial contents air and its relatives, electrons & ions, 
woves & porticles, electronic structure of the atom, nuclear physics Nearly 600 illustrations, 
including 7 animated sequences 325pp 6x9 T412 Paperbound $2.00 

MATTER & LIGHT, THE NEW PHYSICS, L. de Broglie. Non technical papers by a Nobel laureate 
crphin electromagnetic theory, relativity, matter, light and radiation, wave mechonics, quantum 
physics, philosophy of science Einstein, Planck, Bohr, others explained so easily that no 
mathematical framing is needed for all but 2 of the 21 chapters Unabridged Index 300pp 
Sy, x8 T35 Paperbound $1.75 

THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson For 70 years this has been a guide to classical scientific and mathematical 
thought Explains with unusual clarity basic concepts, such as extension of meoning of symbols, 
charoctenstics of surface boundaries, properties of plane figures, vectors, Cartesian method of 
determining position, etc Long preface by Bertrand Russell Bibliogrophy of Clifford Corrected, 
130 diogioms redrawn 249pp 5V< x8 T61 Paperbound $1.60 

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einsteins 
jpeclfll ond general theories of relotivify, with their historical imphcotions, ore analyzed in non 
technical terms Excellent accounts ot the contributions of Newton, Riemann, Weyl, Planck, 
Eddington, Maxwell, lorentz and others ore treated in terms of space and time, equotions of 
electromagnetics, finiteness of the universe, methodology of science 21 diograms 482pp 
5Vix8 T2 Paperbound $2.00 

WHAT IS SCIENCE, Norman Compbelh This excellent introduction explains scientific method, role 
of mathematics, types of scientific laws Contents 2 ospects of science, science & nature, laws 
of science, discovery of laws, explanation of lows, meosurement & numericol laws, applications 
of science I92pp 5Vi x8 S43 Paperbound $1.25 

THE RISE OF THE NEW PHYSICS, A. d'Abro. A holf million word exposition, formerly titled 
1H£ DECLINE OF MECHANISM, for readers not versed in higher mothematics The only thorough 
explonation, in everyday language, of the central core of modern mathemotical physicol theory, 
treoting both classical and modern theoretical physics, and presenting in terms almost anyone 
coo undersfond the equivalent of 5 years of 'study of mothemotjcol physics Scientificolly im* 
pcccoble coveroge of mathematical physical thought from the Newtonian system up through the 

electronic theories of Dirac and Heisenberg ond Fermi s stofisfics Combines both history end 

exposition, provides a broad yet unified and detailed view, with constant comparison of das- 
Jical and modern views on phenomena and theories A must ^or anyone doing serious study 

m the physical sciences, JOURNAL OF THE FRANKLIN INSTITUTE. Extraordinary faculty . . 
to explain ideas and theories of theoretico! physics in the language of daily life, ' ISIS. Indexed 
97 Illustration, ,* + 962pp. 5% x 8 „ ,j.00 

T4 Volume 2, Paperbound $2.00 

A HISTORY OF ASTRONOMY FROM THALES TO KEPIER, J. 1. E. Dr.yer. (Formerly A HISTORY 
Or PLANETARY SYSTEMS FROM THALES TO KEPLER | This is the only work in English to give 
the complete history of mari s cosmological views from prehistoric times to Kepler end Newton 
Parfiof contents Neor Eastern cstronomico! systems. Early Greeks Homocentnc spheres of Eu 
doxus, Epicycles Ptolemaic system, medieval cosmology Copernicus Kepler, etc Revised, 
foreword by W. H Stahl New bibliography xv.i + 430pp SV, x 8 579 Paperbound $1.98 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD, J. Hadamard. Where do 

Ideas corre from’ What role cfoes the unconscious play^ Are ideas best developed by mothe 

^liCQi reasoning, word reosoning, visualization’ What are the methods used by Einstein, 
Riernann How can these techniques be applied by others? Hadamard, one 
ot the world s lending mathematicians, discusses these and other questions xlii + 145pp 

T1 07 Paperbound $1.25 

spinning TOPS AND GYROSCOPIC MOTION, John Perry. Well known clossrc of science still 
un^rpessed tor lucid, accurote, delightful exposition How quasi rigidity Is induced in flexible 
fluid bodies by ropid motion, why gyrostat falls, top rises, nature ond effect on climatic 
Aorf d! corth s precessionol movement, effect of internal fluidity on rotating bodies, etc. 

ppendixes describe practical uses to which gyroscopes have been put in ships, composses, 
n'onorail transportation 62 figures J28pp 5% x8 T4 16 Paperbound $1.00 







THE ANALYTICAL THEORY OF HEAT, Joseph Fourier. This book, which revoIutionirecJ mathe* 
moficol phystcs, is listed in the Great Books ptogram, and many o’he- listings of great bocks 
It hos been used with profit by generations of mothematicions and physicists who are interested 
in eiihf heat or in the opphcation of the Fourier integral Covers cause ond reflections of rays 
of heat, radiant heofmg, hooting of closed spoces, use of trigonometric senes in the theory of 
h*Qt, Fourier integral, etc Translated by Alexander Freeman 20 figures xxii -}- 466pp. 
^ g S93 Poperbound $2.00 

THE WORKS OF ARCHIMEDES, edited by T. L. Heath. All the known works of the g'eat Greek 
mothcnotician are contained in this one volume, including the recently discovered Method of 
Arthimedes Contains On Sphere & Cylinder, Measurement of a Grcle, Spirals, Concids, Spher 
Olds, etc This is the definitive edition of the greatest mathematical intellect of the ancient 
vi-orl'd 186 poge study by Heath discusses Archimides ond the history of Greek mathematics 
Bfaliography 563pp 5Vi x 8 S9 Poperbound $2.00 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, MorquU de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, ond the application of probability 
to gomes of chance, natural philosophy, ostronomy. many other fields Translated from the 
6*h French editiors by F W. Truscott, F L Emory, with new introduction for this edition by 
E T Bell 204pp 5Vt x 8 S166 Poperbound $1.25 

INVESTIGATIONS ON THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare Europeon |OumoIs 5 basic papers, including the Elementary Theory o* the Brownian 
Movement, written ot the request of lorentz to provide o simple explonotion Transloted by 
A 6 Cowper Annotated, edited by R Furth 33pp of notes elucidate, give history of pre 
s^ous Investigations Author, subieci indexes 62 footnotes 124pp 5Vi x 8 

S304 Poperbound $1.25 

THE GEOMETRY OF REN£ DESCARTES With this book Descartes founded analytical geometry 
Onoinol French text, with Descartes own diagrams and excellent Smith Latham translation 
Ccn’ains Problems the Construction of Which Requires Only Stroight Lines and Circles On the 
Nature of Curved Lines On the Construction of Solid or Supersolid Problems Notes Diagroms 
258pp 5Vi X 8 S68 Poperbound $1.50 

DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Golilei This classic of experimental 
scien'e, mechanics, engineering is as enjoyoble os it is important Based on 30 years ex* 
penmenfation ond characterized by its outhor as superior to everything else of mine, it offers 
c lively exposition of dynamics elasticity sound, ballistics strength of mafenols, and the set* 
entife me*hcd Translated by H Grew and A de Solvio 126 diogroms Index xxi -f* 288pp 
5Vix8 599 Poperbound $1.65 

TREATISE ON ElEaRICITY AND MAGNETISM, James Clerk Moxwel! For more than 80 years a 
seemir^gly inexhoustible source of leads for physicists mothematicions engineers Totol of 
1057pp on such topics as A\easufement of Quoniities Eloctrcstotics, Elementory Mothemoticol 
Theory of Electricity, Electrical Work and Energy m a System of Conductors Generot Theorems, 
Theory of Electrical Images. Electrolysis, Conduction Polorizotion Dielectrics Resistance, etc 
The grectest mathematical physicist since Newton, Sir Jomes Jeons 3rd edition 107 figures, 
21 places lOS2pp 5Vix8 S1B6 Clothbound $4.95 

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This classical examination of the propogotion of 
hgh*, color, polarization etc oFers a historical ond philosophicof treotment that has never been 
surpossed for breadth and easv reodabifity Contents Rectilineor propogotion of light Reflec 
tion, refraction Early knowledge of vision Dioptrics Composition of light Theory of color 
end dispersion PeriMiclty Theory of interference Polorizotion Mothemotica! representation 
of properties of light Propagation of waves, etc 279 lllustrotions, 10 portroits Appendix 
Indexes 324pp 5Vix8 SI 78 Poperbound $1.75 

THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
”^AT, H lorentz. lectures delivered at Colvmbio Univenify by Nobel loureofe lorentz Un 
ebndged, they form o historical coverage of the theory of free electrons, motion, absorption 
of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman effect, optical 
phenomena m mov»r>g bodies, etc 109 poges or notes explain the more odvonced sections 
frdex 9 fgures 352pp 5V, x 8 S173 Poperbound $1.85 

^'^TTER & MOTION, Jomes Clerk Moxwell This excellent exposition begins with simple particles 
end proceeds groauolly to physical systems beyond complete onolysis motion, force, properties 
ct centie of moss of material system, work, energy, gravitotion, etc Written with oil Moxwell s 
ongmo! Insights ond clantyl Notes by E Larmor 17 diograms 178pp 5y* x 8 

SI 88 Poperbound $1.25 

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE. Claude Bernard. 90 yeor old 
CJcjjic of medical scfence, only mojor work of Bemord ovoifobfe m Er>g{tsh, records his efforts 
to tro^iorm physiology into exact science Principles of scientific reseorch illustrated by specific 
CCS* histones from his work roles of chonce, error, preliminary false conclusions in leading 
^•entuolly to scfentiTic truth use of hypothesis Aluch o* modem opphcation of mathematics to 
loicgy rests on the foundation set down here New foreword by Professor 1 B Cohen, Harvard 
Un.v XXV -f 266pp 5y, x8 T400 Poperbound $1.50 









28 SCIENCE FICTION STORIES OF H G. WELLS. Unobndged! This enorrnous omnibus contains 
2 full length novels — Men like Gods, Star Begotten — plus 26 short stones of space, time, in 
vention, biology, etc The Crystol Egg, The Country of the Blind Empire of the Ants, The Mon 
V/ho Could Work Miracles, Aepyornis Island, A Story of the Doys to Come, ond 22 others! 
9l5pp SVixB T265 Clothbound $3.95 

FIATIAND, E. A. Abbott. This is o perenmolly popular science fiction classic obout life in a 
two dimensioned world, and the impingement of higher dimensions Politico!, satiric, humorous, 
moral overtones Relativity, the fourth dimension, ond other aspects of modern science are 
explained more cleorly thon in most texts 7th edition New introduction by Bonesh Hoffmonn 
128pp 5Vi X 8 T1 Paperbound $1.00 

CRYPTANALYSIS, Helen F. Golnes {Formerly ELEMENTARY CRYPTANALYSIS ) A standord ele- 
irenfary and intermediofe text for serious students It does not confine itself to old maferio), 
but contoins much that is not generally known except to experts Concealment, Transposition, 
Subsifitutlon ciphers Vrgenere, Kasiski, Playfair, multofid, dozens of other techniques Appendix 
with sequence charts, letter frequencies in English, 5 other languages, English word frequencies 
Bibliography 167 codes New to this edition solutions to codes vi + 230pp 5% x 8% 

T97 Paperbound $1 .95 

FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quock systems, frauds, delusions which at vorious times hove masqueraded as science Accounts 
of hollow earth fanatics like Symmes, Velikovsky and wandering plonets Hoerbiger Bellamy 
end the theory of multiple moons Charles Fort, dowsing, pseudoscientific methods for finding 
woler, ores, oil Sections on naturopathy, indiagnosis, zone therapy food fads, etc Analytical 
ccccunts of Wilhelm Reich and orgone sex energy L Ron Hubbard and Dianefics A Korzybskt 
ond General Semontics, mony others Brought up to dote to include Bndey Murphy, others 
Not lUSt a collection of anecdotes, but a fair, reasoned oppraisal of eccentric theory Formerly 
titled IN THE NAME OF SCIENCE Preface Index x -f 384pp 5% X 8 

T394 Paperbound $1.50 

REINFEtD ON THE END GAME IN CHESS, Fred Relnfetd Analyzes 62 end games by Alekhine, 
Flohr, Tarrasch, Morphy, Bogolyubov, Copoblonca, Viamai Rubinstein Lasker Reshevsky, other 
masters Only first rote book with extensive coverage of error of immense aid in pointing out 
errors you might have made Centers around tronsitions from middle play to various types of 
end play Xing & pawn endings, minor piece endings queen endings bod bishops, blockage, 
weak pawns, passed pawns, etc Formerly titled PRACTICAL END PLAY 62 figures vi -f* I77PP 
5*/i x8 T4I7 Poperbound $1 25 

PUZZLE QUIZ AND STUNT FUN, Jerome Meyer. 238 high priority puzzles, stunts, ond tricks— 
mathematical puzzles like The Clever Corpenter, Atom Bomb, Please Help Alice mysteries and 
deductions like The Bridge of Sighs, Dog Logic, Secret Code observation puzzlers like The 

American Flag, Playing Cards, Telephone Dial more thon 200 others involving mogic squares, 
tongue twisters, puns, anagrams, word design Answers included Revved, enlarged edition 
of FUN TO DO Over 100 illustrations 238 puzzles, stunts, tricks 256pp 5Vi x 8 

T337 Poperbound $1.00 

1HE BOOK OF MODERN PUZZLES, G L. Koufmon More than 150 word puzzles, logic puzzles 
No warmed over fare but all new material based on some appeals thot make crosswords and 
deduction puzzles popular, but with different principles techniques Two minute teasers, in 

volved word labyrinths, design and pattern puzzles, puzzles calling for logic and observation, 
puzzles testing obllity to apply general knowledge to peculior situations, many others Answers 
to oil problems 116 illustrolions 192pp 5V«x8 Tl43 Paperbound $1,00 

lot PUZZLES IN THOUGHT AND LOGIC by C R. Wylie, Jr. Designed for readers who enioy 
t^he challenge ond stimulation of logical puzzles without specialized mathematical or scientific 

knowledge These problems are entirely new and range from relatively easy, to bramteasers 

that will offord hours of subtle entertammenf Detective problems, how to find the lying fisher 
^n, how a blindman can identify color by logic, and many more Easy to understand intro 
auction to the logic of puzzle solving and general scientific method l28pp 5Vi x 8 

T367 Paperbound $1.00 

MATHEMAGIC, MAGIC PUZZLES, AND GAMES WITH NUMBERS, Royol V. Heoth. Over 60 new 
puzzles ond stunts based on properties of numbers Demonstrotes easy techniques for multiply- 
ing large numbers mentally, identifying unknown numbers, determining dote of ony day m 
ony year, dozens of similar useful, enfertoining opplicotions of mothernatics Entertainments 
like The Lest Digit, 3 Acrobats, Psychic Bridge, mogic squares, tnongles, cubes, circles, other 
moteriQl not eosily found elsewhere Edited by J 5 A^eyer 76 illustrotjons 12Bpp 5’/* x 8 

TnO Paperpound $1.00 

LEARN CHESS FROM THE MASTERS, Fred Reinfeld. Improve your chess, rate your improvement, 
^ P'oy'f'9 against Marshall, Znosko Borovsky, Bronstem, Najdorf, others Formerly titled 
^ j BY YOURSELF, this book contains 10 gomes in which you move ogoinst masters, and 
Qfcde your moves by an easy system Gomes selected for interest, clority, easy principles, 
iHustrofe common openings, both clossical and modern Rotings for 114 extra playing situations 
that might have onsen Full annotations 91 diagroms vin 144pp 5*A“X 8 

t362 Poperbound $1.00 





THICONOMETRY refresher for technical men, a. Albert Klof. 913 dialled questions ond 
cnswefs cover the most rmportonf aspects of plone ond sphencol trigonometry They will help 
you to brush op or to cleor up difficuhies m special oreas — ^The first portion of this book covers 
plcre trigonometry, including angles, quadrants, trigonometnca! functions, graphicol represenfa 
!lor^, interpolation, equotions, logarithms, solution of Jriangle, use of the slide rule ond similar 
topi^ 188 poges then discuss application of plane trigonometry to special problems in naviga* 
ticf), surveying, elasticity, orchitectore, and vonous fields of engineering SmoU angles, pericvdic 
functions, vectors, polor coordinates, De Moivre $ theorem ore fully examined — The third section 
of rhe book then discusses sphericol tngortometry ond the solution of spherical triangles, with 
their opplications to terrestrial and ostronomical problems Methods of saving time with nu 
rnericol calculations, simphficotion of princrpol functions of ortgfe, much proctrcol information 
moke this a rrost useful book — 913 questions answered 1738 problems, answers to odd num 
bers 494 figures 24 poges of useful formufoe, functions Index x -f* 629pp 5V* x 8 

T371 Poperbound $2.00 

CALCULUS REFRESHER FOR TECHNICAL MEN, A Albert Klof. This book is unique in English os 
0 refresher for engineers, technicions, students who either wish to brush up their calculus or 
to cleor up uncertointies It is not on ordmory text, but on exominat'On of most important 
ospects of integral and diPerential calculus in terms of the 756 questions most likely to occur 
to the technical reader The first port of this book covers simple differentiQj calculus, with con 
s’cnts, variables, functions, increments, derivatives, differentiation, logarithms, curvature of 
curves, and simitar topics — The second port covers funcomental ideas of integration, inspection, 
substitution, tronsformotion, reduction, oreos and volumes mean value, successive and partial 
tntegrotion, double ond triple integration Practical ospects ore stressed rather than theoretical 
A 50 poge section illuslrotes the application of calculus to specific problems of civil ond nautical 
engineering, electricity, stress ond strain elasticity industrial engineering, ond similor fields — 
756 <;\jcsUon5 answered 566 problems mostly onswered 36 poges of useful constants, for 
muloe for ready reference Index v -f" 43tpp 5*/* x 8 T370 Poperbound $2.00 

MONOGRAPHS ON TOPICS OF MODERN MATHEMATICS, edited by J W A Young Advanced 
mathematics for persons who haven f gone beyond or have forgotten high school algebra 9 
morogtaphs on foundation of geometry modem pure geometry non Euclidean geometry, fun 
damental propositions of algebra algebraic equotions functions colculus, theory of numbers, 
etc Each monograph gives proofs of important results end descnptioris of leading methods, to 
prov'de wide coverage New introduction by Prof M Kline N Y University 100 diagrams 
XVI -h 416pp 6 Vix 9*/4 5289 Poperbound $2.00 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Corslow. 3rd 
revised edition This excellent int'oduction is on outgrowth of the outhor s courses ot Cambridge 
Histoticol introduction, rational ond irraflonol numbers infinite sequences ond series, functions 
of c single variable, definite integral, Fourier senes, Fourier integrals, ond similar topics 
Appendixes discuss practical harmonic analysis, penodogrom analysis, Lebesgues theory Indexes 
84 examples, bibliogrophy xiii 368 pp 5Vi x8 $48 Poperbound $2 00 


INTRODUCTION TO THE THEORY OF NUMBERS, I, E. Dickson. Thorough, comprehensive approach 
with odequate coverage of clossicol hteroture, on introductory volume beginners con follow. 
Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophonlme equations, etc. 
Full treatment of binory quadratic forms without usual restriction to integral coefficients Cover* 
infnrudo of primes, leost residues. Formats theorem, Eulers phi function, Legendres symbol, 
Gouss X lemma, automorphs, reduced forms, recent theorems of Thue & Siegel, many more. 
Much moterial not readily available elsewhere 239 problems Index 1 figure viii -j- ■|83pp. 
x 8 3342 Poperbound $1.65 


MECHANICS VIA THE CALCULUS. P. W. Horns. W. S. legge. Covers olmost everything from 
nrear motion to vector onolysis equations determining motion, hneor methods, compounding of 
simple harmonic motions Newton s laws of motion, Hooke s low, the simple pendulum, motion 
® ® portide in 1 plone, centers of gravity, virtuol work, friction kinetic energy of rotating 
bodies equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc 550 problems 3rd 
revised edition xii + 367pp 5207 Clothbound $3.95 

NON-EUCLtOEAN GEOMETRY, Roberto Bonola. The stondard coveroge of non Euclidean geometry. 
It exomines from both a hisforicol end mothemoticol point of view the geometries which have 
arisen tren o study of Euclid s 5th posrulote upon parollei lines Also included ore complete 
s THEORY OF ABSOLUTE SPACE, lobochevsky s THEORY OF PARALLELS 
180 diagrams 431pp 5V. x 8 527 Poperbound $1.95 

ELEMENTS OF THE THEORY OF REAL FUNaiONS, J. E. Utllewood. Based on lectures given at 
trinity College, Cambridge, this bock has proved to be extremely successful in introducing 
graduate students to the modern theory of functions It offers o full and concise coverage of 
cresses and cardinal numbers, well ordered series, other types of series, ond elements of the 
t eery of sets of points 3rd revised edition vn + 7tpp 5% x 8 S17l Clothbound $2.85 

5172 Poperbound $1.25 










THEORY OF FUNCTIONS, PART I., Konrad Knopp. With volume \\, this book provides coverage 
of bosic concepts ond theorems Partial contents numbers and points, functions of a complex 
variable, infegroJ of o continuous function, Couchy s integrol theorem, Cauchy s integrol formuloe, 
senes with variable terms, expansion of onolylic functions in power senes, analytic continuation 
ond complete definition of onalyfic functions, entire transcendental functions, laurent expansion, 
types of singularities Bibliography. Index vil -J- M6pp 5% x 8 5156 Paperbound $1.35 

THEORY OF FUNCTIONS, PART II., Konrad Knopp. Application ond further development of general 
theory, special topics Single valued functions entire, Weierstrass Meromorphic functions 
Atittag Lerfler Periodic functions Multiple valued functions Riemonn surfoces Algebraic func- 
tions Analytical configuration, Riemonn surface Bibliography Index x + 150pp 5Vi x 8 

5157 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLUME T., Konrad Knopp Problems m 
elementary theory, for use with Knopp’s THEORY OF FUNCTIONS, or any other text, arranged 
according to increasing difTiculty Fundamental concepts, sequences of numbers and infinite 
series, complex vanoble, Integrol theorems, development in senes, conformol mopping Answers 
V,,} I26pp 5V$ X 8 5158 Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIONS, VOLt;ME 2, Konrod Knopp. Advanced theory 
of functions, to be used either with Knopp s THEORY OF FUNCTIONS, or any other comporoble 
text Singularities, entire & meromorphic functions, periodic, analytic, continuation, multiple- 
volued functions, Riemonn surfaces, conformal mapping Includes a section of additional 
elementary problems The difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here masterfully 
accomplished, AM MATH SOC Answers I36pp 5Vi x 8 Sl59 Paperbound $1.35 


SYMBOLIC LOGIC 


AN INTRODUCTION TO SYMBOLIC LOGIC, Susanne K Longer. Probobly the dearest book ever 
written on symbolic logic for the philosopher, general scientist ond loyman |t will be particularly 
appreciated by those who hove been rebuffed by other introductory works because of insufficient 
mathematical training No special knowledge of moihemotics is required Starting with the 
simplest symbols and conventions, you ore led to o rcmorkoble grasp of the Boole Schroeder and 
Russell Whitehead systems clearly and quickly PARTIAL CONTENTS Study of forms, Essentiols of 
logical structure, Generalization, Classes The deductive system of classes, The algebra of logic, 
Abstraction of tnferpretotion Colculus of propositions. Assumptions of PRINCIPIA MATHEMATICA, 
Logistics, Logic of the syllogism. Proofs of theorems One of the clearest ond simplest intro 

ductions to a subiect which Is very much alive The style is eosy symbolism is introduced 
groduolly, and the intelligent non mafhemaficoo should hove no difficulty in following argument, ’ 
A\A7HEMATICS GAZETTE Revised, expanded second edition Truth volue tobies 36Bpp SVj x 8 

^164 Paperbound $1.75 

THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. FIRST PUBLICATION IN ANY 
LANGUAGE This book is intended for reoders who ore mature mathernatically, but hove no 
previous training In symbolic logic It does not limit itself to o single system, but covers the 
field cs o whole. If is o development of lectures given at Lund University, Sweden in 1948 
Partial contents Logic of classes, fundamentol theorems. Boolean olgebro, logic of propositions, 
logic of propositional functions, expressive longuoges. combinatory logics, development of mathe- 
matics within on object language, paradoxes, theorems of Post ond Goedel, Church s theorem, and 
similar topics iv + 2l4pp 5Vi x8 $277 Paperbound $1.45 


THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years 
ogo It is the 1st significant attempt to apply logic to all aspects of hurnan endeavour Partial 
contents derivation of laws, signs & laws, inferprefotions, eliminations, conditions of a perfect 
method, analysis, Aristotelian logic, probability, ond similor topics xvln -j- 424pp 5V»x8 

S28 Paperbound $2.00 

ELEMENTARY MATHEMATICS FROM AN k y 

ADVANCED STANDPOINT, Felix Klein. 


This classic text Is an outgrowth of Klein s fomous integration ond survey course at Gottingen 
Using one field of mathematics to interpret, odjvst, illuminate another, it covers basic topics In 
eoch area, Illustrating its discussion with extensive analysis It is especially valuobte In consid 
cring areas of modern mathematics Makes the reader feel the inspiration of a great 

mafhcmaficran, inspiring teacher with deep insight into the foundations and interrelotions ' 
BULLETIN, AMERICAN MATHEMATICAL SOCIETY 


Vol, I. ARITHMETIC, ALGEBRA, ANALYSIS. Introducing the concept of function immediately, it 
enlivens obstrocf discussion with grophicol and geometneoHy perceptual methods Partial contenfsi 
notufol numbers, extension of the notion of number, specioi properties, complex numbers Reol 
equations v/ith real unknowns, complex quantities Logarithmic, exponential functions, gonlometnc 
functions, infinitesimal calculus Transcendence of e ond pt, theory of ossnmblaqes * Index 125 
fgures IX -f 247pp 5V«xS Sl50 Poperbound $1.75 


Vol. 2. GEOMETRY. A comprehensive view which accomponies the space perception inherent in 
geometry with analytic formulas which focilitate precise Tormulafion Partial contents Simplest 
gecmelnc monifolds line segment, Grossmonn determinont principles, classification of configuro 
lions of spocc, derivative manifolds Geometric transformations offine transformations, prolective 
n gFer pomt tronsformations, tf eory of the Imoginary Systematic discussion of qeomitrv and its 
feundotions Indexes Ml illustrotlons lx -f 2?4pp 5% x 8 $ 15 } Paperbound $t. 75 







PRACTICAl ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. WiUers. Translated by 
R T Beyer Immensely practical handbook for engineers. showir>g how to interpofote, use venous 
methods of numencol differentiofion and integrotion, determine the roofs of o single algebraic 
eouotion, system of linear equotions. use empirical formulos. Integrate differential equotions. etc. 
Hundreds of shortcuts for orriving of numerical solofions. Special section on American calculating 
mochines by T. W. Simpson. 132 Illustrations. 422pp. 5% x 8. S273 Paperbound $2.00 


DICTIONARY OF CONFORMAL REPRESENTATIONS, H. Kober. LopJace's equation In 2 dimensions 
solved in this unique book developed by the British Admiralty. Scores of geometrical forms & 
their transformations for electrical engineers, Jookowski oerofoil for oerodynamists, Schwort?- 
ChristofTel tronsformations for hydrodynomics. transcendental functions. Contents clossiHed-accord- 
ing to anolyticol functions describing transforrnotion. Twin diograms show curves of most trans- 
formotiens with corresponding regions. Glossory. Topologicol index. 447 diagrams. 244pp. 
j^ 9 y Si60 Paperbound $2.00 


FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of a standard work 
covering clossical stotistics. It is proctical in opprooch, end one of the books most frequently 
referred to for dear presentotion of bosic motcriol. Parfiol contents. Frequency distributions. 
Method of moment. Pearson's frequency curves. Correlolion. Theoretical distributions, spurious 
correlofion. Correlation of characters not quantitatively measurable. Standard errors Test of 
ocodness of fit. The correlation ratio — contingency. Portial correlation Corrections for moments. 
Beta ond gamma functions, etc. Key to terms, symbols. Bibliography. 25 exomples in text 
40 useful tables. 16 figures, xt + 272pp. S’A xBVj. Clothbound $1.49 


HYDRODYNAMICS, H. Oryden, F. Murnoghan, Harry Bafemon. Published fay the Nafional Research 
Council in 1932 this enormous volume offers o complete coverage of classical hydrodynamics. 
Encyclopedic in quality Partial contents physics of fluids, motion, turbulent flow, compressible 
fluids, motion m J, 2, 3 dimensions, viscous fluids rototing. lominor motion, resistance of motion 
through viscous fluid, eddy viscosity, hydroulic flow in channels of various shapes, discharge of 
gases, flaw past obstacles, etc. Bibliography of over 2,900 items. Indexes 23 figures 634pp 
5 y, X 8. S303 Paperbound $2.75 

HYD.JODYNAMICS, A STUDY OF LOGIC, FACT. AND SIMILITUDE, Gorrelt Birkhoff. A stimulating 
opph.ation of pure mathematics to an opphed problem Emphasis is placed upon correlation of 
therry and deduction with experiment It examines corefully recently discovered paradoxes, 
thi ory of modelling and dimensional analysis, paradox & error m flows ond free boundary theory. 
The author derives the efassfeof theory of virtual mass from homogeneous spoces. and appfies 
group theory to fluid mechanics. Index. Bibirogrophy 20 figures, 3 plotes. xm 186pp 5V* x 8 

521 Clothbound $3.50 

522 Poperbound $1.65 


HYDRODYNAMICS, Heroee lamb. Internationolly fomous complete coverage of stondord reference 
work on dynamics of liquids & goses Fundomentol theorems, equotions, methods, solutions, 
background, for classical hydrodynamics Chapters include Equotions of Motion, Integration of 
Equotions in Special Gases, Irrofational Motion, Motion of Liquid in 2 Dimensions, Motion of 
Solids through Liquid — Dynamical Theory, Vortex Motion, Tidol Woves, Surface Woves, Waves of 
Expansion, Viscosity, Rotating Masses of liquids. Excellently planned, orronged. clear, lucid 
presentation 6th enlorged, revised edition index. Over 900 footnotes, rnostly bibliogrophicol. 
119 figures, xv 4“ 738pp. 6Vi x9V4. S256 Paperbound $2.95 


INTRODUCTION TO RELAXATION METHODS, F. 5, Shaw. Fluid mechonics. design of electrical 
networks, forces in structurol frameworks, stress distribution, buckling, etc Solve linear simul- 
taneous equotions, linear ordinary differential equotions, partial differential equations. Eigenvalue 
problems by relaxation methods. Detailed examples throughout Special tables for dealing with 
owkwardly-shaped boundaries. Indexes. 253 diagrams. 72 tables. 400pp. 5Vi x 8 

S244 Paperbound $2.45 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G, Webster, A keystone 
work m the library of every mature physicist, engineer, reseorcher. Valuoble sections on elasticity, 
compression theory, potential theory, theory of sound, heat conduction, wove propogotion. 
Vibration theory. Contents include deduction of differential equotions, vibrations, normal func- 
tions, Fourier's series, Cauchy s method, boundory problems, method of Riemann-Volterro. 
Spherical, cylindrical, ellipsoidol harmonics, applications, etc. 97 figures, vn -f- 440pp. 5Vi x 8. 

S263 Paperbound $1,98 


the THEOSY of groups and quantum mechanics, H. W.yl. Discussions of Schroedlnger s 

wove eauQtion, de Broglie's waves of a particle, Jordon Hoelder theorem, Lie's continuous groups 
ot tronsformotions, Pauli exclusion principle, quontiiotion of Moxv\eII-Dirac field equotions, etc. 
s^metry permutation group, algebro of symrnetne transformation, etc. 2nd revised edition. 
Unitory geometry, quantum theory, groups, application of groups to quanturr^ mechanics, symmetry 
pe'nutation group, algebra of symmetric tronsformotion, etc. 2nd revised edition Biblioarcahv 
lp*x. »X 11 + 1122pp. 5V. x8. S263 Clothbound $4.50 

S269 Poperbound $1.95 


EOUATtONS OF MATHEMATICAL PHYSICS, Horry Bol.mon. Solution of 
Owunoary value problems by means of definite onolytical expressions, with wide range of repre- 
emotive problems, full reference to contemporory ll♦e^aluTe, and new material by the author 
clossicol equotions, integral theorems of Green. Stokes, 2 dimensional problems- 
3 voriobles, polar coordinates, cylindncol, ellipsoidal! 
u coordinotes; non-lmear equations, etc ' Must be in the hands of everyone 

Lrn-^^ in boondoiy volue problems, ' BULLETIN, AM ALATH. SOC. Indexes. 450 bibliogrophic 
oarnw es 175 exomples. 29 illustrolions. xxii + 552pp. 6x9. SIS Clothbound $4.95 










APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrody. Thorough. systemoUc presentotion of 
phyjjfol & moJhematicoJ ospects, hmired mostly to real optics.*’ Stresses procticol problem of 
maximum aberration permissible without affecting performance All ordinary ray tracing methods, 
complete theory primory oberrcfions, enough higher aberraffcn to design telescopes, low powered 
microscopes, pnotogrophic epuipment. Covert fundamental equations, extra axial image points, 
tronsverse chromatic aberrotion, angular magnification, opianafic optical systems, hendmg of 
lenses, oblique pencils, toferonces, secondary spectrum, sphericol oberration (cngular, longi- 
tudrnol, tronsverse, zonolj, thin lenses, dozens of similar topics Index Tables of functions of 
N Over 150 diagrams x + SISpp 6‘A x9y4. S366 Paperbound $2.95 

SPACE-TfME-MATTEf?, Hermonn Weyl. The standard treatise on the general theory of relativity,” 
(Nature}, written by o world renowned scientists, provides a deep clear discussion of the logicol 
coherence of the general theory, with introduction to all the mathematical fools needed Maxwell, 
onolyficol geometry, non Euclldeon geometry, tensor calculus, etc Basis is clossical space time, 
before absorption of relativity. Partial contents Euclideon space, mathematical form, metrical 
continuum, relativity of time and space, general theory. 15 diograms Bibliography New preface 
for this edition. xvJli -f- 330pp 5% x8 S267 Paperbound $1.75 

RAYLEIGH’S PRINCIPLE AND ITS APPLICATION TO ENGINEERING, G. Temple & W. Bkkiey. 
Rayleigh s principle developed to provide upper ond lower estimotes of true value of fundamental 
period of a vibrating system, or condition of stability of elastic systems Illustrative examples, 
rigorous proofs in special chapt**rs Partial contents Energy method of discussing vibrations, 
sfcbillty Pertuibafion theory, whirling of uniform shafts Criteria of eJostic stobility Application 
o* energy method Vibrating system Proof, accurocy, successive approximations, application of 
Roylcigh s principle Synthetic theorems Numerical, graphical metnods Equilibrium configure 
fions, Rifzs method Bibliography. Index 22 figures ix 4* 156pp SV* x8 

S307 Paperbound $1,50 

PHYSICS, ENGINEERING 

THEORY OF VIBRATIONS, N W. McLachlan. Based on on exceptionally successful graduate 
course given ot Brown University, this discusses linear systems having 1 degree of freedom, forced 
vibrotions of simple tineor systems, vibrotion of flexible strings transverse vibrations of bars and 
tubes, transverse vibration of circular plate, sound woves of finite amplitude, etc Index 
99 diogroms 160pp 5Vi x8 $190 Paperbound $1.35 

WAVE PROPAGATION IN PERIODIC STRUCTURES. L. BriUouin. A general method and applicotion 
to different problems pure physics such os scattering of X rays of crystals, thermol vibration in 
crystal lattices, electronic motion in metols and olso problems of electrical engineering Partial 
contents elastic waves in I dimensional lottices of point mosses Propagation of waves olong 
1 dimcnsionol lattices Enerqy flow 2 dimensional. 3 dimensionol lottices Mothieu s equotion 
Matrices and propagation of waves along on electric fine Continuous electric lines 131 lilus 
trations Bibliography Index xii + 253pp 5*4x8 S34 Poperbound $1.85 

THE ELECTROMAGNETIC FIELD, Max Mason & Worren Weover. Used constantly by graduate 
engineers Vector methods exclusively defoiled treotment of efectrostotics, exponsion methods, 
With tobies converting ony quantity into obsolute electromognetic, obsolute elecirostotic, proctica) 
units Discrete charges, ponderable bodies, Moxwell field equations, etc Introduction Indexes 
416pp 5%x0 $185 Paperbound $2.00 

APPLIED HYDRO. AND AEROMECHANICS by 1. Prandll and O. G. Tiellens. Presents, for the 
most part, methods which will be valuable to engineers Covers flow m pipes, boundary layers, 
cirfoil theory, entry conditions, turbulent flow in pipes and the boundary loyer, determining 
dreg from measurements of pressure ond velocity, etc Will be welcomed by all students of 
oerodynomtes,* NATURE Unobndged, unaltered Index 226 figures 28 photographic plofes 
illustroting fiov. poltems xvi -f- 3npp 5’/, x 8 $375 Paperbound $1.85 

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS by i. Prandtt and O. G. Tietfens. The welt 
known standard work based upon Prondtl s unique insights and including originol contributions 
u Wherever possible, hydrodynomic theory is referred to practical considerotions in 

hydroulics with the view of unifying theory and experience through fundamental laws Presenta 
Hon IS exceedingly cleor ond, though primonly physical, proofs ore rigorous ond use vector 
analysis to a considerable extent Translated by L Rosenhead 166 figures Index xvi -f- 
270pp 5% X 8 S374 Paperbound $1.85 

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E, J. Roulh. Revised 6th edition 
of o clossic reference old Much of its materiol remoins unique PartioJ contents moving axes, 
relative notion, oscilloticns about equilibrium, motion Motion of a body under no forces, 
ony forces Noture of motion given by lineor equotions ond conditions of stability Free, forced 
MbroiiDns, constonts of infegrotion, calculus of finite differences, vanotions, procession ond 
nufolion, motion of the moon, motion of string, chain, membranes 64 figures 498pp 5V» x 8 

S229 Paperbound $2.35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Dclmel, Professor of 
Mecrianicof Engineering ot Stevens institute of Technology Elementary general treatment of 
d/namtcs of rotofion with speciol opphcation of gyroscopic phenomena No knowledge of vectors 
needed Velocity of o moving curve, acceleration to o point, general equations of motion, 
gyrcsccoic horizon, free gyro, motion of discs, the dammed gyro, 103 similar topics Exercises 
75 ,03pp SV.x8 S66 Papeibound JI.6S 
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CtOGRAPHJCAl ESSAYS, William Morris Dovis. /Aodem gcogrophy & geomorphology rests on 
Ibe fundomenfal work of this scientist. 7b fomous csscys presenting most importonr theories, 
f-eld reseofches. Portiol contents Geographical Cycle, Plains of Marine and ^baerio! Denoda- 
ticn The Peneplain, Rivers end Volleys of Pennsylvonto, Outline of Cope Cod. Sculpture of 
Mountains by Gfacters. etc. “l-ong the leoder ond 
the very texture of geogrophy . . . models of dear thought, 

130 figures. vi 4* 777pp. 5Vi x 8. 


‘Port of 

GEOGRAPHIC REVIEW. Index. 
S383 Paperfacund $2.95 


IMTERNAt CONSTITUTION OF THE EARTH, edited by Beno Gutenberg, Completely revised, 
brought up-to-date, reset. Prepored for the Naricnol Reseorch Council this is a complete & 
Ihorouoh coveroge of such topics os corih origins, continent formation, nature & behavior of 
the eoMh's core, petrology of the crust, cooling forces in the core, seismic & earthquoke moteriof, 
grovity, elostic constants, Strom chorocterlstics ond similor topics. "One is ftlled with admira- 
tion ... a high standard . , there is no reoder who will not learn something tfom this 
book, "London, Edinburgh, Dublin, Philosophic Magazine. Lorgest bibliography in print.- 1127 
classifed items. Indexes. Toblrs of cor>s!ants. 43 diograms. 439pp. dVi x9’/i. 

S414 Paperbound $2.45 


THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of the earth sciences ever written. Geologicol thought from earliest times to the end 
of. the 19th century, covering over 300 early thinkers & systems: fossris & their expJanotion, 
vulconists vs. neptunists, figured stones & paleontology, generation of stones, dozens of similar 
topics. 91 illustrotions, including medieval, renotssance woodcuts, etc. Index. 632 footnotes, 
mostly bibliographicof. Sllpp. 5Vsx8. f5 Poperbound $2.00 

HYDROLOGY, edited by Oscar E. Melnxer. Prepared for the Notionol Research Council. Detailed 
complete reference library on precipitotion, evaporation, snow, snow surveying, glaciers, lakes, 
infiltrotjon, soil moisture, ground water, runoff, drought, physical changes produced by water, 
hydrology of limestone terranes, etc, Procticol in application, especially voluoble for engineers. 
24 experts hove erected the most up-to-date, most complete treatment of the subiect," AM. 
ASSOC OF PETROLEUM GEOLOGISTS. Bibliogropby. Index. 165 illustrotions. xi + 712pp. 
6Vi x 9Y4 S191 Poperbound $2.95 


DE RE METALLICA, Georgius Agrieoto. 400-year old clossic translated, annotated by former 
President Herbert Hoover. The first scientific study of mmerology and mining, for over 200 
years oftcr its oppearonce in 1556, it was the stondord treatise. 12 books, exhaustively onno- 
foted, discuss the history of mining, sefeettoo of sites, types of deposits, moking pits, shafts, 
ventilating, pumps, crusnmg machinery, ossoying, smelting, refining rnetols, olso salt, alum, 
nitre, glass moking. Definitive edition, with all 289 I6th century woodcuts of the originol. 
Bibhcgrophicol. histoncol introductions, bibliogrophy, survey of onciem oothors. Indexes. A 
fascinating book for anyone interested in art, history of science, geology, etc. DELUXE EDITION. 
269 illustrotions. 672pp. 6V4 x IOV4. Librory cloth. S6 Clothbound $10.00 

URANIUM PROSPECTING, H. L, Barnes. For immediote practicol use. professlonol geologists 
considers uranium ores, geological occurrences, field conditions, oil ospects of highly profitoble 
occupation. Index. Bibliography, x •4“n7pp. 5VixS. T309 Poperbound $1.00 
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THE BIOLOGY OF THE AMPHIBIA, C. K. Noble, lote Curotor of Herpetology at the Am, Mus. 
of Nat. Hist. Probobly the most used text on omphiblo, unmofehed in comprehensiveness, 
ctorify, detail. 19 chopters plus 85-page supplement cover development, heredity; life history; 
cdoptoflcn,- sex, integument, respiratory, crrculotory, digestive, musculor, nervous systems; 
instinct, intelligence habits environrrent economic value, relotionships, clossification, etc. "Nothing 
comparable to it," C, H. Pope, Curotor of Amphibto, Chicogo Mus. of Not Hist. 1047 biblio- 
grophlc references. 174 dlustrafions. 600pp. 5% x 8. S206 Poperbound $2.98 

THE BIOLOGY OF THE LABORATORY MOUSE, edited by O. D. Snell. 1st prepared In 1941 by 
the staff of the Rcscoe B. Jackson Memoriol loborotory, this rs stiH the standard treatise on the 
mouse, ossemblmg on enormous omount of material for which otherwise you would spend hours 
of research. Embryology, reproduction, histology, spontaneous neoplosms, gene & chromosomes 
niutafions, genetics of spontaneous tumor formation, genetics of tumor formation, inbred, hybrid 
cmniols, parosites. Infectious diseases, care & recording Classified bibliogrophy of 1122 items. 
172 figures, including 128 photos, ix 497pp. 6*/, 5248 Clothbound $6.00 

BEHAVIOR AND SOCIAL LIFE OF THE HONEYBEE, Ronold Ribbands, Oustonding scientific study; 
o Compendium of procticolly everything knowm about sociol life of the honeybee. Stresses be- 
havior of indiviaual bees in field, hive. Extends von Frisch s experiments on communication 
Covers perception of femperoture, grovity, distartce, vibrorion, sound producficn; 
glonds, sfructurol differences wax production, temperature regulation. recogmiiGn communication; 
dmfing, matir^ behavior, other highly interesting topics. Bioliogrophy of 690 references. Indexes. 
u7 diogroms, grophs, sections cf bee onotomy, fine photegrophs. 352pp. 

S410 Clothbound $4,50 

ELEMENTS OF MATHEMATICAL BIOLOGY* A. J. Lotko. A pioneer clossic. the first major otfempt 
to opply modern mathemoticol techniques on o targe scole to phencmef>a of biology, biochem- 
istry. psychc'ooy, ecology, similar life sciences, Portiol Contents Statistical meaning of irre- 
veisuility. Evolution as redistribution. Equotions of krnetics of evolving systems; Chemicol, inrer- 
speoes equilihnom; parornelc’s of state; Energy ironsformers of noture, etc. Con be read with 
those having ro cdvonccd moth; unsurpassed cs study-reference Formerly titled 
ELE.MENTS OF PHYSICAL BIOLOGY. 72 figures. xx< ^ 460pp. 5Vi x 8. 

S346 Poperbound $2.45 
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